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Function.

procedure fit{i, pi, xi, vi, €, 1, u)

From a tasble of pi, xi and yi fit computes a polynomial P(x) such
that v = sum(pix(yi-P(x1))xx<2) is minimum. The order, say o, of P(x) is
the least number > 1 and < v for which v(o)/{n - o = 1) < v{o + 1)/(n - o).

The input teble is scanned once in the order pl, x1, ¥i, D2, X2, ¥2, «s.

Parameters.

Integer i

real pil
real xi
real yi

array C{O:n)

integer 1
integer u

Method,

supplies the mmber of points as input, is used as index
in pi, xi and yi, and glves the order of the polynomial
a3 output.

is an expression giving the weight of point no. i

is an expression giving the x-coordinat of point no. i.
is sn expression giving the y-coordinst of point no, i.
is an array to which the coefficients of the polynomial
138 sssigned,

P(x) = C(0) + C(1)xx + C(2)xxxx@ + ... C{1)xwxi.

is the lowest acceptable order of P.

1s the highest acceptable order of P.

it £(0, x), £(1, x), ... £k, %), ... 18 a set of nonzero polyno-
mials of order 0, 1, «a» , K, «us such that

SEm p(1) x £k, x(1)) x £(1, x(1)) =0 for x % i

1=

then the polynomial

K
P(k, x) = Sum c(3}2(j, x)

where

J=0

o(3) = S p(1) % 23, x(1)) x y(1) / sun p(1) x £(3, x(1))2

1= i=1




is & solution to the problem, A numerically better formula for ¢ is
n n : 5
c(3) = sum p(1) x £{3, x(1)) x (y(1) - P(J-1, x(1)) / sum p(1) x £{3,x(1))".

i=1 i=1

£(k, x) may be computed by the recurrence formmla

F(k+1, x):= (x - a(k)) x £f(x, x) - b(k-1} x £(k-1, %)
where

a(k) = i,ﬁ? o(2)x(2) 2, x(1))2 / fﬂ? (1) £k, x(1))2

b(k) = Sum p(1)£(k, x(1))2 / Sum p(1)£(k-1, x(1))2
(] 1= 1=1

(o, x) = 1;  £(1, x) =x - Sum p(1)x(1) / Sum p(1)
In the procedure

F(k, 1) = £(k, x(1)) x sqrt(p(1))
end R(k, 1) = (y(1) - P(k-1, x(1)) sart{p(1))
1z usged with the followlng start values:
b(-1) =0, F(-1, 1} =0, F(0, 1} = sqrt(p(i))
and R(0, 1) = y(1) x sart(p(1})
recurrence for k = 0, 1, ...

® a(k) = Sun x(1)F(k, 1) / Sum F(k, 1)°
c(k) = sum R(k, 1)F(k, i) / Sum F(k, 1)2
R(k+1, 1) = R{k, i) - F(k, 1} x (k)
F{k+1, 1} = (x(1) - a(x))P(x, 1) - d(k-1)}F(x-1, 1)
b(k) = Sum F(k+1, 1)° / sum Pk, 1)°

From the a, b and ¢’s the final coefficients of P(x) are computed.

The recurrence formila
e(3, 1) = e(3-1, 1) - al2-3)xe(J, J+1) - b(1=3)xe(y, 1+2)

‘l’ gtarting from



¢(0, 1) = 1f 0 <1 <k + 1 then c(k) else O

glves k41

P(x) = Sum c(1i+1, i) X xxxi.
i=0

we have namely

b+1
P(x) = Sum c{0, 1)f(i, x)
1=0
b+1
= ¢(1, 0) + Sum c(1, 1)£(1i-1, x)x
1=
k+1 5
= c{1, 0) + c(2, 1)x + Sum c(2, 1)£(1-2, x)x
121
3=1 g kA ;
= Sum c(i+1, i)x + Sum c(J, 1)f(1-J, x)x
1=0 1=}

b+1 1
= Sum c(i+1, 1)x
1=0



Example.

A table of ¥y

10 points, 1=6, u=8, order =8

= XG-0X5 with weights p = xxXx@+1. The varlance is sum(
pX{y-P(x))xx2) } /{n-o0-1)

coefficients:
~2.61591,-3
1,63066y-1
2.88315,=1
~1.,94733 0
-6.81127;-1
5139759 O
-2,37534y 0
-h-90519n 0
h.56197m 0
P x
1.00490, O -7.00000,-2
1.73960y 0 B8.600004-1
k.2010y 0 1.790004 O
1.09610p O ~3.10000,=1
1.38440, 0 6.20000,-1
3.802504 0 1,550004 O
1.30250y O =5,50000y=1
1.188k0y) 0 3.80000,-1
2,71610y 0 14310004 O
1.624105 0 =7.90000~1
10 points, 1 =7, u =9,
10 points, 1 = 8, u =9,
10 points, 1 =8, w = 9,
coefficients:
2.79397y=9
2.7939Tp=9
-65.51926,-9
-5.820774-9
1.30385,-8
-1.00000y O
-1.73750,-8
1.68802,-9
-0.29104,-9
1.00000y O
P X
1.00490y 0 =7,00000,-2
1.73960y O 8.600004-1
L,20M105 O 1.79000, O
1.09610y O -3.100004=1
1.38440, 0 6.,20000,-1
3.40250y 0 1.550004 O
1.30250p O -5,50000y-1
T.14hh0, 0 3.80000,-1
2.@1610n 0 1431000y O
1.62410p 0 =7,90000;~1

v
1.68066,-6 -1

103,000 ns

P(x)

=2413100p=1 =2.04917;-1

1.70282, 2
2,836L8,-3

h026955m 1
L,57231y=2
=7.75830,-3
Teb03T1y O
1 .8785h-m-1
order = 8
order = 8

order = 9

v
1.68066,-6

1.70282, 2
1.116219=2
-7.80762,-2 -9.69892,,-2

L, 26938, 1

L4,33h0k,-2
9.782515-3

7.50219, O
1.88112y-1

121.000 ms

P(x)
1.68323,-6

=2.13100y=1 =2,131004=1

1.70282), 2
2.83648,-3

1.70282, 2
20856h8m—3

~7.80762y-2 -7.806k2,-2

b, 26933, 1

u026955m 1

h,572315-2 U.572371,-2
=7.7583009=3 ~7.75830y-3

1:8580n 9

Te503 1y O
1.375 gt

«197515-2

v=P{x)
1e2y=2
-8,2,-3
6.8y4-5
«8.3,-3
1.99 =2
-5.5p-4
2.0y=3
=1.8y-2
1.5m-5
—2.6n—h variance = 1.20p=3

114,000 ms veriance = 1,204-3

112,000 ms variance = 1.,20y~3

v-P(x)
~2.6p5-9
-2.8n—9
-7 e5=9
-T.55=9
-2.Tp=9
1499
=0, 4y,-9
~2.9p-9
2.8,-9
3eTp=9 variance = 9,00, 9



15 points, 1 =6, u =8, order =8

coefficients
'5.65562m-2
2,88L97,-2
1.92269»
-1.79384y,
'7005926m
8.64038,,
2.95069,
FTQOMOBIm
5-72527m 0

- OC OO0

)%
1.00490y,
1.73960y,
4, 20410y
1.09610y
1.38440,
3.L40250,
130250y
1. 15440,
2.71610y
]|62h10n
1.01960y,
2.14490,,
500000y
1.01000y
1.68890,,

15 points, 1

CO0O0O0OCO0O0O000O0000

coefficients:

3.72529y~9
-1.95578;-8
3.02680,-8
-7.89296,-8
~6.37956=8
=1.00000;, O
-106h1u6m-7
-2,26632, -7
2.11265y=T
1.00000, O

P
1.00490, ©
1.73960y 0
L,20810, O
1.096104 O
1.38440, ©
3.40250, 0
1.30250, O
1.14440, ©
2.71610y 0
1.62410y 0
1.019604 0
2.14490, 0
5.00000, O
1.01000, O
1.68890, 0

15 points, 1 =8, u =

X
'TaOOOOOm—a
8,.60000y-1
1479000, O
=5410000y~1
6 .20000,~1
1.550005 O
=5.50000;=1
5.80000m*1
1431000y O
~7+90000 =1
1.4H0000,-1
1,07000, O
2,000004 0
=1,00000,=1
84300004=1

=7, u=9,

X
-TOOOOOOm-2
8.60000,-1
1.79000m 0
-5.10000m-1
6 ¢ 20000y-1
1455000y O
=5,50000;-1
3+800004-1
1231000, ©
=7+90000=1
1.30000=-1
1,07000y, 0O
2,00000y O
=1.00000,-1
8,30000,-1

v
1.68066,,-6
~2413100p~1
1.79282, 2
2.836L8y-3
=7.80762,-2
h.26955m 1
h.57231-2
~7.758300~3
7.50571m 0
1-8785hm-1
-5.5?617m-5
h-55907m'1
4 80000, 2
9.99900=6
-2,06964-1

order = 9

v
1.680664-6
=2,13100p=1
1.70282, 2
2.83648,-3
'7.80762m‘2
4,26933, 1
L, 57231 =2
=7475830y~3
7-50571m 0
1.8785um“1
=5.376173=5
h-55907m-1
4.80000, 2
9.99900y-6
~2,0696L-1

10, order =9

15 points, 1 =4, u = 11, order = ¢

end

145,000 ms

P(x)
-4.85023,-2
-2, 475131

1,70294, 2

8.91634,-2
-14.,89320,-2
4,26580, 1
1.71621 =2
5.50052,-2
Te55223, O

1.91326 =1

-2.17621y-2
4, 34033, -1
4,79998y 2

-3.89867,-2

-2,38302,-1

163,000 ms

P(x)
1.68593,-6
-2,13100y-1
1.70282, 2
2.83649y-3
~7.80762,~2
h-26955m 1
L. 572312
-T7.75830p=3
T+503T1p O
1.87854 -1
=54 376045
L .35907 p-1
L4,80000, 2
1.00051,-5
~2,0606U,-1

v=P(x)
b,9y-2
BOhm-Q
~1,2y~2
«8.6y-2
-2.9p-2
5-53"2
2.9p-2
-6.3n—2
-4, Gyp-2
=545p=3
2,20=2
109n'5
1.8p=3
309m'2

3.13=-2 variance = 5,71g=3

v-P(x)
=5.3p=9
4,95-9
3.0,-8
-1.5D-8
6,249
3.0m-8
-1by=8
2.9p-9
1.8m-g
TaDp=
-1.44-9
L,9y-9
6.0,-8
'6¢1m-9
5.2y=9 variance 0.00y O

176,000 ms varisnce = 0,004 O

171.000 ms variance = 0,00, O



The employed program:

begin integer i, 11,n,k,j,h; real x,v,t,%0,q,s,a8; array C{0:12};

resl procedure p{dum); integer dum;
begin
xt= {31>2) mod 101x(3/100)-1;
Y= 009155
pi= 1+300K2
end p;

for nt= 10,15 do begin

i1:= =13

for k:= 6 step 1 until 9 do begin
0= tine+25600;
for ji:= 0, j+10 while t < %0 do begin

1:= n; £it{i,p(1),x,v,C,k,k+2); t:= time

ends
ti= (£-£0+25600) /33

write{out,<:<10><10>:>,n,<¢ points, order:=>, i, <<
t,<: msi>);
if 1 > 11 then begin
write(out, <:<10>coefficlents::>);
for j:= 0 step 1 until 1 do
write(out,<:<10>1>,<<=d.dddddy,-d>, C(J));
write{out,<:
P b v P(x) v=P(x}:>);
end i > 113

g:= 03 ji=1;
for i:m 1 step 1 until n do begin
a:= p{1) ; a:= C(1);
for hi= j - 1 step -1 wntil 0 do at= axx+C(h);

ddd 000>,

if j > 11 then write(out,<:<i0>:>,<<-d.dddddy-a>,q, X, V,4a,

<< =8.dy-a>,v-8);
s1= 5 + (y-a)>axg
end 1i;
write{out,<<-d.ddy-d>,<: variance:=>,
if n =j+1 then 9,9 else s/(n-3-1));
1=
end k;

end n
end



Time and storage

execution time: (2 + order) X (no of points) mS
progrem text: 20 lines on 2 segments

program code: 3 segments

variables: 25 + 8 X no. of points + 4 X order words

The procedure

m 9.7.1969 19,07,58

external procedure fit(i,pi,xi,yi,C,1,u); velue 1,u;
Integer 1,1,u; real pi,xi,yl; array C;
beglin integer j,k,n;
real fj,r,rf,f,fx,£1,a,b,c;
array F,F1,X,R(1:1),4,B(0:);
n:=i; ri=rfi=fi=fx:=b:=0;
for i:=1 step 1 until n 4o begin
£3:=F(1) sasqre(pi) 3 F1{i):=0;
X(1)i=x1;
R{i):=yixf3; ri=m+R(1)x¢2; rfi=rf+R{1)x£3;
Timfrfixfy;  Fxi=PatX(1)xXPIxEj

end 13

for 1:a0,k+1 while k<l | (i<u A fxr<(n-i)xrfxrf} do begin

ki=i; ar=A(k):=fx/f; c:=C(k):=rf/T;
f1i=f3 ri=rifi=fi=fx:=0;

for j:=1 step 1 until n do begin

R(J) :aR(5)-F(J)xc; ri=r+R(§)xR;

T3:=(X(3) =)@ (3)->xF1(3); F1(3) :=F(3); F(J):=Fys

rEs=rf+R{J)XPYs Li=f+iXE); Ixi=fx+X(J)XEIxE)
end j;
b:=B(k) s=f/f1
end 1;
if fXxr<(n-k-1}Xrfxrf then C(k+1}:=rf/f else ki=k-1;
1=kt
for 1:=0 step 1 until k do begin
C(x) :=C(k) ~A(k-1)xC(k+1) ;

for ji=k-1 step -1 until 1 do C(j}:=C(j)-A(j-1)xC(3+1)-B(j-1}xC(j+2)

end 1
end fit; end



