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Function. 

procedure fit(i, pi, xi, yi, C, 1, u) 

From a table of pi, xf and yi fit computes a polynomial P(x) such 

that v = sum(pix(yi-P(xt))»0@) is minimum, The order, say o, of P(x) ta 

the least number > 1 and < v for which v(o)/(n - 0 = 1) < v(o + 1)/(n - 0). 

The input teble is scanned once in the order pl, x1, yl, p2, x2, yey eee 

Parameters. 

integer i 

real pi 

real xi 

real yi 

array C(O:n) 

integer 1 

integer u 

Method. 

supplies the number of points as input, is used as index 

in pi, xi and yi, and gives the order of the polynomial 

as output. 

is an expression giving the weight of point no. 1 

is an expression giving the x-coordinat of point no. i. 

is an expression giving the y-coordinat of point no. i. 

is an array to which the coefficients of the polynomial 

is assigned, 

P(x) = C(O) + C(1)xx + C(2)x0K2 + 02, C(1) xo. 

is the lowest acceptable order of P, 

is the highest acceptable order of P, 

Te 2(0, x), 2(1, x), ... f(k, x), ... 18 a set of nonzero polyno- 

mials of order 0, 1, ss» y Ky «es such that 

sum p(t) x t(k, x(1)) x £02, x(1)) = 0 fork $4 
1=1 

then the polynomial 

k 
P(k, x) = Sum e(3)2(5, x) 

where 
j=0 

e(3) = sm pli) x 2(5, x(4)) x y(4) / si p(t) x 2(4, x(3))? 



is a solution to the problem, A numerically better formula for c is 

a3) = on BEA) A055 24D) (98) = PCat, COD) / im CA) 2 20299 

2(k, x) may be computed by the recurrence formle 

f(k+1, x):= (x - a(k)) x f(k, x) - b(k-1) x £(k-1, x) 

where 

alk) « om ola)x(4)et0e, x(4))? / sum vld)ek, x(4))? 

v(x) = om pla) eC, x2) / sim pd) fleet, x(4))? 
=I = 

e(o, x) = 13) f(t, x) =x - Sum p(i)x(1) / Sum p(1) 

In the procedure 

F(k, 1) = t(k, x(i)) x sart(p(1)) 

end R(k, 1) = (y(1) - P(k-1, x(1)) sart(p(1)) 
ta used with the following start values: 

b(-1) = 0, F(-1, 1) =0, F(O, 1) = sqrt(p(i)) 

and R(0, i) = y(4) x sart(p(1)) 
recurrence for k = 0, 15 ses 

a(k) = Sun x(1)F(k, 1)° / Sum F(k, 1)? 

e(k) = Sum R(k, i)F(k, i) / Sum F(k, 1)? 

R(kt+i, i) = R(k, i) - F(k, 1) x e(k) 

F(k+1, 1) = (x(i) - a(k))P(k, 1) - b(x-1)F(k-1, 4) 

2 2 
b(k) = Sum F(k+1, 1)“ / Sum F(k, 1) 

From the a, b and ¢’s the final coefficients of P(x) are computed. 

The recurrence formla 

e(j, 1) = c(j-1, 1) - a(t-3)xe(3, J+1) - b(1-3)xe(3, 1+2) 
starting from 



gives 

we have namely 
b+ 

e(o, 1) = if O<1<k +1 then o({k) else 0 

k+1 
P(x) = Sum e(i#1, i) x »xt. 

i=0 

P(x) = Sum c(o, i)f(1, x) 
isd 

e(1, 

k+1 2 
e(1, 0) + e(2, 1)x + Sum (2, 1)P(1-2, x)x 

d-1 
Sum c 

ix 
b+ 

b+ 
0) + Sum c(1, 1)P(1-1, x)x 

isl 

dat 
k+1 

(241, dxt + Sum e(3, Ae(t-3, xd! 
isj 

= Sum e(itl, a)at 
1=0



Example. 

A table of y = 409 
px(y-P(x) )2@)) /(n-0-1) 

10 points, 156, u=8, order = 8 
coefficients: 

103,000 ms 

72.6159 pe 3 
1.63066y-1 
2.88315 y-1 

~1.94733y 0 
6.81127 y-1 
5.13975 0 

-2.375354y 0 
4.905194 0 
4, 36197p 0 

Pp x Vv P(x) 
1.00490 0 -7,00000p-2 1.68066 5-6 -1.19751y-2 
1.739605 0 8.60000y-1 -2.13100y-1 -2.0491 7-1 
4.204105 0 1.79000y 0 1.70282, 2 1.70262, 2 
1.09610_ 0 -3.100009-1 2.85648 9-3 1.11621 n-2 
1.38440y 0 6.20000y-1 -7.80762y-2 -9.69892y-2 
3.402505 0 1455000y 0 4.26933 1 4.26938y 1 
14630250y 0 -54500009-1 4.57231 y-2 4.334942 
1e14hOn 0 3,.80000n-1 -7.75830p-3 9.78251 y-3 
2.71610y 0 1431000» 0 7.50371n 0 7.50219 0 
4.624104 0 =7490000y+1 1687854 y-1  1.88112y-1 

10 points, 1 = 7, u =9, order =8 

10 points, 1 = 8, u =9, order = 8 

10 points, 1 =8, u=9, order =9 121.000 ms 

eoefficients: 

2679597 u-9 
2.7939 T 9-9 
~6..51926 5-9 
-5.8207Tu-9 
1.30385y-8 

-1,00000y 0 
71473750y-8 
1.68802y)-9 
0.29109 
1.00000» 0 

P x v P(x) 
16004909 0 =7.00000-2 1,68066y-6 1.68323 5-6 
1.73960y 0 8,60000y=1 -2.13100y-1 -2.13100y- 
4.204100 0 1479000y 0 1470282) 2 1.70282 2 
1209610y O -3.100009-1 2,.83648n-3 2.83648,-3 
1.38440 0 6,20000y-1 -7.80762y-2 -7.80642y-2 
BelO250y 0 1455000y 0 4.26953y 1 4.26933 y 1 
1.30250 O -5.50000 9-1 4.57231 y-2 4.57231 y-2 
1.1 pa 0 3.90000n-1 -7+758309-3 -7.75830y-3 
2.71610y O 1431000n O 7.50371n O 7.50371 0 
TeBho® 6 -7.50000y=1 T7604 Tzbe 

-0X5 with weights p = .»0@+1. The variance is sum( 

v-P(x) 
1,222 
82-3 
6.8 y-5 
839-3 
1.9 -2 

“5e5ned 
2ahy-d 

-1.8y-2 
1.5073 

-2.6y-4 variance = 1.20y-3 

114,000 ms variance = 1.20y-3 

112,000 ms variance = 1.20y-3 

v-P(x) 
-2.6y-9 
-2,8y-9 

T5099 
-1.5u-9 
-2. 79-9 
169-9 
064g -9 
72.999 
285-9 
3.Ty-9 variance = 9,00y 9 



15 points, 1 = 6, u =8, order =8 145.000 ms 
coefficients: 
50033622 
2, 88197 y-2 
1.92269 0 

-1479384y 
-7 03926 y 
8.64038 y 
2.958699 

-1.04081,, 
5072527» 

P 
1.00490» 
1473960 
420410, 
1.09610y 
1.384409 
3.402505 
1430250» 
1. 1hbhoO, 
2.71610y 
1.624105 
1.01960y 
2.14490 
5.00000 
1.010005 
1.68890» 

15 points, 

coefficients: 

3.72529 0-9 

O
o
-
0
0
0
0
 

i) 
ie} 
ie} 
ie} 
ie} 
ie) 
ie} 
ie} 
0 
° 
ie] 
(0) 
le} 
ie) 
ie} 

1 

-1.95578y-8 
3.02680 »-8 
-7.89296y-8 
6.37956 y-8 
=1.000005 0 

-1.64146y-7 
-2,26632y-7 
2.11265y-7 
1.00000» 0 

P 
1.00490 
1473960 
4204104 
1,09610y 
1.38440, 
3.402505 
1.30250» 
1.1hb0,, 
2.71610 
1.62410, 
1.01960, 
2.144905 
5.00000 
1201000» 
1.68890, 

15 points, 1 = 8, u = 10, order = 9 

15 points, 1=4, u 211, order =9 
end 

ie) 
ce) 
ie) 
e) 
(e) 
9) 
ie) 
0 
ie) 
ie) 
° 
le) 
ie) 
0 
10) 

x 

-7.00000y-2 
8,60000y-1 
1.479000» 0 

=3.10000y-1 
6.20000 9-1 
1.55000 0 

=5450000y=1 
38000091 
1431000, 0 

~7.90000j9=1 
1.40000j-1 
1.07000, 0 
2.00000, 0 
=1.00000=1 
8.30000 y=1 

=7,u9, 

x 

=7.00000p-2 
8.60000 9-1 
1.79000, 0 

=3.10000=1 
642000091 
1455000» 0 

=5 050000 )-1 
38000051 
1431000» 0 

-7.90000p=1 
1.40000y-1 
1.07000» 0 
2.00000, 0 

=1.00000p+1 
8, 30000-1 

Vv P(x) 
1,68066y-6 -4.85023,-2 

-2.13100g-1 -2.47513y-1 
1079282, 2 1.70294, 2 
2.83648y-3 8.91634y-2 
-780762y-2 -4 89320,-2 
4.269339 1 4,26580y 1 
AS72351 y-2 1.71621 y-2 
747583093 5.50052 y-2 
70503719 O 1.55223 0 
1.87854y-1 1.913261 
=5e3TEVT 925 -2.17621 9-2 
4.35907 p-1 4.34033 y-1 
4,80000y 2 4.79998, 2 
9299900 9-6 -3.89867y-2 

-2,06964y-1 -2,.38302p-1 

order =9 163.000 ms 

Vv P(x) 
1.68066y-6 1.68593 y-6 

-2,13100p=1 -2.13100y1 
1670282 2 1.70282, 2 
2.83648 y-3 2.83649y-3 

-7 80762y-2 -7,80762y~2 
4.269335 1 4.26933y 1 
457231992 4.57231 y-2 
-7eT5BB0 y=3 -7.75830 9-3 
7.503719 O 7.50371 0 
1.87854 m=1 1.878541 

“5 aBTE1T 9H 5 5.376045 
4359071 4435907 y-1 
4.80000, 2 4.80000, 2 
9099900 y=6 1.00051 y-5 
2406964 y-1 -2,06964 9-1 

v-P(x) 
4 Qyn2 
Bobye2 

=1 2-2 
8 6-2 
-2.9 9-2 
3. 5yr2 
2.9 y-2 
639-2 
AQ n-2 
-3.5n-3 
2.2Qy-2 

1e9n-3 
1.8y-3 
39-2 
3.1y-2 variance = 5.71py-3 

v-P(x) 
5 eun9 
4.9n-9 
30-8 

-1.34°8 
6.299 
30-8 

-1.4y-8 
2.99-9 
180-8 
TeSp- 

-1 45-9 

Ry-9 
6.0y-8 

~6..19-9 
52-9 variance 0.00, 0 

176.000 ms variance = 0.00» 0 

171.000 ms variance = 0,00) 0



The employed program: 

begin integer i, 11,n,k,j,h3 real x,v,t,t0,q,s,a3 array C(0:12)3 

real procedure p(dum); integer dum; 

begin 

xt= (31x21) mod 101x(3/100)-13 

Yo ROO KKXH; 

pss 1+4xXxx2 

end p3 

for ni= 10,15 do begin 

ii:3 -15 

for k:= 6 step 1 until 9 do begin 

tO:= timet+256003 

for j:= 0, j+10 while t < t0 do begin 

iran; fit(t,p(i),x,v,C,k,k+2); t= time 

end, 

tis (4-40+25600)/33 

write(out,<:<10><10>:>,n,<: points, order:=>, i, << dadd.000>, 

t,<2 mst>) 5 

if 1 > 11 then begin 

write(out, <:<10>coeffictents::>) 3 

for j:3 0 step 1 until 1 do 

write(out,<:<l0>i>,<<-d.dddddy-@>, C(5))3 

write(out,<: 

Pp x v P(x) veP(x) >); 

end i > i113 

Ss: 03 jt= 15 
for 1:4 1 step 1 until n do begin 

az= p(t) 3 ar= C(t); 
for h:= j - 1 step -1 wmtil 0 do at= axxC(h); 

if j > 41 then write(out,<:<l0>:>, <<-d.dddddy-d>, a, X, Vy 2s 

KK “di dy=d>, v-a) 5 

sis + (y-a) ~exq, 

end i; 

write(out,<<-d.ddy-d>,<: varience:=>, 

if n =j+1 then 99 else s/(n-j-1))3 

i= 

end 

end n 

end 

k3



Time and storage 

execution time: (2 + order) x (no of points) mS 

program text: 29 lines on 2 segments 

program code: 3 segments 

variables: 25 + 8 x no. of points + 4 x order words 

The procedure 

pm 947.1969 19,07,58 

external procedure fit(i,pi,xi,yi,C,1,u); value 1,u3 

integer 1,1,u; real pi,xi,yi; array Cs 

begin integer j,k,n3 

 ] real fj,r,rf,f,fx,fl,a,b,c3 

array F,F1,X,R(i:1),A,B(Ozu) ; 

misl3; rierfs=f:=fx:=b:=03 

for i:=1 step 1 until n do begin 

f£j:=F(1):ssqrt(pi); F1(i):s03 

X(4) sexi; 

R(i) ssyixtj3  riartR(i)x2; rfserf+R(1)xe3; 

fiwf+t pj; fxr=fx+x(1)xeperj 

end i; 

for i:90,k+1 while k<l | (i<n A fxr<(n-i)xrfxrf) do begin 

kisi arsA(k)s=fx/f3  ¢:=C(k):=rf/t3 

f1ssf3 rs=rfs=fs=fx:=0; 

e@ for j:=1 step 1 until n do begin 

R(J):@R(5)-F(5)xo3 resrtR(§)0@; 
£jr=(X(5)-2)x#(3)-pxP1(5) 5 FI(g) s=F(G)s FCG) sts 
yfisrf+R(j)xf33  fr=f+Pyxtj;  fx:=fx+x( 4) xegxtj 

end j3 

bssB(k) :=£/f1 

end 13 

if fxr<(n-k-1)xrfxrf then C(k+1):=rf/f else kisk-13 

Lisk+1 

for 1:50 step 1 until k do begin 
C(x) s=0(k) -A(k-1)xC(k+1) 5 

for j:#k-1 step -1 until 1 do C(j):=C(j) -A( j-1)xC(j+1) -B(j-1)xc( j+2) 

end 1 

r } end fit; end 


