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pzero(order, coef, root) 

i. Function and parameters 

pzero calculates all roots (complex or real) of 2nd, 3rd and 4th order 

polynomials with real coefficients. 

Call: pzero(order, coef, root) 

pzero is a boolean procedure which is false if order > 4 or order < 2 

or coef{order) = 0. In this case no computations are made, 

@ otherwise pzero is true. 

order (call value, integer) 

specifies the order of the polynomial. 

coef (call value, array) minimm bounds(o:order) 

specifies the coefficients of the polynomial 

p(z):= SUM(coef(t)xmod), 1:80, 1, oe. , order. 
root (return value, array) minimm pounds(1:order, 1:2) 

If pzero is true then root specifies the calculated roots 

ai, lie 1, 2, oe. , order so that 

Re zi = root(i, 1) and 

Im zi = root(1, 2), 

@ 2. Method 

2.1. General 

Extremely large or small roote are detected at the first stage of come 

putetion, and further computations are executed on the quotient poly- 

mtal, where quotient polynomial everywhere in this description 

means p(z) / PRODUCT( - z1) . 
where zi are the roots allready found by pzero. 

The (quotient) polynomial is now normalized so that coef(order) 
equals 1, 



2.2, Second order polynomtals: p(z) = zx@ + bxz + 

The quantity di= bx2 - 4xc determines whether the roots are complex 

(4 <0) or real (4 > 0). 

If the roots are real then the numerically largest root is calculated 

from 

zism (-b ~ sqn(b)xsqrt(a))/2 

and the remaining root from 

z2:= if z1 =O then 0 else c/z1 

otherwise the roots are calculated from 

zis (<b + ixsqrt(-a))/2 

and 

22:= (-b - ixsqrt(-d))/2 

where i is the imaginary mit, 

2.3. Third order polynomials: p(z) = 2x3t+axz2.0@+bxz+¢ 

If there are mitiple roots then all of the roots are calculated di- 

rectly from the coefficients a,b and c, otherwise one real root is 

determined by a Newton Iteration whereafter the remaining two roots 

are calculated fram the quotient second order polynomial (see 2,2). 

fnalysis and iteration starting point: 

The transformation w =z + a/3 ylelds 

P(2) = 0 <> a(w) = woG + dw +e = 0. 
Define 

ris 27Xexx2 + 4xaxxs, 

a) 1 real and 2 camplex conjugate roots: 

are called 2xk, -k + im and -k - ixm 
where i is the imaginary unit. 

av) = wos + (moe - 3XxD0@) x - axkx(looe + moe) 

implies 

r = [Dex(moe + 9xic@) poe > 0 

and defining 

f(a) = 4 x Jel = &x|kx(looe + moe) | > 8x/k [203 

yields 

Caxfe|)20(1/3) > 2x|I| 



pb) 3 real roots: 

are called k, m and -k = m where k is the numerically largest root. 

a(w) = w0d - (100@ + mx 2 + loan) xw + lomx(k + mm) 

implies 

rw -[(k - m)x(2« + m)x(k + 2m) oe <0 (x) 
and defining 

£(m) = 4x|a|/3 = 4x|oe + moe + lom[/3 

yields 

min f(m) = f(-4/2) = koe 

50 

2x sqrt({4|/3) > |x| 

From (x) and (xx) we see that 

r<0 = real roots 

r= 0 = mitiple roots 

r>0O => complex roots 

and iteration starting point s is chosen to be 

8 z= axsqrt({a|/3) if r <0 

(4xle])ox(1/3) 1f r > 0. 

The quotient second order polynomial: 

is calculated from 

(poe + pxz + a)x(z - 21) = 20S + axrwe + Dez te 

where 21 is the real root obtained by iteration. 

If ja +21] > Jal/8 then p is calculated from 

pis at zt 

and 

aim b+pxel if |b + pxet| > |b[/8 

-c/z1 if |b + pxzi| < |b{/8 

otherwise 

ass -c/z1 

and 

p= (q - b)/z1. 



ah. 

-4. 

Fourth order polynomials: p(z) = 2d + arxxcxx3 + bxzx2 + ox + a 

Is 

II: 

III: 

TV a) 

b) 

e) 

4) 

A linear transformation w = z+ a/4 ylelds 

p(z) = 0 <> g(w) = wode + Ixmxe + my +n 20, 

now the sum of the transformed roots equals zero. 

The transformed roots are calculated using the method of Descartes. 

This method involves the solution of a third order equation, and 

this is performed as described in 2.3, 

The roots are now accepted if |Re zi| > [a|/32 so at least one root 

mist be accepted unless they all equal zero. 

if one root is accepted by III 

then the reciprocal roots are calculated from 

AXEXXh + OXZXKF + DXUXXA + Xz + 1 #0 

es described in 2,4-I, II and IIT. 

If one of the reciprocal roots is accepted then we have two accep- 

ted roots, so the remaining two roots are calculated as described 

in IV b, otherwise the former accepted root is not used. The number 

of accepted reciprocal roots then determines whether further calcu- 

lations are performed as described in IV, b, ¢ or d, 

if two roots are accepted by III (or Iv) 

then the quotient second order polynomial is calculated and solved 

as described in 2.2, 

if three roots are accepted by III (or I¥) 

then the remaining real root is calculated using the fact that the 

product of the roots equals d. 

if four roots are accepted by III (or IV) 

then no further calculations are performed by pzero. 



3, Accuracy, time- and storage requirements 

3e1. Accuracy 

If an actual equation is ill-conditioned and you want the roots to 4 

specified degree of accuracy a mich greater accuracy may be necessary 

in the intermediate calculations, On the other hand a user is not sup- 

posed to know anything about the conditioning of the actual equation, 

so standard input to RC#O0O of 48-bits reals is used. 

3.2, Time- and storage requirements 

Approximate epu-time used by pzero: (order - 1)Xx0.02 sec. 

Codelength: 12 segments 

Typographical length: 223 lines incl. lest comment, 

4, Test and atscussion: 

pzero has been tested on the RC4O0O computer with a testprogram which 

performs 

1) generation of order and coefficients 

2) call of pzero 

3) calculation of root generated coefficients of the polynomial 

p(z) := PRODUCT(2 - zi), 1:@ 1, 2, ... , order 

4) calevlation of relative differences between the original and the 

root generated coefficients. 

Now the smallness of the differences is chosen as a measure of the 

goodness of pzero. 

pzero has been tested with a large number of both prepared ill-condi- 

tioned coefficients and random coefficients input and in both cases 

with satisfying results, 

Some test examples (the check columm describes the relative differen- 

ces): 



example number 1 

given equation check 

coef(4)= 10000000000, 0 

coef(3)= 1.0000000000, 0 =5.82y-11 

coef(2)= 1.0000000000, 0 -5,82y-11 

coef(1}= 1.0000000000, -7 -5.90y -4 

coef(0)# 1,0000000000, 0 0.00, 0 

calculated roots 

Be51B07INS HN, 1476203475772 =1 

Be51BOTIUSy, =1-7.20341 75772 -1 

-8.518079N45 2) -14921129213526y 0-1 

8. 518079NNS2  =1-941129213536y -1 

example number 2 

given equation check 

coef(t)= 1,0000000000y 0 

coet(3)=-6.8619274672_ -1 0.00y 0 

coef(2)=-8,8228487860y -1 -6.60y-11 

coef(1)= 6.8619274672y -1 0.00, 0 

coef(0)==1.1771512141y =-1 0.00n 0 

calculated roots 

3e4309637339n  =1 

1.0000000000y 0 

344309637335y = -1 

=1,0000000000n 0 

example number 3 

given equation check 

coef(4)= 1,0000000000, 0 

coef(3)=1.4215286873y 1 0.00y 0 

eoef(2)= 7.1429889252y 1 1.04, -10 

coef(1) =-1.4369480911y 2 3.63, -10 

coef(0)= 8.5480296736y 1 6.97y -10 

calculated roots 

Lhoso10hes2, 0 

WMOSTHEG6HOn =O. 
kbost2gbaha, 0 

949999999956» -1 

xt 

x1 

XL 

xt



example number 4 

given equation check 

coef(4)= 10000000000, 0 

coet(5)m-2.462639NN22, 0 4.32y -11 
coef(2)= 2,7192690981n 0 0.00, 0 

coef(1)=-1,2204258468, 0 4.77, -11 

coef(0)= 2,0540067855y -1 1.42, -10 

calculated roots 

67204851918, = --14+1.1559340115y = -2 

67204851918 = -1-1.1559340115p = -3 
6.7437120188y «= -141.. 1667236046, = =3 

67437120188 = -121.1667236046, -3 

example number 5 

given equetion check 

eoef(4}= 1,0000000000, 0 

coet(3) 529418320952 0 0.00n 0 

coef(2)= 1.3239517255n 1 0.00, 0 

coef(1)—1.31111667Hy 81 Tey - 11 

coef(0)= 4,8690226978, 0 2.39%) -10 

calculated roots 

1485458289, 0 

1484UB16864, 0 

1e4B59465301y 0484572793336, -4 

14850465301 0 84572793336y 9-4 

6, Complete algol text: 

pzerosset 12 

pzeromalgol 

external 

message pzero, version 22/5-70,RCSL 53-Mi3 

poolean procedure pzero(order, coef, root) 3 

value order; 

integer order; 

array coef, root; 

xt 

x1 

xt 

x 
x



begin 

array arr(0:4); 

integer accept,1; 

real x,push,a,b,c,d; 

boolean ok3 

procedure order; 

begin 

real a,b,c,d,x,push; 

integer 13 

push:=arr(3)/4; 
er=((-3xpusoetarr(2))xpush-arr(1))xpushtarr(0) ; 

bim(pushxerr(3) -arr(2))x@<pushtarr(1) 5 
arm 3xerr(3)202/8+arr(2) 5 
if b<>O then 

begin 

order3( 2xa, x2-hxe, -bxe2) 

for 1:50,1+1 while root(1,2)<0 or root(1,1)<0 do; 

xr=root(i,1)3 

dimb3 

Disatx3 

a:=sqrt(x); 

xiad/as 

if abs(b-x)>abs(b+x) then b:sb-x else 

begin 

bisb+x3 

as3qa, 

end; 

beab/2 

end else 

1f axachxe then 

begin 

beasqrt(c)3 

a:maqrt(2xb-a) 

end else 

begin 

brmetsgn(a)xsart(moe-lixe) /23 
arm 

ends



order@(a,b,1) 3 

order2(-a,if b=0 then 0 else ¢/b,3); 

xteabs push/8; 

for 1:81,2,3,4 do 

if aba(root(i,1)-push)>x then 

begin 

accept: =i taccept; 

root(accept, 1) :=root(1,1)-push; 

root(accept, 2) :sroot(1, 2) 

end; 

exit: 

end order4; 

procedure crder3(a,b,c) 3 

value ayb,cs 

real yb, cs 

begin 

real push,p,q,r3 
pushisa/33 

Pi meu 3xb 3 

ai=(-2xpushoe@+h) xpush+e 3 

xs=(27xc-ax( 18Xb-4xa0@) )x0+ DOEX( txb- a2) 3 

if abs r<=((27xebs ctabs ax(18xabs b+4xmo@))xabs ¢ 

+bxex(hxabs b+arxx2))x3y-11 

then 

begin 

di=(axxet+3xaba b)x3y-113 

if ptd<D then goto newton; 

qi=if pede then 0 else sgn(q)xsart(p)/3; 

root(1,1):=root(2, 1) :=pushtq; 

root(3, 1): =push-2xq3 
root(1,2) swroot(2,2) s=root(3,2) :=03 

goto exit 

end;



newton: 

-10- 

rimpush-sgn(q)x(if r<D and p><0 then 2xsqrt(p)/3 else(4xabs a)xx(1/3))3 
for pze((2xrta)xr@-c) /((3xr+2xa) x4), 

((axrta) xmoeec) /((3x-2xa) xr+d) 
while abs(p-push)<abs(r-push) do r:=p; 

root(1,1):=r3 

root(1,2) :=03 

pimatr; 

qtsb+pxr; 
qisif abs p<abs a/8 or abs q<abs b/8 then -c/r else q3 
pisif abs p<abs a/8 then (q-b)/r else p; 

order2(p, 4,2) 5 
exit: 

end order}; 

procedure order2(b,c, first) 3 

value b,c, first; 

real byes 

integer first; 

begin 

real ds 

dz mbOe-bxe 3 

ds=sgn(d)xsqrt(abs 4); 

if d<D then 

begin 

root(first, 1) :root(1+first, 1):=-b/25 

root(first,2) :=d/2; 

root(1+first, 2) :=-d/2 

end else 

begin 

d:=root(first, 1) :@(-b-sgn(b) xa) /2; 

root(1+first,1):alf d=0 then 0 else c/a; 

root(first, 2) :=root(1+first, 2) :=0 

end 

end order2; 

accept:a0; 

oksspzerossorder>! and order<5 and coef(order)<0; 



if -,ok then goto finis; 

for i:sorder step -1 until 0 do arr(i):=coef(1); 

low: 

xeeif arr(1)=0 then arr(0) else -arr(0)/arr(1); 

for i:90,1+1 while arr(1)-arr(1+1)xxearr(i) do 

if isorder-1 then 

begin 

for i:=0 step 1 until order-1 do arr(i):=arr(1+i); 

goto comb 

ends 

xt=arr(order-1)/arr(order) ; 

@ for i:a0,1+1 while arr(1)xx-arr(i-1) sarr(1)xx do 

if i=sorder-1 then goto comb; 

goto normal; 

comb: 

root(order, 1) :=x; 

root(order, 2) :=0; 

order:sorder-13 

if order>1 then goto low; 

root(1,1):#-arr(0) /arr(1): 

root(1,2) "03 

goto finis; 

normals 

e x:=arr(order) ; 

for i:sorder step -1 until 0 do arr(1) :#arr({1)/x; 

case order-1 of 

begin 

order?{arr(1),err(0),1)3 

order3(arr(2),arr(1),arr(0)); 
begin 

order; 

select: case accept of 

begin 

begin 

arr(4) :=root(1,1) 3 

x:=coef(0} 3 

e for 1:90,1,2,3 do arr(1) :=coef(4-1)/x; 

accept: =03 

~~ 11+ 



~ 12 

order; 

41f accept>1 then 

begin 

for 1:31,14+4 while i<maccept and i<5 do 

if root(i,2)=0 then root(1,1):=1/root(4,1) 

else 

begin 

xisroot(i,1)x<2+root(1,2)0@; 

root(1,1) ssroot(1+1, 1) :=root(4,1) /x3 

root(1,2) :root(1,2) /x; 

root(i+1, 2) sroot(1,2) ; 

i:at+i 

end; 

end elee 

begin 

root(2,1):=1/root(1,1)3 

root(1,1) ssarr(4) ; 

accept :=2 

end; 

xrmcoef(lt} 3 

for 1:90,1,2,3 do arr(1) :scoef(1) /x; 

goto select 

end; 

begin 

d:=-root(1,1)-root(2,1) 3 

er=root(1,1)xroot(2,1)-root(1,2)xroot( 2,2) 3 

piwarr(0)/c3 

azeif abs (arr(1)/b-d)<abs (arr(3)-d) 

then arr(3)-a 

else (arr(1)-bxd)/c; 

order@(a,b,3) 

ends 



- 136 

begin 

aself root(1,2)=0 

then root(1,1)x(root(2, 1) xroot(3, 1) -root(2,2)xroot(3, 2)) 

else root(3,1)x(root(1,1)x@+root(1,2)>0@) ; 

root(4,1) ssarr(0)/a3 

root(4, 2) :=0 

ends 35 

end 

end 

ends 

finis: 

e end pzero; 

comment: 

pzero(order, coef, root) calculates real and complex roots 

of 2nd, 3rd and 4th order polynomials with real coefficients: 

p(z)= coef(order) xzxorder+...t+coef(1)xz+coef(0). 

pzero is false if order>4 or order<2? or coef(order)=0, 

otherwise pzero is true. 

order (call value,integer) specifies the order of the 

polynomial. 

coef (call value,array) specifies the coeffictents of 
e@ the polynomtal, 

root {(retum value, array). 

If pzero is true then root specifies the roots of 

the polynomial: zi, i*1,2,...,order so that 

Re zi = root(i,1) 

Im zi = root(1,2); 


