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Solution of the eigenproblem for resl matrices

eberlein(n, a, t, tmx, first, result).

1. Function and paresmeters.

It is possible to chose one of several forms of solution according

to the rules glven in the parameter 1list.

If the iteration process does not converge within the given number
of iterations or converges to a matrix that is not of block disgonal
form, no solution is found, This situation 1s indicated by the boolean

parsmeter, first,

Input perameters:

n : the crder of matrix a.
result : if result is true then in case of convergence the

eigenvalues will be placed in the two first cclumms

of matrix a,

Input/Cutput parsmeters:

al1:n,1:n] = at entry the matrix for with the elgenproblem is %o

be solved,

At exit one of the following three situations can

occur.

1) if convergence occurs and result ls felse :



t[1:n,1:n]
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the real elgenvalues occupy diagonal elements
while reasl and imeginary parts of complex conjugate
elgenvalues occupy dlagonal and off diagonal corners

of 2«2 blocks on the main dlagonal.
2) if convergence occurs and result is true :

the elgenvalues will be placed in the two first

columns according to the following rules
e real eigenvalue x = alJ,J] makes

alj,1] = x
and afj, 2]l = ©

a complex conjugate palr of eigenvelues
x + ixy = al],3] + 1xalJ,3+1]

and x - ixy makes

a{3,1]

alJ,2]

ald+1,1]
and alj+1,2]

X

i

3) if convergence fails no elgenvalues can be
caleulated as & result of the procedure cell,
The matrix, a, 1is equal to the transformed matrix.
During a new call of ,eberleln, it 1g possible to

try whether more {terations will result In conver-

i first is false &t entry and tmx > O then t
given at entry is multiplied by the trancformation

matrix calculated in the procedure.
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Eigenvectors of real elgenvalues occupy columns of
the transformation matrix, Eigenvectors correspending

to complex conjugate elgenvalues glven by

+

ixalf,3+1]
1xelJ,i+1]

alj,s]
and alj,i]

are formed as

4

1xt{k,j+1]
ixt[k’j-l"] ]

t[k,J]
and t[k,j]

where K & 1,2,s00¢,0 o

tmx : at entry:

the maximum number of transformations performed is

sbs{tmx). If tmx < O then t 1s unaltered.

at exit tmx records the number of transformations

performed.

at entry tells whether t {s a result of a foregoing

first
transformation or not. ( see under t{1:n,1:n] ).

at exit first is true if convergence occurs in less

than tmx iterations otherwise first is false.

2 }1eth0d .

The procedure is based on a modification of a generalized Jacobi-me-
thod [1). There exists no proof of convergence for this special modifica-
tion, but numerlcal experiments have shown the worth of the method.

A transformation matrix T rrapnsforms the matrix A into a matrix of
block dimgonal form A' = 7= AT,

The transformation matrix T 1s generated from a sequence of two

mensional transformations Ti(k’ m), where (k, m) is the pivot pair.

-d1-




Each Ti {5 of the form RS where R is a rotation and S & shear.,

and s { = 1,2, easy, B, J=1,2, .v. , nbe the

Let aij’ rij 149

elements of A, R and S respectively.
Then the rotation is determined as

r,, =TI = COS X
xk mm

Tem = T ™ -sin x

YT i (kronecker-delta) i ¢ k, mand J % k, m
where x are given by

tan 2x = (akm + &mk)/(akk - amm)

x being chosen so that after the transformation the norm of the k-th co-

lumn is greather than or equal to the norm of the m-th column,

The shear is determined by

g . = s = coshy
mm

kk
Sem = Sk = «sinhy
sij - 13 otherwlse

y is chosen to reduce the Euclidean norm of

-1
Rppg = (T Ty eee Ty) AT, T, oo Ty

In particular

tanhy = (5D - B/2)/(G + 2(2° + D))

where

E=etm = %m
D = coszx(akk - amm) + sian(akm + amk)
2 2 2 P
G = ( + A + a +ami)
i+k’mak1 1k~ “m
H =

cosex(2 k’éakiami - aikaimJ)

it

2 .2 _ 2 g2
_stnzx( | {egy + 8y - 83 < %))



The process will normally result in a matrix A’ with real eigenva-
lues on the diagonal and complex conjugate eigenvalues in 2x2 blocks on
). 2x2 blocks because the pro-

the main diasgonal (eigenvalues a,, + ia

3 Jg

cess theoretlcally results in

Ha'll > Ha®ll > oo 2 Ha™l

where ||ai|| {s the norm of the i-th column of A?,

Tf however more than two eigenvalues are of the same norm the above
pleture does not hold, This also happens 1f the matrix Ai at some step l1s
near s more general solutlon of block diagonal form, because the conver-
gence criteria then may stop the process,

The procedure however results in a form with 2x¢ blocks oblaired by
interchanging rows and columns 1f necessary.

A matrix of the form al + S where I is the identity matrix and 5 is
skew symmetric, and cases with blocks of this form cannot be handled by
the procedure, (If the form not it self is a solution)., There is no
quarantee that the transformetion method used will not result in conver-
gence to a form embedding blocks from which the procedure cannot calcu-
late the eigenvalues, In testexamples thls did happen, but only in spe-
clal cares chosen to examine the stability of such solutions, Notice that
1f the number of iterations performed is less than the maximum number Of
iterations allowed and ,first, is false then the resulting matrix is of

the above mentioned form.
The elgenvectors are calculated from the rows of the transformatlion

matrix, as described in the datas list,
Numerical examples have shown that elgenvectors corresponding to

miltiple eigenvalues are normally linear dependent. (Except for numerieal

errors ).
The algol procedure is based on an algorithm developped by Eberlein

and Boothroyd [2]. The following changes are however made :

1. A program part ensures thet the eigenvalues are placed in
1x1 and 2x2 blocks on the main diagonal. Matrices obtained
as a result of convergence for which 1x1 and 2x2 blocks can
not be constructed results in alarm message through the pa-

remeters first and tmx.



2. the parameter list 1s changed.

3, a new dynamical form of convergence criterion is introduced.

The convergence criterion is based oOn the four reals ep, €ps, €Fs’,

and eps2,
At the start of the procedure ep, eps and epsl are calculated as

max x =14

[t}

erp

cps = max x 1,001,~9

epst = max x 3
whersa

max = maximum(laijl) 1,3=1,2, «ou, 0.
If for a single value of eps?

| < eps1or ([aij + ajil  eps? and laii - ﬂjjl < evs?)

~ 8

lay, - 8y

no more transformation are carried out before after a change oV ers”. Ir

epe? { eps convergence has occured, otherwise & new value of epst 1= cal-
culated as epsl = eps1/10. The above value of eps maKes sure that the re-
sulting eps! is near to and less than eps, eps = Dax x =9 could ceuse an
axtrn serle of iterations with epsi = max x ~10 because of rounding er-

roYEe,

As pivot palrs are only chosen pairs of elements for wnich

(iaii - ajil > eps 2 and laii - ajjl > eps Z)

M + a,
or Enjj aJil > eps ¢
If only identity transformations occurs as a result of this rule then a
new value of epsy 1s calculated as epsc = epsc/ 10, Numerlcal experimer®s
have shown that this exira mechanism is necessary 1o ensure convargence

of some 3111 conditioned numerical exampies,

The starting value of eps2 for every new value of eps? 1s epse

epsi/ 10,
If epsZ gets less than ep convergence {s not obtained by this algo-

rithm and the process is stopped.
Tha velues of ep, eps, epsi, and eps2 are resulis of experiments re-
ducing the computation tlme asbout 30 per cent compared with a program ma-

king transformations for all pairs of elements eycliesally.



3. Accurscy and storage Requirements,

Accuracy

In case of convergence the following inequalities holds for the ele-
ments of A?
| i eps or

la A

13 ~ T

‘ l31J + ajil S eps and |aii - ajjl i eps

for 1 = 1, 2, +4s , n=1 and § = 1+1, 1+2, ... , n where

eps = max{]elements of original matrix, al Jxy=9

Storage requirements

1) ALGOL 5, Index check: 7 tracks of program end 52 local variables
2) ALGOL 5, no index check: 6 tracks of program and 52 local varia-
bles,

Typographical length 167 lines of program exclusive the comnent after the

. last end.




L. Test and discussion

The procedure has been tested on the ALGOL 5 system for matrices of

order S 12.
The testprogram makes besldes call of - eberlein - a cglculation of

testnorm-“ﬂx':f-_ xf”/“ x>_€||

where A 1s the matrlx for which the eigenproblem is solved, X is a calcu-

lated eigenvector and  the corresponding elgenvalue,

Caleulation of - testnorm - 1s made by a real procedure testnorm(
n, A, t, k, complex, x1, x2) in the testprogram.

A 1list of input parameters, results, and calculate@ values of -

testnorm - 1s delivered by the testprogram,
The starting values and following calculation of epst and eps2 sre
obtained as results of experiments resulting in 3QC per cent decrease in

execution time in solving testexamples.



Example no 1
Time:
ALGOL 5, core storage, no index check  0.36 sec.

Input parameters:

n A 3
tmx = G50
ratrix a:

1.000 0,000 0.010
0.100 1.000 0,000
0,000 1.000 1,000
Results:
tmx = 15

first = true

Eigenvelues after 15 lterations

1 1.1000000000
2 0.9499999999 +0.0866025403x4
3 0.9499999999 ~0,0866025403x1
Elgenvectors:
1
~0,274571273
~0,2745Th127h
-2, 7457h12704
2

0.3262845267 +0,1836278766xX1
~0.0041158575 -0.3743846272x1
-3,2216866940 +1.9075675104x4

0.32628L5267 ~0.1836278766x1
~0.0041158575 +0.37h3846272x1
«3,2216866940 -1.,9075675104x1

Testnorm for corresponding elgenvalues and eigenvectors

no, of elgenvalue testnorm
1 1¢5p=10
2 and 3 1.33-10




Example no &4
Time:

AIGOL 5, core storage, no index check

Input parameters:

n T

tix = 100

matrix a:
=1 1 0
-1 0 1
-1 0 0
-1 0 0
-1 0 0
- Q 0
-1 0 0

Results:

tmx = 6k

first = true

OO0 =200

COO=000
OO0—=0000
Qw0000 0

Eigenvalues efter 64 iterations

e IRl U 4

-0.9999999982
0.7071067T79k
0.TOT106TTON

-0.7071067788

-0,7071067768
0.0000000001
00000000001

Elgenvectors:

1

-0.5585067124
0,0000000001
«0,5585067124
0.,0000000001
-0.5585067123
0.0000000000
-0.5585067125

-0,1107710832
-0.4232186137
-0.7543150660
«0.9101086283
-0,79933754h6
-0,4868900143
-0.1557935621

+0,TOT106TT90X1
=0, TOTI067T90X1
+0,TOT1067T90x1
0. TOT1067T790x1
-0,9999999956%1
+0,9999999956x4

+0.331006U4522x1
+0,1868900143x1
+0,3761189310x4
+0,0636714003x1
~0.2674250515x1
-0,4232186137x1
=0.3124475306X1

10.1 sec.



Testnorm for corresponding eigenvalues and elgenvectors

-0.1107710832
-0,42321686137
=0.7543150660
-0.9101086283
~0,7993375446
-0.4868900143
~0,1557935621

0.45301 14436
0.6001930025
~0,0600645978
0.7268718886
0.273860uk49
0. 1266788860
0.7878364866

0,4530114436
0.6001930025
~0,0609545978
0.72665718886
0.2738604b49
0.1265788860
0, 7878364866

0.54862%81922
0.7859088684
0. 2572706765
-0,0000000002
0.5485381923
0.7852088687
0.2372706767

0.5486381922
0.7859088684
0.2372706765
-0,0000000002
0,5486381923
0.7852038687
0.2372706767

no., of elgenvalue

N —

and 3
and S
and T

~0.3310064521x4
-0, u868900143x1
~-0,3761189310x1
-0.0636T714003x1
+0, 267425051 5%1
+0,4232186137x1
+0.3128475306x1

«0.6611576004x1
+0,1266788858x1
~0,3263325577x1
=0 . U735141167xd
+0, 187643483 7x1
~0.,6001930026x1
-0,1471815591x1

+0,6611576004x1
-0, 1266768858x1
+0.3263325577x4i
+0 L7351 116TXd
~0.1876L3L837x1
+0,6001930026X1
+0.1471815591x1

+0,2372706779x1
~0,3113675130x1
-0,5486381898x1
+0,0000000002x1
+0,2372706781x4
=0.3113675132x1.
-0,5486381901x1

-0,2372706TT9x1
+0,311367513hx1
+0,5486381898x1
-0,0000000002x1
-0.2372706781x4
+0,311367513%2x4
+0,5486381901>4

testnorm

2.0y =9
3.1m “9
500n '9
5-91’1 "9



Example no 11
Time:
ALGOL 5, core storage, no index check
Input parameters:
n = 4
tmx = 100
matrix a:
1 0 0 0
1 1 0 0
0 1 1 0
0 0 1 1
Resulta:
tmx = Ls
first = true
Eigenvalues after U5 iterations
1.0014085857 +0,0014992361x1
1.0014985857 -0.0014992361x1
0.9985014113 +0,0014978791x1
0.9985014113 ~0,0014978791x1
Eigenvectors:
-0,0000637318 +0.0000264031x1
=0.0124657185 +0,0300779129x1
58782571872 +14,1901547856x1
669k ,9278156800 +2771.1941405600x1
-0,0000637318 ~0.00002654031x1
-0.0124657185 -0.0300779129x1
5,8782571872 -14,1901547856x1
6694,9278156800 <2771, 1941409600x4
0.0000637404 +0,0000264010%1
-0,0124478455 ~0.0300712114x1
-5,8782228542 +14,1910426896x1
6696,9885651200 -2775.7892716800x1
0,0000637404 -0,0000264010x1
-0,0124478455 +0,03007121 1kxi
-5,8782028542 -14,1910426896x1
6696,9885651200 +2775,7892716800x1

2,4% sec,

- 12 -



Testnorm for corresponding eigenvalues and elgenvectors

no. of eigenvalue testnorm
1 and 2 1.5]) -9
3 and L 148y =9
Example no 12

Input parameters:

n = 3
tax = 50
matrix a:

1.000 1,000 1.001
=-1,000 1.000 0.000
‘-1 0000 0;000 1.000

Results:

tmx = 28

first = felse

Limiting matrix after 28 iterations
1,005 40 «1.17p +0  T.60y =1

1-1710 +0 1.00]] +0 2.2210 “1
<760y -1 =2.225 «1 1,005 +0

- 13 =
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{2] P.I. Eberlein and John Boothroyd: Solution to the Eigenproblem by a
Norm Reducing Jacobl Type Method
Nvmzrische Mathematik 11, 1-12 (1968).
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6. Algorithm

eherlein=get T
eberlein=aigol
external

procedure eberlein(n,e,t,tmx,first,result);
value n;
boolean first,result;
integer n,tmx;
array a,t;
comment 1 3
tegin
real eps,ep,aii,aij,aji,h,g,hj,aik,aki,aim,ami,tep,tem,d,c,e,akm,amk,cx,sx,
cotax,sig,cotx,cosax,sinax,te,tee,yh,den,tanhy,chy,shy,c1,c2,s1,s2,
tki, tmi, tik, tim,epsi,eps2;
integer 1, j,k,m,it,nless;
boolecn mark,left,right;
mark := right := false;
if tmx > O then
begin
right = true;
if first then
for 1 := 1 step 1 until n do
tegin
comment identity matrix is formed in t;
t(1,1) = 1;
for j := i+1 step 1 until n do t(1,3) := t(J,1) = O;
end
end;
trx := abs{tond) 3
comment computation of the maximum absolute element of a;
ep := 03
for 1 := 1 step 1 until n do
for j := 1 step 1 until n do
1f ebs(a{i,j)) > ep then ep := abs(a(i,)));
coment 2 _
eps 1= epX1,0019y-3;
epsl 1= epXp=3;
ep 1= epXp=14;
flrst := true;
nlessl = n-1;
cormment main loop , tmx Iterations;
for it := 1 step 1 wntil tmx do
begin
eps?2 := eps1/10;
comment compute convergence criteris;
for i := 1 step 1 until n do
begin
ati := a(i,1);
for J := i+l step 1 until n do
begin
a1 := o(1,3);
aji := a(J,1);
1f (sbs(aij-Ji) > epsl and abs(aii-a(l,d)) > epsl)
or abs{aij+aji) > epsl then goto cont
end
end convergence test, all 1,};
goto next epsi;
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comment next transformation begins;

. cont: mark := true;
for k := 1 step 1 until nlessi do
form :=k + 1 step 1 until n do

begin
h (=g :=hj = yh :5 0;
d = a{k,k) - a(m,m);
akm := a{k,m);
amk := a{m,k);
e = agkm + anmk;
;= gkm - anmk;

:lf (zbs(e) <= eps2 or ebs(d) <= eps2)
and abs(c) <= eps? then goto skip;
for i := 1 step t wntil n do

begin
atk := a{i,k);
aim := a(i,m);
te := aik X aik;
tee = glm X aim;
vh := yh + te « tee;
. if i<k and i<m then
beglin
skl := al{k,1);
gmi t= a(m,1);
h :=h + akiXami - aikxaim;
tep := te + amiXemi;
tom = tee + gkiXaki;
g 12 g + tep + tem;
h] :=hjJ - tep + tem;
end
end 1i;

h ::=h+ hj
1f abs{c)<=ep then
begin
corment take R as identity matrix;
ex = 13
sx 1= 0;
end else
begin
. comment compute elements of R;
cot2x := dfc;
slg := 1P cot2x<D then -1 else 13
cotx := cot2x+(sigxsgrt(i+cot2xo@));
sx sig/sart{1+cotxxx2) ;
cX sx X cotx;
end;
if yh<0 then
begin
tem
X
ox

[T 1]
']

CX;

r .
Saxy

-tem;

[w]

=

=

LT}
" as 8
ihn

nhon s

cosax
sin?x

cC2 - sx 3
ED(S‘V\C..J

MeosExn + cisingx;
hXeos2n - hixsinZx;
a + 2x(exe + dxd);
= {exd - h/2)/den;

L}

H
den :
H

. tanhy




skip:

next epsi:

new loop:

end it loop;

comment compute elements of S;
chy := 1/sqrt(1 - tanhyxtanhy);

shy := chyxtanhy;
comuent elements of ExS = T;

o3|
c2
s1
a2

t= chyXcx - shyXsx;
t= chyXex + shyXsx;
1= chyXsx + shyXcx;
:= shyXex - chyXsx;
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comment decide whether to apply this transformation;
1f abs{s1) > ep or abs{s2) > ep then

if

begin

comment at least one transformation 1s made soj;

nark := false;

comment transformation on the left;
for 1 := 1 step 1 until n do

begin

aki = alk,1);
emi := a{m,1);
a(k,1) := cixaki + sixami;
a(m,1) := s2xaki + c2xami;
end left transformation;
comment trensformation on the right;
for 1 := 1 step 1 until n do

begin
aik 1= a(1,k);
aim := a(i,m);
a{i,k) := c2xalk - s2xaim;
a(i,m) := cixaim - sixaik;
if right then
begin
corment form right vectors;
tik := +{1,k);
tim := t(1,m);
t(i,k) = coxtik - s2xtim;
t{1,m} := cixtim - s1xtik;
end

end right transformation

end;

end k,m lcops;
if mork then

begin

commrent 3

eps2 < ep then goto stop;

eps2 := eps2/10;

goto cont}
end else goto new;;oop;

epst := eps1/i10;

L

if epsl < eps/2 then
begin
tmx = 1t - 13

goto done;
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atop:
first 3
tmx
done:
if first then
begin
comment 5 ;
for 1 := 1 step 1 until n-2 do
begin
mark := false}
ali :=a{4,i);
for j := i+1 step 1 until n do
it abs(aii-a(J,J)) <= eps A abs(a(d,j)-e(j,1)) > eps then
begin
if mark then goto stop;
merk = true;
i1f j = 1+1 then goto next;
for k := 1 step 1 until n do
begin
aik 1= a{i+1 k) ;
a{i+1,k):= a J,ki;
a(J,kS t= alk;
end;
for k = 1 step 1 until n do
begin
aki i= a{k,1+1);
a{k,1+1):= a(k,J);
a(k,§) := aki;
if right then
begin
tki :
t(k,1+1):
t(knj) :
end;

false;
1t-13

i+1);
’J);

i n

t(k
t(k,
= tki;

end;
next:
end;
end;
conment the eigenvalues are placed in the first two colums;
left := right := false;
if result then
for 1 := 1 atep 1 until n do
begin
if -,right and £ < n then
left := abs(asi,i+1)—a(i+1,i)) > eps and
abs(a(1,1)-a(1+1,1+1)) <= eps;
aEi,l) := 1f right then a(i-1,1) else a(i,1);
1,2) := if left then a{i,i+1) else

a

if right then -a(i-1,2) else 0;
right := left;
left := false;

end;
end;
end eberlein;




1,

comment
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eberlein solves the elgenproblem for a real matrix by means of a sequence
of Jacobi~like transformestions.

Input parameters:

i H

result :

the order of maetrix a.

i1f result is true then in case of convergence the
eigenvelues will be placed in the two first columms

of matrix a.

Input/Output parameters:

ef1:n,1:nl :

at entry the metrix for with the eigenproblem i1s to
be solved,

At exit one of the following three situations can
oceurs:

1) if convergence occurs and result is false :

the resl eigenvalues occupy dlagonal elements

while real and imaginary parts of complex conjugate
eigenvalues occupy dlagonal and off diegonel corners
of 2¢2 blocks on the main diasgonal.

2) if convergence occurs and result is true :

the eigenvelues will be placed in the two first
colums according to the followlng rules

a real elgenvalue x = alj, ] makes

a[j,1] = x
and alj,2] = ©

g complex conJugete palr of elgenvelues
x + ixy = al4,5] + ixal],j+1]
and X = iXy makes

alJ,1] = x
alJ,2] = ¥y
al j+1,1} = x
and al j+1,2] = -y

3) if convergence fails no eigenvalues can be
calculgted o3 o result of the procedure call.

The matrix, o, 18 equal to the transformed matrix.
During a nev call of ,eberlein, it is possible to
try whether more iterations will result in con-
vergence or not, ( first is set to false ).




—20-

.

¢ t[1:m,1:n] : 1f first is false at entry and tux > O then t
given at entry Is multiplied by the transformation
matrix calculated in the procedure,

Eigenvectors of real eigenvalues occupy columms of
the transformation matrix. Elgenvectors corresponding
to complex conjugate elgenvalues given by

a[jnﬂ + 1)(8-[3:3"'1]
and alj,31 - ixal3, 3+1]

are formed as

tlk, 3] + ixtlk,3+1]
and tlk,J} ~ Ixtlk, 3+11

where k = 1,2, esenyll o

‘l' tmx : at entry:

the maxirmm number of transformations performed is
abs(tmx). If tmx < O then t is unaltered.

gt exit tmx records the number of transformations
| performed,

Tirst : at enlry tells whether t Ia a result of a foregoing
transforwation or not. ( see under t{1:n,1:n] }.

at exit first is true if convergence occurs in less
than tmx iterations otherwlse first is false.

A dynamical form of the convergence criterion is introduced, which

are based on the four reals ep, eps, epsl, and eps2.
In case of convergence of the iteration process the resulting matrix,

a satisfies

(] ( aps(a(L, J) - alj, 1)) < eps
(v ebs{eli, 1) - a(3, 3)) < eps1)
A abs(a(l, ) + a(d, 1)) £ epst

where epsl < eps/2

3s If convergence is not obtained snd the resulting transformstion mao-
trix is the identify malrix then if eps2 = eps2/10 < ep the process
is stopped {(no solution) otherwise a nev transformation is made with

eps2 = eps2/10.

he 1If epsl < eps/2 the convergence criterion is fuifilled and the itera-
tion process is stopped. If epsi > eps the ealculation is continued

with the new value of en3i.

5 A look up for the elgenvniues is made and at the same time it i1s con-
trollet whether the resulting matrix 1X1 and 2x2 is on block dilasgonal

form or not.
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. If the matrix does not consist of 1X1 and 2x2 blocks this is (if pos-
sibly)} obteined by interchange of rows and columns on the a and { ma-
trices,

Speciel forms of matrices that fulfil the convergence criterion are
not of block diegonal form {with at most two -valid- elements in a row
or colum)} end the procedure eberlein czon not solve the eilgenproblem

for these special matrices;




7. Testprogoram.

br\

T8a1 procedure testnorm(n,A,t k,complex,x1 , X2 );
value n,k,complex,x1,xd;

array A,%;

hoolean complex;

integer n k;

real =1,xd

comment ;ue procedure performs a test of eigenvalues and

etgenvectors calcvlated by procedure eberlein;
hegin
integer 1,J;
real sum,suml,sumd norm;
sum := norm := 0}
for i 1 step ' untll n 4o
sum2 := O;
for J step 1 until n do
if complex then
for J := 1 step 1 until n do
sum = (if complex then
{sumt-x1xt {1,k }+x2xt(1

1}

suml o

=

sume 1=

umt+A (S

sum2+A{1

corresponding

JRH1 ) Yaen2

+(Sun1£-xaxi (1 '{)—){ rxi(i 1’\.'!’ l)},(hr)

else

(sum1-x1xt(i sum;

22 Jxx2 ) -
:= 1 step 1 wrtil n do norm := norm+t(:
i7 complex then
for i := 1 otep 1 untdl n do norm := norm +
x1 1= if complex
testnorm :=sqrt{sur/norm})/x1;
end rrocedure testnorin;
integer 1,},n,no.m , Layoutno, tmx, totzl res;
hoolean bl,be corplox first, resu]t
real im,x1,xJ,layout;
read data:
total := 0;
?'-read (in,no,n,m,res);
cornmant
no = e¢xample 10,
n = order cof matrix,
m value of tmx,
res integer code for result;
if 1 <4 then goto stor;
‘oo =m;
result = r
write (oub

s = 13

{:K10>Examplc_no:> ,{ddd o,
<:\10><10>Input pq“ﬁncfer A0
<310> tmx_ ='> , bmx \.<10><1ﬂ>matrix ar

rrwxz,

Tk Ixx2;

then aqru(XTAxa+Xnyd) else abs x1;

=3 \\dddd>
)

,*j )X*( l‘; ,k ‘];

,nj )Kt(J 1k+4': ):



begin

array a,t
read
comment layout no serves a cholce between three laycuts in

output of the unaltered matrix a;
leyout := case layoutno of (reald< -ddd,

reald

A(1in,1in);
in,layoutno };

-d,3dd ,reald dd ,reald{=d.d );

write Tout,K:<10> > );
for j := 1 step 1 until n do
begin

end}

write (out K:<10> 2 );
for 1 := 1 step 1 until n do
begin
comment input and output of matrix a;
read (in,a(J,1});
A(g,1) = a(ld,i);
write (cut,string layout,a(},i));
end

Tirst := true;

new eber:

eberlein(n,a,t, tmx,first,result);

write (out,<:<10><10>< 10> Results K 10>< 10> tmx_ _=:>,<<-ddﬁ>,tmx};
if first then

write (out, :10>first

true:> ) else

write {out K10 first = falsed );
1f -,result or -,first—tﬁen
begin

write {out, ;1O Lindting matrix_after:>,
<Kadd> ,total+tmx,<: iterations{ (> > );
for ; := 1 step 1 until m do
begin
write (out,(:1O> D );
for 1 := 1 step 1 until n do
write (out,<<_-d.ddu¢dd>,a(j,i));
end

end elce
tegin

write (out,(:<10>0<10>< 10> Eigenvalues after:d,
<<aadd> ,total+tmx ,<:_iterations<10> > );
for 1 := 1 step 1 until n de

begin
write (out,<: 10> D Kdd 1,
<  -dddd.cdaddddaddr ,a{i,1));
17 a(1,2) & G Then

write {out << +dadd.ddddddddad ,a(1,2),dxt )
end;
if m = 0 then goto next;
write (out,(:<10><1O><1O>EigenVectors:<1O>:>);
b1 := b2 := Talse;
for ¢ := 1 step 1 until n do
begin
write(out <3100  <Kad> 1 (K1 D )
b1 1= -,b2 end a(1,2) & 05

.
»



for J := 1 step 1 until n 4o
begin
im ;= if b and O then (” 1.1) el=n
if b2 and K0 then t(i- T,J) ls
if ¢ then t{},i) eles t(1,5);
write {out K< -dddd. ddadddedad> ,imy;
im ;= 1 b2 eRd WO then -1(J,1) else
<f b2 and <O then -t{1,j) elee
if b1 and D then *(j,‘+‘}) else
if b1 and m<O then t(i+1,)) else {;
if b1 or L2 ther
write {out, <<  +¢@3d.c3dddaddad ,im, x> )
write (out, 2T D );

end;
b2 = b1;
b1 = false;

end;
write {out <:X1C><10><10>< 10> Testnorm_for correspordl ne s
< eigenvalues_and e:gen»ectors .O>\:C\(‘““:‘,
{:ho. of eigenvalue testnorms (O
<105 0T T
b1 := false;
for i := 1 step 1 until n do
begin
x1 = a{i,1);
x2 := a(1, a),
complex := x2 <> 0;
b1 i= -,b1 and complex;
if b1 or -, complex then
im := uestnorm(n A,t,1,complex,x1 X2 };

if b1 then
begin
write(out,<:<10> o K< -dd> 1 < _andd> it
NP D \.<6 ay+ad> m)
end else
if -, complex then
begin
write(out, 10> D K -dd 1
<t 2,
K dgrdd> , Im);
end;
end;
end;
next:
if-, first and tmx = m then
begln
total := total+tmx;
tmx = m;
if total <= 3xm then goto new cher;
end; -
write(out (K12 > );
end;
soto read data;
stop: -

end testprogram



