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pzero(order, coef, root)

1. Funetion and_Parameters

pzero caleulates all roots (complex or real) of 2nd, 3rd end 4th order
pPolynomials with resl coefficients,

Call: pzero{order, coef, root)
pzero 1s & boolesn procedure which 1s false if order > 4 or order < 2
or coef(order} = 0, In this case no computations are made,
otherwise pzero is true.
order (eall value, integer)
specifies the order of the polymomial.,
coef (call value, array) minimm bounds(o:order)
specifies the coefficlents of the polynomial
p(z) 1= SUM(coef(1)xzxx1), 1:= 0, 1, .,, , order.
100t (return value, array) minimwm bounds(1:order, 1:2)
If pzero is true then root specifies the calculated roots
zi, 1:= 1, 2, ... , order so that
Re z1 = root{i, 1) and
Im z1 = root(i, 2).
2, Method
2,1, General

Extremely large or small roots are detected at the first stage of came
putation, and further computations are executed on the quotient poly-
mial, where quotient polynomisl everywhere in this description

means

p(z) / PRODUCT(z - z1) ‘

where zi are the roots allready found by pzero.
The (quotient) polynomial 1s now normslized so that coef(order)
equals 1,



2,2, Second order polynomials: p(z) = zxx2 + bxz + ¢

The quantity di= bXx2 - Uxc determines whether the roots are complex
(d < 0) or real (4 > 0),

If the roots are real then the numerically largest root is calculated
from

z1:m {(-b - sqn({b)xsqrt(da))/2
and the remaining root from

z2:= 1f 21 = O then 0 else ¢/z1

otherwlae the roots are calculated from
z1:= (-b + ixsqrt(-d))/2

and
z2:= (=b - ixsqrt{-d))/2

where 1 is the imaginary wmit,

2.5, Third order polynomials: p{z) = 2OG+axzX@rbXz+e

If there are mmltiple roots then all of the roots are caleulasted di-
rectly from the coefficients s,b and ¢, otherwlse one real root is

determined by a Newton Iteration whereafter the remsining twoc roots
are calculated from the quotient second order polynomial (see 2,2).

Anglysls and iteration sterting point:

The transformation w = z + a/3 ylelds
Plz) =0 <w> q{w) = w03 + dw + e = 0,
Define '
ri= 27XeX2 + hxaxsd,

2) 1 real and 2 complex conjugate roots:

are called 2%, -k + D and -k - Iixm
where 1 1s the Imaginary unit.
q(w) = w3 + (o - 3xX00R)xw = AX(kXX2 + mxx2)

Implles

r = [Dax(moe + 9xioeR) %2 > 0
end defining

fm) = 4 X |e| = 8x[kx(lo@ + wo@) | > BX[k[>3
yields

(ixfe])0d1/3) > x|



b) 3 real roots:

are called k, m and -k = m where k is the numerically largest root,

g{w) = wo3 - (0@ + mxx 2 + kxam)xw + koax(k + m)
implies

r= -[(k - m)x(2x + m)x(k + 2w) o2 <0 (xx)
and defining

f{m) = bx|d|/3 = kx|ko@ + mo@ + kow|/3
yields

min f(m) = £(-a/2) = kxx2
80

2 x sqrt(al/3) > |k|

From (X} and (XX} we see that
r < 0 = real roots
r =0 = mltiple roots
r > (O = complex roots
and iterstion starting point s 1s chosen to be
s 1= 2xsqrt({d|/3) 1f r <O
(bx|e|)xx(1/3) 1f r > O,

The quotient second order polynomial:

1s caleulated from
(20 + pxz + @)x(z - 21) = 2263 + axzXX2 + bXz + ¢
where 21 1s the real root obtained by iteration.

If |a + z1] > |a|/8 +then p is calculated from

Pi= a + 21
and
qi= b + pxzl  1f [b + pxz1]| > |b[/8
- ¢fz1  1f |b + pXel| < |b|/8
otherwise
qi= -c/z1
end

pi= (g - b)/z1,



2."".

Fourth order polynomlsls: p(z) = 204 + axxzxXX3 + bXeXX2 + cXz + d

III:

A linear transformation w = z + a/l ylelds
p(z) = 0 <o g{w) = wodt + X2 + mw + n = 0,
now the sum of the transformed rocts equals zero,

The trensformed roots are calculated using the method of Descartes.,
This method involves the sclution of a third order equation, and
this is performed as described in 2.3.

The roots are now sccepted if |Re zi| > [a]/32 so at least one root

mst be accepted unless they all equal zero.

IV a) if one root is accepted by I1T

b)

d)

then the reciprocal roots are caleulated from
XX + eXzXX3 + DXeXX2 + axz + 1 = 0
g3 described in 2,4-I, IT and III.

If one of the reciprcesal roots 1s accepted then we hawve two accep-
ted roots, so the remaining two roots are calculated as described
in IV b, otherwise the former accepted root 18 not used. The mmber
of accepted reclprocal roots then determines whether further calcu-
lations are performed as described in IV, b, ¢ or 4,

1f two roots are accepted by III (or IV)

then the quotient second order polynomlal 1s ecalculated and solved
g3 described in 2.2,

1f three roots are accepted by III (or IV)

then the remsining real root is celeculasbted using the fact thaet the
product of the roots equals 4.

if four roots are accepted by III (or IV)

then no further calculatlicons are performed by pzero.
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Do

Accuracy, time- and storage requirements

3.1+ Accuracy

If an actusl equation is illwconditioned and you want the roots to a
specified degree of accuracy a mich greater accuracy may be necessary
In the intermediate calculations, On the cther hand a user is not sup-
posed to know anything about the conditioning of the actusl equation,
so standard input to RCUO00 of UB-bits reals is used,

3.2, Time~ and storage reqpirements

Approximste cpu-time used by pzero: (order - 1)X0.02 sec.
Codelength: 12 segments
Typographicel length: 223 lines inel. least comment,

Test znd discussiont

pzerc has been tested on the RCHO00 computer with a testprogram which
performs

1} generation of order and coefficilents

2) call of pzero

3) calculation of root generated coefficients of the polynomisal
o(z) := PRODUCT(z - zi), 1:= 1, 2, ... , order

L) caleulation of relative differences between the original and the

roct genersted coefficients.

Now the smaliness of the differences 1s chosen as a measure of the
goodnesgs of pzero,

pzero has been tested with a large nmumber of both prepared ill-condi-
tioned coefficlents and random coefficients input and in both cases

wilth satisfying results,

Some test exsmples (the check column describes the relative differen-

ces):



example number 1

glven equation check

coef(4)= 1,0000000000y

coef(3)= 1.0000000000, O =5,82p-11
coef(2)= 1.0000000000, 0O =5,82,-11

coef(1)= 1.0000000000, =7 =5.90y5 -4
coef(0)= 1,0000000000, O 0.0045 O
calculgted roots
3.518079M43hy,  =14+7,2038175772y -1
3.5180798434y,  -1-7,2034175772, -1
-8.518079kk32, -149,1129213536, -1
-8,518079U432), -143,1120213536, -1
example number 2
given equation check
coef(4)= 1,00000000004 O
coef(3)=-6,8619274672, -1 0.004 ©

coef(2)=-8,8228487860y ~1 =6.60p-11

coef(1)= 6.861927T4672y =1 0.00y O
coef(0)==1,1771512141y =1 0.00y O
calculated roots
3.4309637339y -1
1.0000000000, O
3.4309637335, -1
-1.0000000000y O
example number 3
glven equation check
coef(l4)= 1.,0000000000, O
coef(3)=-1.4215286873, 1 0.00y ©
coef(2)= T7.1420880252, 1 1.04y =10
coef(1)=-1,4369489911, 2 3.63, =10
coef(0)= 8,5480206736y 1 6.9Ty -10

ealculated roots
4, 4050104852,
b hos1h69640, ©
b, hos1o0824e, O

949999999956y, -1

xi
x1
xi
x1



example mmber 4

glven equation check
coef(l4}= 1,0000000000, O
coef(3)ma2,U62830uh22y 0 k,32, -11
coef(2)= 2,7192690981, O 0,00, O
coef(1)=-1,2204258468, 0 4,77y -11

coef(0)m 2,0540067855, -1 1,42, =10
calculated roots

6.7204851918;  -1+1.1559340115, -2

6,7204851918  -1-1.1559340115, -3

6.7437120188,  -1+1,1667236046,, -3

6.T43T120188;  -1-1,1667236046, -3

example number 5

glven equetion check
coef(4)= 1,0000000000, O
coef(3)==5.9418320952, O 0,00, O
coef(2)= 1,32395172555 1 0.00y O
coef(1)m=1.3111166TH4y 1 T.105 ~11
coef(0)= 4,8600226978, 0O 2,39y -10

calculated roots
1.485h582489, ©
1.14884816864, 0o
1.4850465301,  0+8.4572793336, -4
1.4850465301,  0-8.4572793336, -4

6. Complete algol text:

pzero=get 12

pzeromglgzol

external

messege pzero,version 22/5-T0,RCSL 53-M4;
boolean procedure pzero{order,coef,root);
value order;

integer order;

array coef, root;

x1

X1
xi

KX



begin
array arr{0O:4);

integer accept,i;
real x,push,s,b,c,d;

boolean ok}

procedure orderl;
begin
real a,b,ec,d,x,push;
integer 1;
pushimarr(3}) /4;
c2( (-3xpushxo@+arr(2) ) xpush-arr( 1)) Xpush+arr(0) ;
b2 ={ pushxarr(3) -arr(2) ) x2xpush+arr(1) ;
asm-3xarr(3)0@/8+arr(2) ;
if <0 then
begin
order3( 2xa, axx2-lixe, -bxx2) 3
for 1:=0,1+1 while root{1,2)<>0 or root(1,1)<D do;
xsmroot(i,1);
dimbg
bimat+x;
aimsqrt(x) ;
xt=d/a;
1f abs(bex)>sbs(b+x) then bisb-x else
begin
bisb+x;
83%=g
end;
be=b/2
end else
1f axxa<lixe then
bhegin
bi=sqrt(c);
a:mgqrt{2xb-a)
end else
begin
brmetsgn(a)Xeqri(oe-lixe) /23
ai=)
end;



order2(s,b,1);
order2(-a,if b=0 then O else ¢/b,3);
X:=abs push/S;
for 1:=1,2,3,4 do
if sba(root(i,1)}-push)>x then
begin
accepti=i+accept;
root{accept, 1) :=root(1, 1) ~-push;
root(accept, 2) s=root(1, 2)
end;
extit:
end orderk;

procedure crder3(s,b,c);
value a,b,c;
real a,b,c;
begin
real push,p,q,r;
pushim-ga/3;
i =ed0Ruib 3
q s ={ -2Xpushx@+b ) Xpush+e 3
r3a( 27xe-ax( 18Xb-4xaxc@) }Xe+bxoex( bxb-ax2) 3
1f abs r<=((27xabs c+abs ax{18xebs b+ixaxx2))xabs ¢
+b>Xo@x{lixgbs b+exx2) )X3y,-11
then
begin
d: = 2>0@+3Xgba b)X3y-113
if p+td<0 then goto newton;
q:=1f p=a<D then O else sgn{q)xsqrt{p)/3;
root(1,1) tmroot{2, 1) :apush+q;
root(3, 1) : =push-2xq;
root(1,2) t=root(2,2) :=root(3,2) :=0;
goto exit

end;
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newton:
ri=push-sgn(q)X(if r<0 and p>=0 then 2xaqrt(p) /3 else(lixabs q)xx{1/3));
for pi=((2xr+a)xrxx@-c)/((3xr+2xa)xrb),
((2xr+a)xro@-c) /(( 3xr+2xa) xr+b)
while abs(p-push)<sbs(r-push) do r:=p;
root(1,1) :=r;
root(1,2) :=0;
pimgtr;
qQ: =b+pXr;
q:=if abs p<ebs a/8 or abs g<abs b/8 then -c/r else g;
p:=if abs p<sbs a/B then {q-b)/r else p;
order2(p,q,2) ;
exit:
end order’;

procedure order2(b,c,first);
value b,c,first;
real b,e;
Integer firast;

begin
real 4;
dsmbhXx2-bxc;
d:mgen{d)xsqrt(sbs d);
if d<0 then
beglin
root(first, 1) t=root(1+£1rst, 1) :=-b/2;
root(first,2) :=4/2;
root(1+first,2) :med/2
end else
begin
d:=root{first,1) :=(-b-sgn(b)xa}/2;
root(14£irst,1) i=lf d=0 then O else c/d;
root(first,2) :=root(1+first,2) :=0
end
end order2;

accepti=0;
ok t=pzeros=morder>] and order<5 and coef(order)<>0;



if «,ok then goto finis;

for l:worder step -1 until O do arr(i):=coef(1);
Jow:

x:=if arr(1)=0 then arr(0) else -arr{0)/arr(i};

for 1:m0,1+1 while arr{i}-arr(1+1)xx=arr(i) do

if imorder-~1 then

begin

for 1:=0 step 1 until order-1 do arr{i) :=arr(1+i);

goto comb
end;
x:=mayr(order-1) /arr{order) ;
. for 1:=0,1+1 while arr(i)xx-srr(i-1)=srr{i}xx do
1f {=order-i1 then goto comb}
goto normeal;
comb:

root{order, 1) :=x;
root(order,2) :=0;
order:=order-1;
i1f order>>1 then goto low;
root{1,1) sm-arr{0} /arr(1) ;
root(1,2) :=0;
goto finis;
norms) ;
. x:=marr{order) ;
for i:morder step -1 wuntil O do arr(1):sarr{1)/x;
cage order-1 of
begin
order2({err{1),arr(0),1);
order3(arr(2),arr(1),arr(0));
begin
orderl;
select: case accept of
begin
begin
arr(l) :mroot(1,1);
xsmeoef(0);
. for 1:=0,1,2,3 do arr(1) :=coef(k-1)/x;
accept:=0}




orderh;
1f accept>] then
begin
for 1:=1,1+1 while i<maccept and i<5 do
1f root(i,2)=0 then root(i,1):=1/root{1,1)
else
begin
x:=root(1, 1)xC+root(1,2)>@;
root(1,1) s=root{1+1, 1) s=root(1,1) /x;
root(1,2) :=root{1,2) /x;
root(1+1,2) s=-ro0t(1,2) ;
1141
and;
end elae
begin
root(2,1) s=1/root(1,1);
root(1,1) s=arr(l);
accept =2
end;
x:=coef(h);
for 1:%0,1,2,3 do arr(1):=coef(1)/x;
goto select

end;

begin

d:m-root(1,1)-root(2,1);
et=root(1,1)xroot(2, 1) -roct(1,2) xroot(2,2) ;
b:=arr(0) /c;
a:=if abs {arr(1)/b-d)<abs {arr(3)-4)

then arr(3)-d

else (arr{1)-bxd)/c;
order2(a,b, 3)

end;
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begin
ai=lf root(1,2)=0
then root(1,1)x(root(2,1)xroot(3, 1) -root(2,2)xroot(3,2))
else root{3,1)x(root(1,1)xe+root{1,2)x@);
root(4,1) :=arr(0) /a;
root(l,2) :=0
end;;;
end
end
end;
finis:
end pzero;

commnent
pzero(order,coef,root) calculates real and complex roots
of 2nd, 3rd and 4th order polynomials with real coefficients:

p(z)= coef{order)xexxorder+. . .+coef(1)xz+coef(0).

pzero is false if order>l or order<?® or coef(order)=0,
otherwise pzerc 1s true.

order (call value,integer) specifies the order of the
rolynomigl,
coef (call value,array) specifies the coefficlents of
the polynomial,
root (return value,arrsy).
If pzero 1s true then root specifies the roots of
the polynomial: zi, 1=1,2,.,.,order sc that
Re zi = root(i,1)
Im z1i = root(1,2);



