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ABSTRACT
The procedure besseljy calculates JO(x),31(%) 5 4 00,In(x)

and YO(%) ,Y1(%) ;0 0e,¥n(x) .
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1. TFunction anéd Parameters.

besseljy calculates the Bessel functions c¢f Tirst
kind JO(X),J1EX),.°°’JnEX) and the Bessel funetlons of second
kind YO(x),Y1{x)s0eo,¥n(x) of integer order and with real
aroument.

Procedure heading:
procedure besseljy (n,x,J,Y);
value n,x; integer nj real xj; =srray J,Y1;

Call Parameters:
n (integer or real) (real is rourded to nearest integer)
maeximum order of the Bessel functicns.
n mst be >=0,
X {integer or resl) the arsument, must be <0,

Return Parameters:
J (real array J(C:n) )
the caleulated values of the functicns
J{0)=d0(x},. ..,J(n):Jn(x) o
Y (real array ¥(O:n) )
the caleulated values ¢f the funeticns
Y(0) =Y0(x) 5 ¢ 00, L{n)=Tn(x).

2. Method,

First the funciions Ji{x) ere calculated,

For abs z <= -5 the procedure uses a truncated power
expansion

J(1)(x) = {x/2)et/1
for 1 = 0,1,use,n.
For abs x > y-5 the values are found by recurrence, 2ee P11
J(1-1)(x) = 2xi/30¢(1) () -3(1+1) (x)
For 1 = nb-2,nb-3, 00,1, where j{no){x)=0 and j{nb-1)(x)=;-150.
nb ic an even integer found as a function cf x and n, within
the limits given in {2].

After recurvence J(1}(x) iz found as

b/

J(1) = (1) (=) /(3(0) () +ax Tf 2(2xm) (x)
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for 4 = 0,1,see,N06
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Then YO(x) and Y1(x) are found from the summation theorems,

. see [1]1:

yo(x) = 2/pibxg(gamma+ln(abs(x/E)))XJO(x)
- 1+><,§T {{-1)>x¢p/ (2xp)xT(2xp) (%))
=
Y1{x) = 2/pi X(-1/2x30(x)+(1n({abs(x/2))+ganma-1)xJ1(x)

nb/2
-Pfgg ((~1)<({a+1} /2) xtxo/(0xx2-1)>xJ0(x}) )

for odd values of o. The upper bound nb/2 1s & subsiitute
for infinity, see [2].

%, Accuracy, Time and Storage Requirements,

Accuracys relative error <p-7
. Time: if abs x <=y4=-5! approx. 5 ms
else approx., 10 + 0,.7Xn ms.
CeZe X=2 , n=20: 17T ms
x=10, n=t0: 28 ms
Storsge requirements: 2 segments of program and 8 loecal real variables.,
(during translation 3 segments).
Typographical length: 75 lines inel. last comment.

4, Test and discussion,
The algorithim is similar to the GIER procedure 0.No. 208, [3].
Below preogram gives the following output:

begin

comment here the procedure is copled unless it is already
translated as an external}

integer i,n; real xj;
write(out,<:<1Z<10>n  x :>,false add 32,13,<:J(n):>,
false add 32,18,<:Y{n)<10>:>);
AGATIV:
read(in,n); if n=~1 then goto END;
begin array J,Y{0:n);
read(in,x)
besseljy(n,x,J,Y)};
write(out,<:<10>1>,<<dd>, n,<<dd,ddd>, X,
<<  -d.34ddd dddddy-dd>,d{n),¥(n) );
goto AGATIN
end inner block;
END:
end

datas

Q, 0.001
. 0, 0«5

0, 5

1, 5

10, 5
20, 5

=1,
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n e J{n) ¥{n)

0 0.001 9,99999 T500ly -1 b7y 66116, O
0 0,500 9,38h69 80724y -1 - bks518 73352y -1
0 5,000 -1.77596 T7133p -1 -3,08517 62526y -1
1 5.000 ~3.27579 13750y ~1 1.47863 14342, -1
10 5,000 146780 26472y -3 -2,51291 10098y 1
20 5,000 2,77033% 00515¢~11 -5.93396 52968, ©
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G, Alzorithm.

hesseljy=sel &
. besseliy=algol
exlternal

procedurc besseljy (n,x,J,Y);
velue n,x; integer nj real Xj array J,Y;
hepin integer a,nb,Nj
real J0,J1,8wn,y0,¥1,v23
boolean Vel
sums=abs Xj
xi=jli=x/23
G imyl1 =03
y2r=lo{sun) 0. 1159515150584 5
if sum=,~5 then
neglin
3{0) 1=sum: =30 1=1;
For nbi=l step 1 until n do J(nb):=I{nb-1)xx/nb
end
clse



begin
Ni=n+1;
if n>»10 then
begin
for Ni=N-1 while {sum/N)>Qi<y-100 do J(H) :=0;
N3 =l+1
end; :
nbi=0,525Xsumt13 5
nbs=2x(if nb <=N//2 then N//e+1 else nb):
Jis=p=1503
30s=sumi=0;
even:=false;
gr=(-1)x((nb-2)//2) 3
for nbi=mb-1 step ~1 until 2 do
begin
Tf nb<li then J(nb):=if even then jO else J1j
if even then
begin j1:=mb/xxj0-j13 0 :=a/nbxjo+y0 end
else
begin
30:=nb/xxj1-303
1 s=axab/ (nbXx2-1)XJ1+y13
ai=-a}
sum s ssumt J0
end s
evenis-,even
end;
J0=31/x=305
sum; =2Xsurt+ jO 3
J(0) :=30/sum;
1f >0 then J(1):=j1/sum;
Por npi=li-1 step -1 until 2 do J(nb) :=J(nb) /sum
end;
(0} 1=y0:=0,63661977236758x(Ixy0+y2xJ0) /sum;
if r>0 then Y{1) 1231 :=0.63661977226756X
(~30/%/2+(y2-1)%31-y 1) [sum;
for nb:=2 step 1 until n do
begin
Y(rb) s=y2:=(nb-1)/xXy1-y03
yor=yl3 y1:=y2
end
end besgeljy;

comment
besseljy calculates the Bessel functions of first

kind JO(xj,Ji(x),n..,Jn%x} and the Bessel functions of second
kind YO(x),Y1(x), 00, ¥n(x) of integer order and with real

arpgunments

Call Parameters:
n (integer or real)
nmaxcimum order of the Begsel functions.

n mst be >0.
X (integer or real) the argument, must be <0,

Return Parasmeters:
J (real array J(0:n) )
the caleuwlated values of the functions
J(OY=T0(%) , o0y T{n) =Tn(x}
Y (real array Y(0:n)
t?e cal u%aied es of the functions
Y 0)5YO?X ,es0sY(n)=Yn X) ;



