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Solution of the eigenproblem for real matrices 

eberlein(n, a, t, tmx, first, result). 

4. Function and parameters. 

It is possible to chose one of several forms of solution according 

to the rules given in the parameter list. 

If the iteration process does not converge within the given number 

of iterations or converges to a matrix that is not of block diagonal 

form, no solution is found, This situation is indicated by the boolean 

parameter, first, 

Input parameters: 

n : the order of matrix a. 

result 2 if result is true then in case of convergence the 

eigenvalues will be placed in the two first colums 

of matrix a, 

Input/Output parameters: 

a{iin,tsn}] at entry the matrix for with the eigenproblem is to 

be solved, 

At exit one of the following three situations can 

occurs 

1) if convergence occurs and result is false : 



tLiin,tin) 

the real eigenvalues occupy diagonal elements 

while real and imaginary rarts of complex conjugate 

eigenvalues occupy diagonal and off diagonal corners 

of 2x2 blocks on the main diagonal. 

2) if convergence occurs and result is true : 

the eigenvalues will be placed in the two first 

columns according to the following rules 

a real eigenvalue x * alj,j] makes 

alj,1] = x 

and alj,2] = 0 

a complex conjugate pair of eigenvalues 

x + dey = al5,J] + txal3,J+1] 

and x - ixy makes 

a{j,i] = 

alj,2] = 
afj+1,7] = x 

and alj+t,2] = -y 

3) if convergence fails no eigenvalues can be 

calculated as a result of the procedure cell, 

The matrix, a, is equal to the transformed matrix. 

During a new call of jederlein, it is possible to 

try whether more iterations will result in conver- 

if first is false at entry and tmx > 0 then t 

given at entry is multiplied by the transformation 

matrix calculated in the procedure. 
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Eigenvectors of real eigenvalues occupy columns of 

the transformation matrix. Eigenvectors corresponding 

to complex conjugate eigenvalues given by 

alj,j] + ixalj,J+1] 

and alj,j] - ixeld,J+1] 

are formed as 

+ fxt{k J+] 

ixtlk,d+1] 
tik,J) 

and t{k,3] 

where k @ 1,2,4066, + 

tmx + at entry: 

the maximum number of transformations performed is 

abs(tm). If tmx < 0 then t is unaltered. 

at exit tmx records the number of transformations 

performed. 

at entry tells whether 4 is a result of a foregoing 
first 

transformation or not. ( see under t{im,tin) ). 

at exit first is true if convergence occurs in less 

than tmx iterations otherwise first is false. 

2. Method. 

The procedure is based on a modification of a generalized Jacobi-me- 

thod [1]. There exists no proof of convergence for this special modifica- 

tion, but numerical experiments have shown the worth of the method. 

A transformation matrix T transforms the matrix A into a matrix of 

plock diagonal form A‘ = rar, 

The transformation matrix T is generated from a sequence of two-di- 

mensional transformations T,(k, m), where (k, m) is the pivot pair. 



Each T, is of the form RS where R is a rotation and S a shear. 

and 5. = 1, 2, o6, Mn, J * 1, 2, wee , 1 bE the 
2 os Let Biss Thy age 

elements of A, R and S respectively. 

Then the rotation is determined as 

ry =r. = cos x 
mm 

ry @ -r, = -sin x 
mk km 

Tryp 7 ag (kronecker-delta) 1 # k, mand j +k, m 

where x are given by 

tan 2x 2 (an + BY Ce - am) 

x being chosen so that after the transformation the norm of the k-th co- 

lumn is greather than or equal to the norm of the m-th column, 

The shear is determined by 

Sy = S, = cosh; 
am v kk 

Sim * 8mk * -sinhy 

Siy = re) otherwise 

y is chosen to reduce the Euclidean norm of 

-7 
Au, * (T, Ty oes T,) A(T, By ee T,). 

In particular 

2 2 
tanhy = (ED - #/2)/(G + 2(° + D°)) 

where 

B= Bim 7 Omk 

Ds cosex(a,, - am) + sin2x(a,, + en) 

2 2 2 2 
( tar +a, + any) 

thea tt a” tm a ry 
mm
 ’ cosex(2, 1 (Scant - 8g Sim) 

2,62 . pf 2 et 
ssindx( | (ay + tm 7 Ste 7 Amt? 

th 



The process will normally result in a matrix A’ with real eigenva- 

lues on the diagonal and complex conjugate eigenvalues in 2x2 blocks on 

Jd 
the main diagonal (eigenvalues a,, + ia ). 2x2 blocks because the pro- 

jd+1 
cess theoretically results in 

Hatll > He2th > o> Hel 

where Hatlt is the norm of the i-th column of A’, 

If however more than two eigenvalues are of the same norm the above 

picture does not hold, This also happens if the matrix Ay at some step is 

near a more general solution of block diagonal form, because the conver- 

gence criteria then may stop the process. 

The procedure however results in a form with 2xe blocks obtained by 

interchanging rows and columns if necessary. 

A matrix of the form al + S where I is the identity matrix and S is 

skew symmetric, and cases with blocks of this form cannot be handled by 

the procedure. (If the form not it self isa solution}, There is no 

quarantee that the transformation method used will not result in conver- 

gence to a form embedding blocks from which the procedure cannot caleu- 

late the eigenvalues, In testexamples this did happen, but only in spe- 

cial cares chosen to examine the stability of such solutions, Notice that 

if the number of iterations performed is less than the maximum number of 

iterations allowed and ,first, is false then the resulting matrix is of 

the above mentioned form. 

The eigenvectors are calculated from the rows of the transformation 

matrix, as described in the data list, 

Numerical examples have shown that eigenvectors corresponding to 

multiple eigenvalues are normally linear dependent. (Except for numerical 

errors). 

The algol procedure is based on an algorithm developped by Eberlein 

and Boothroyd [2]. The following changes are however made: 

7. A program part ensures that the eigenvalues are placed in 

4x1 and 2x2 blocks on the main diagonal, Matrices obtained 

as a result of convergence for which 1x7 and 2x2 blocks can 

not be constructed results in alarm message through the pa- 

rameters first and tmx.



2, the parameter list is changed, 

3, a new dynamical form of convergence criterion is introduced. 

The convergence criterion is based on the four reals ep, eps, @Fs', 

and eps2, 

At the start of the procedure ep, eps and eps1 are calculated as 

ep = max x 414 

eps = max x 1.00 ty *9 

epst = max x 403 

where 

max = maxtmam(|a, 51} t, 3 = 1, 2, eee, Me 

If for a single value of eps? 

,| < epsi or (lay, + ay, < eps? and jay, - al < eps?) la,, - ay 
id 

no more transformation are carried out before after a change of efs*. If 

eps? < eps convergence has occured, otherwise a new value of epst is cal- 

culated as eps1 = eps1/ 19, The above value of eps makes sure that the re- 

sulting epsi is near to and less than eps, eps ™ max x we? could cause an 

extra serie of iterations with epsi = max x 4-10 because of rounding er- 

POYS, 

As pivot pairs are only chosen pairs of elements for which 

(ia., - a,,| > eps 2 and lags - a,,| > eps z) 

or las, + a4 > eps 2 

If only identity transformations occurs as a result of this rule then a 

new value of eps¢ is calculated as epse = epsc/10, Numerical experimer.?s 

have shown that this extra mechanism is necessary to ensure convergence 

of some i111 conditioned numerical examples, 

The starting value of eps2 for every new value of eps1 is eps2 

eps 1/10. 

If eps¢ gets less than ep convergence is not obtained by this algc- 

rithm and the process is stopped. 

The values of ep, eps, eps?, and eps2 are results of experiments re- 

ducing the computetion time about 30 per cent compared with a program ™a- 

king transformations for all pairs of elements cyclically.



3, Accuracy and storage Requirements, 

Accuracy 

In case of convergence the following inequalities holds for the ele- 

ments of A’ 

la. -8 | < eps or ig 7 B54 
lay, + ase! < eps and legs - ay, < eps 

for i #1, 2, oe. , n-tand j = i+, i+2, ... , n where 

eps = max(lelements of original matrix, al )x-9 

1) ALGOL 5, index check: 7 tracks of program and 52 local variables 

2) ALGOL 5, no index check: 6 tracks of program and 52 local varia- 

bles, 

Typographical length 167 lines of program exclusive the comment after the 

last end.



4, Test and discussion 

The procedure has been tested on the ALGOL 5 system for matrices of 

order ¢ 12. 

The testprogram makes besides call of - eberlein - a calculation of 

testnorm = [|A x x - x xtt/Tl x xl 

where A is the matrix for which the eigenproblem is solved, X is a calcu- 

lated eigenvector and the corresponding eigenvalue. 

Calculation of - testnorm - 1s made by a real procedure testnorm( 

e n, A, t, k, complex, x1, x2) in the testprogram, 

A list of input parameters, results, and calculated values of - 

testnorm - is delivered by the testprogram. 

The starting values and following calculation of epst and eps2 are 

obtained as results of experiments resulting in 50 per cent decrease in 

execution time in solving testexamples.



Example no 1 

Time: 

ALGOL 5, core storage, no index check 0.36 sec. 

Input parameters: 

n = 3 
tmx = 50 

matrix as 

1.000 0,000 0.010 
0.100 1.000 0,000 
0,000 1,000 1,000 

Results: 

tm 15 
first = true 

Eigenvalues after 15 iterations 

1 4..1000000000 

2 049499999999 +0,0866025403xi 
3 049499999999 -0,0866025403xd 

Eilgenvectors+ 

1 
062745741273 
~062745741274 
-2, 7H5 7412704 

2 
03262845267 +0, 1836278766x1 
=0.0041158575 ~0. 374384627 2x1 
=342216866940 +1..907567510hxd 

3 
03262845267 -0, 1836278 766x1 

~0.0041 458575 +0.5 7438627 2x1 
3. 2216866940 =129075675104x4 

Testnorm for corresponding eigenvalues and eigenvectors 

no, of eigenvalue 

ie
ee
’ 

and oS) 

testnorm 

165p-10 
1er=40 



Example no 4 

Time: 
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ALGOL 5, core storage, no index check 10.1 sec. 

Input parameters: 

n sa 7 
tmx = =: 100 

matrix a: 

-1 1 0 
-i o 1 
-1 0) le) 
-1 o ° 
+1 0 fe) 
<1 ie} 0 
+1 0 (0) 

Results: 

tm == 6h 
first = true 

o
o
o
0
o
+
0
0
 

o
o
o
-
0
0
0
 

e
o
H
-
o
o
0
0
o
0
 

O
w
~
O
0
0
0
9
0
 

Eigenvalues after 64 iterations 

-0.9999999982 
0.7071067794 
067071067794 

-0.7071067788 
-0.7071067788 
0,0000000001 
00000000001 

A
S
T
O
N
 

F
t
 

Eilgenvectors: 

1 
05595067124 
0,.0000000001 

per 55650671 ab 

00000000001 

-0. 55850671 23 

00000000000 

-0.5585067125 

0.1107710932 
064232186137 
-0.7543150660 
+0.9101086283 
-0.79933754h6 
-0,4868900143 
041557935621 

4067071067 790xL 
=04 7071067 790X4 
+0, 7071067T90XL 
-0.7071067790X4 
-0.9999999956x1 
+0,9999999956x1 

40.3510964522xi 
+0 486890014 3x4 
40..3761189310xi 
+0,0636714003xi 
0. 267425051 5x1 
-0,.4252186137xL 
90.31 247 5306xL 



-0.1107710832 
~0,.4252186137 
-0.47543150660 
-0.9101086283 
~06799337 546 
~0.4868900143 
061557935621 

0.645501 14436 
06001930025 

~0.0609645978 
0.72687 18886 
0.273860uL49 
0.1256788860 
0.7878364866 

0.45301 14436 
06001930025 

~-0.0609545978 
0.7266718896 
0,2738604bK9 
0. 1266788860 
047878364866 

045486381922 
0.7859088684 
042372706765 

-0,0000000002 
0.5486381923 
0.7859088687 
042372706767 

0.5486381922 
07859088684 
022372706765 

-0,0000000002 
045486381923 
0.7859038687 
002372706767 

Testnorm for corresponding eigenvalues and eigenvectors 

no. of eigenvalue 

2 and 3 
4 and 5 
6 and 7 

30..3310964521 x4 
-0,.4868900143x1 
063761 189310xL 
-0.0636714003x1 
40,26 7H25051 5xL 
+0.4232186137X4 
40,3128075306xi 

+~0.6611576004xt 
+0.1266788858x1 
=0.3263325577x1 
004735141 167xL 
+0, 18764 34837x4 
0 .6001930026x1 
-0.1471815591Xi 

40,6611576004x1 
#0, 1266788858xi 
40.4 3263525577X4 
405755141 167X4i 
0.18 76USL83 7x 
+0 .6001930026x1 
+0.1471815591x4 

+0..2372705TT9XL 
0431130751 54x 
-0,5486381898x1 
+0,0000000002x1 
+0.2372706781Xi 
~0.31436751352x4 
-0,5486381901xi 

~0,. 23727067 T9x1 
40631136751 354x1 
+0.5486381898x1 
~0..0000000002x1 
~0..237270678 1x4. 
4+0.35113675132x1 
+0. 5486381901 

testnorm 

2.0y -9 
3eln -9 
3.0y -9 
5eIn ~9 

-1-



Exemple no 11 

Time: 

ALGOL 5, core storage, no index check 

Input parameters: 

n = & 
tm = 100 

matrix at 

o
o
n
 

O
-
-
0
 

=
-
0
0
 

Results: 

tm = 4s 
first = true 

- 
O
0
0
 

Eigenvalues after 45 iterations 

140014985857 
10014985857 
0.9985014113 
029985014113 F

u
n
 

Eigenvectors: 

1 
=0,0000637318 
00124657185 

5 8782571872 
669492781 56800 

~0.0000637318 
~0,0128657185 
5,8782571872 

6694.9278156800 

00000637408 
~0,0124478455 
~5 8782228542 

6696.9885651200 

00000637404 
-0,01 24478455 
~5..8782228 542 

6696.9885651200 

+0.0014992361x1 
-0,0014992361x4 
+0,001497879 1x1 
~-0,0014978791x1 

4+0,.000026403 1X 
+0,03007791 29x 

+14.1901547856x1 
+2771 1941 4O9600xi 

~0.0000264051x 
-0.0300779129x1 
-14,1901 54 7856xt 

277161941 409600x4 

+0,0000264010xi 
~0.03007121 14x 

+14, 1910426896x1 
~2775..7892716800x1 

-0,0000264010x4 
4003007121 thx 

-14,.1910426896xi 
+2775278927 16800x1 

2.43 sec. 

-12-



Testnorm for corresponding eigenvalues and eigenvectors 

no, of eigenvalue testnorm 

1 and 2 1.5n 9 
3 and 4 168y =9 

| 

Example no 12 

Input parameters: 

n = 3 
tmx = 50 

matrix a: 

1.000 1,000 1.001 
=1.000 1,000 0.000 
-1,000 0,000 1.000 

Results: 

tmx == «(28 
first = felse 

@ Limiting matrix after 28 iterations 

1,009 40 1617p 40 7260p -1 
1elTy tO 1.00y +0 2.22 -1 

-7.60y -1 -2.22y «1 1400p +0 

-13-
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6, Algorithn 

eberleinsset 7 
eberlein=algol 
external 

procedure eberlein(n,a,t, tmx, first, result) 5 

value nj 
boolean first, result; 

integer n, tmx; 

array a,t; 

comment 1 3 

begin 

real eps,ep, aii, aij,aji,h,g,hj,aik, aki, ain, ami, tep, tem, d,c, e, akm, amk, CX, SX, 

cotex, sig, cotx, cos2x, sin2x, te, tee, yh, den, tanhy, chy, shy, c1,¢2,81,52, 

tki, tmi, tik, tim, eps1,eps23 

integer 1,j,k,m,it,nlessi 5 
boolean mark, left, right; 

mark :2 right := false; 
if tmx > O then 

begin 
right += true; 

if first then 
for 1:2 1 step 1 until n do 

begin 
comment identity matrix is formed in t; 

t(4,4) 25 13 
for j := i+} step 1 until n do t(i,j) := t(5,1) = 03 

end 

end; 
tmx i= abs(tmx) 3 
comment computation of the maximum absolute element of a; 

ep := 03 
for 1:3 1 step 1 until n do 

for j := 1 step 1 until n do 

if ebs(a(i,j)) > ep then ep := abs(a(i,Jj)); 
comment 2 3 
eps t= €DX1 001 p93 

epst «3 EPXye 35 
ep 33 epxXy-14; 
first := true; 

nless1 i= n-t3 
comment main loop , tmx iterations; 

for it := 1 step 1 until tmx do 

begin 
eps2 := eps1/103 
comment compute convergence criteria; 

for i := 1 step 1 until n do 

begin 
ati := a(i,i)3 
for j := i+1 step 1 until n do 

begin 

aij := a(1,J5)3 
aji := a(5,4)3 
if (abs(aij-aji) > eps1 and abs(ati-a(j,J)) > eps1) 

or abs(aijtaji) > epsl then goto cont 
end 

end convergence test, all 1,33 
goto next _eps1;



- 16 

comment next transformation begins; 

mark := true; 
for k := 1 step 1 until nless1 do 

cont: 

for m := k + 1 step 1 until n do 
begin 

his gis hj t= yh 33 03 
a :8 a(k,k) = a(m,m); 
alm :2 a{k,m)3 
amk := a{m,k)3 
c¢ t= akm + amk; 

s= akm ~ amk; 
te (abs(e) <= eps2 or abs(d) <= eps2) 

and abs(c) <= eps2 then goto skip; 
for i := 1 step 1 until n do 

begin 
aik := a(i,k); 
aim := a(i,m); 
te := alk X elk; 
tee := aim X aim; 

yh i= yh + te + tee; 

e@ if ik and icm then 
begin 

aki := a(k,i); 
emi := a(m,i); 
h t= h + akixami - aikxeim; 
tep := te + amixemi; 
tom 33 tee + akixaki; 

g 232 @ + tep + tem; 
hj :=hj - tep + tems 

end 
end 1; 

h s=h+h; 
if abs(c)<sep then 

begin 
coment take R as identity matrix; 

ex 22 13 
Bx 23 03 

end else 
begin 

@ comment compute elements of R; 

cotex := d/es 
sig t= 17 cot2x<0 then -1 else 13 

cotx = cotext(sigxsart( 1+cot200e) ) 5 
Bx := sig/sart(1+cotwoe) 5 
cx. 23 sx X cotx; 

ends 
if yh<O then 

begin 
tem t= cx; 
eX 27 8X3 
8x ts -tem; 

CxxX2 - 5x 3 

Axcosé: + exsin2x3; 

h 3= hxeos2x - hjxein2x; 

den :3 @ + &x(exe + axd); 
tanhy := (exd - h/2)/den;



skips 

next epsi: 

new_loop 2 

comment compute elements of S; 

chy := 1/sqrt(1 = tanhyxtanhy) ; 
shy := chyxtanhy; 
comment elements of RxS = T; 
el :3 chyxcx - shyxsx; 
e2 s= chyXcx + shyxsx3 
81 += chyxXsx + shyxcx; 
82 s= shyXex - chyxsx; 

-17~ 

comment decide whether to apply this transformation; 
if abs(s1) > ep or abs(s2) > ep then 

begin 
comment at least one transformation is made so; 

mark :3 false; 
comment transformation on the left; 
for 1 :* 1 step 1 until n do 

begin 
aki 22 a(k, i}: 

73 a(m,i); emi 
a(k,i) := clxaki + 51xXami3; 
a(m,i) i= s2xXeki + c2xemi; 

end left transformation; 

comment transformation on the right; 
for 1 := 1 step 1 until n do 

begin 
atk t= a(i,k); 
aim a(i,m); 
a(i,k) c2xaik - s2xaim; 
a(i,m) := clxaim - s1xaik; 
if right then 

begin 
comment form right vectors; 

tik s= t(i,k)3 
tim 23 t(1,m); 
t(4,k) := c2xtik - s2ctims 
t{i,m) := clxtim - s1xtik; 

end 
end right transformation 

end; . 

end k,m loops; 
if mark then 

begin 
comment 3 5 

if eps2 < ep then goto stop; 
eps2 := eps2/10; 
goto cont; 

end else goto new_loop; 

epst := epst/10; 
comment 4 ; 
if eps1 < eps/2 then 

begin 
tmx := It + 13 
goto done; 

end; 

end it loop; 
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stop: 

first ; 
tmx 

done: 

if first then 
begin 

comment 5 3 
for 1 := 1 step 1 until n-2 do 

begin 
mark := false; 
ali := a(i,i); 
for j := i+1 step 1 until n do 

if abs(aii-a(j,j)) <= eps A abs(a(i,j)-e(j,i)) > eps then 
begin 

if mark then goto stop; 
mark := true; 
if j = 1+1 then goto next; 
for k := 1 step 1 until n do 

begin 

aik = afte k)3 
a(i+t,k) i= a( j,k) 3 
a(3,k} i= atk; 

end; 
for k := 1 step 1 mtil n do 

begin 
aki 13 a(k,i+1}; 

a(k,i+1):= a(k,j)5 
a(k,§) := aki; 
if right then 

begin 

tel; 

next: 

end; 
end; 

comment the eigenvalues are placed in the first two colums; 
left := right := false; 
if result then 
for i := 1 step 1 until n do 

begin 

if -,right and i <n then 

left := apatatt, 131) a(3+1,4)) > eps and 
abs(a(t,i)-a(i+1,i+1)) <= eps; 

a) ta 1f right then a(i-1,1) else a(1,1); 
a(i,2) :s if left then a(i,i+1) else 

if right then -a(i-1,2) else 03 
right :3 left; 
left := false; 

end; 
ends 

end eberlein; 



1. 

comment 
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eberlein solves the eigenproblem for a real matrix by means of a sequence 

of Jacobi-like transformations. 

Input parameters: 

n : 

result : 

the order of matrix a. 

if result is true then in case of convergence the 
eigenvalues wiIT be placed in the two first colums 
of matrix a, 

Input/Output parameters: 

aftin,izn} at entry the matrix for with the eigenproblem is to 
be solved, 

At exit one of the following three situations can 
oceur: 

1) if convergence occurs and result is false : 

the real eigenvalues occupy diagonal elements 
while real and imaginary parts of complex conjugate 
eigenvalues occupy Glagonal and off diagonal corners 
of 2x2 blocks on the main diagonal. 

2) if convergence occurs and result is true : 

the eigenvalues will be placed in the two first 
colums according to the following rules 

a real eigenvalue x = alj,j] makes 

alj,1] = x 
and alj,2] = 0 

a camplex conjugate pair of eigenvalues 

x+ ixy = alj,J] + Deals, jet] 

and x » ixy makes 

alj,?] = x 
alj,2] = y 
alj+t,1} = x 

and al §+1,2] = -y 

3) if convergence fails no eigenvalues can be 
calculated as a result of the procedure call. 
The matrix, a, ts equal to the transformed matrix. 
During a new call of ,eberlein, it is possible to 
try whether more iterations will result in con- 
vergence or not. ( first is set to false ), 
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t[tin,i:zn] : if first is false at entry and tmx > O then + 
given at entry fs mltiplied by the transformation 
matrix calculated in the procedure. 

Eigenvectors of real eigenvalues occupy columns of 
the transformation matrix. Eigenvectors corresponding 
to complex conjugate eigenvalues given by 

alj,g] + 1xel5, 541] 
and alj,d] - ixalg,g+1] 

are formed as 

tlk, j] + ixtlk, 4+1] 
and tlk, 5} - 1xtlk,g+1] 

where K = 1,2,sse0;N 

tmx > at entry: 

the maximim number of transformations performed is 
abs(imx). If tmx <0 then t is unaltered. 

at exit tmx records the number of transformations 
performed, 

first : at entry tells whether t is a result of a foregoing 
transformation or not. ( see under t[1:n,1:n] ). 

at exit first is true if convergence occurs in less 
than tox iterations otherwise first is false. 

A dynamical form of the convergence criterion is introduced, which 
are based on the four reals ep, eps, epsl, and eps2, 
In case of convergence of the iteration process the resulting matrix, 
a satisfies 

(| abs(e(t, §) - a3, 1)) < epst 
(Vv ebs(e(i, 1) - 2(3, J))"< epst) 
A abs(ali, j) + a(j, i)) = epst 

where eps! < eps/2 

3. If convergence is not obtained and the resulting transformation m- 
trix is the identify matrix then if eps2 = eps2/10 < ep the process 
is stopped {no solution) otherwise a new transformation is made with 
eps2 = eps2/10. 

h, If eps! < eps/2 the convergence criterion is fulfilled and the itera- 
tion process is stopped, If eps! > eps the calculation is continued 
with the new value of ep3i. 

5. A look up for the eigenvalues is made and at the same time it is con- 
trollet whether the resulting matrix 1x1 and 2x2 is on block diagonal 
form or not. 
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rd] If the matrix does not consist of 1X1 and ®x2 blocks this is (if pos- 
sibly) obtained by interchange of rows and columns on the a and + ma- 

trices, 
Special forms of matrices that fulfil the convergence criterion are 
not of block diagonal form (with at most two -valid- elements in a row 
or colum) and the procedure eberlein can not solve the elgenproblem 

for these special matrices; 



begin 

real procedure testnorm(n, A,t,k,complex,x1 »x2)3 

value n,k,complex,x1,x2; 
array A,t; 

boolean complex; 

integer n aks 

real x1,%2 
comment "the procedure performs a test of eigenvalues and corresponding 

elgenvectors calevlated by procedure eberlein; 

begin 

integer i,J3 
real sum,sum1,sumé ,norm; 

+ until n do 

sum2 = O3 

for j := 1 step 7 until n do cum] i= sumt+A(4,d)xtCi,k)5 

if complex then 
for j i= 7 step 1 until n do sum2 := sum2+A (4,3 )xt(4, ket) 
sum i= (if complex then 

(sumt-xtxt(1, k)4+x2xt(4 41) ) x 
+(suma-x2xt(i, *x)- aradGe "eet axe 

else 
(eomtexteel 4,” 2) xx de 

4 

end; 
for { t= 1 step 1 wirlil n do norm := norm+t(s,k }xx25 
if complex then 
for i i= 7 step 1 until n do norm t= norm + tlt kt )xx23 

x1 12 if complex then sari (xtaxttxenr?) else abs x13 

testnorm :=sgrt(sur/norm)/x13 

end procedure testnoria; 

integer t,J,n,no m, Layoutno , tmx , total ,res; 

boolean b1,bé,complex,first,result; 

real im,x1,x¢,layout; 

conment 

no = example no, 
= order of matrix, 

value of tmx, 

integer code for result; 

<4 then goto stop; 

ia] u 

es = 13 

tx: + 10> Example noi ,<<dd@ ,no, 

3X 102< 10> Inpit_ paramoters ns tox 10> 1 

< 36 10> tmx PY tmx, £36 10>¢ 10 ma tr ix7 ae 

result = rr 



rd begin 

array a,t 

new eber: 

- a 

A(isn, tin}; 
read lin, layoutno ); 
comment layout no serves a choice between three layouts in 

output of the unaltered matrix a; 

layout := case layoutno of (real<<__-ddb, 
realX< -d,dd@ ,realx< d@ ,real<<-I.@ ); 
write Tout,<:<10 >); 7 
for j := 1 step i until n do 

begin 
write (out,<:< 10 2>)3 
for i := 1 step 1 until n do 

begin 
comment input and output of matrix a; 

read (in,a(j,i))3 

ACj,1) = ald,i) 
write (cut,string layout,a(j,i)); 

end 

end; 

first := true; 

eberlein(n,a,t,tm,first,result); 
write (out 36 3< 10>¢ 10>< 10> Results s< 10>< 10> tmx___#2> ,<<-dda> tmx}; 

if first then 
vrite (out,<:<10first_= true») else 
write (out,<:<1@first”="falsed ); 
if -,result or -,first”then 

begin 

write (out ,<i<1<1O<1 Limiting matrix, after, 

<<add@ ,totalttmx,<: iterations<7@ > )5 
for j i= 1 step 1 until ndo 7 

begin 
write (out,<:<10>2> 3 
for i := 4 step 1 until n do 
write (out << _-d.ddygtad® ,a(3,1))5 

end 
end elce 
pegin 

write (out,<:<10><10>< 10> Eigenvalues after>, 

<<ddd@ , totaltiox <2 iterations. 10 > )5 
for i := 1 step 1 until n do 

begin 

write (out,<i<1@ 9 ,<sd@ 1, 
<< wdddd .addddddda@ ,a(i,1)}s 

af a(ije) <> UThen 
write lout,<<__+dadd aadadddddw ,a(t,2),<t% 

end; 

ifm = 0 then goto next; 

write (out ,< :< 10> 10>< 1 Elgenvctorss< 10? 2 )} 

s= b2 := false; 

= 4 step 1 until n do 
begin 

write(out << 10D ,Ka@ ,1,626 10 > )5 
pi se -,b2 and a(1,2) O 03 



for j := 1 step 1 until n do 
begin 

im r= if be and mO ther t(!,1-1) else 
if b2 and “XO then tG- 5) else 

if mC then t(i,i) else +4 ,d)5 

write (out, << -dddd.ddddddddd@ , im}; 

im := if b2 abd io then -2(3,1) else 

if b2 and m0 then -t(1,j) elec 

if b1 and nO then <(j,i+1) else 
if bi and m0 then t(1+1,3) else 0; 

if b1 or b2 ther. 
write (out,<< _+éddd.cadddddda@ ,im,< ix) 
write (out, "<8 To D3 

end; 

b2 := 013 
bi is false; 

ends 

write (owt,<2< 10>< 10>¢ 10> 10> Tes tnorm_ for corresponds 

: eigenvalues 3 and _eigenvedtors. 4O>N 10> * 

<ifo. of etgenvalue testnorms iC> 

<10F OTs rs 
bi := false; 
for i : 1 step 1 until n do 

begin 
x1 r= a(i,1)3 
x2 r= a(i, ’2); 
complex := x2 © 03 
b1 i= -,b1 and complex}; 

if bi om -,comptex then 
im i= testnorm(n, A,t,i,complex ,x1 1x2 }5 

if b1 then 
begin 

write(out,<2<1@ > ,<<__-d@ 1: land iti, 
Nt TTD <<d.dyFa® im); 

end else 
if -, complex then 

begin 

write(out,<i<10 > <<_) 
& > 

EGE II 
end; 

end; 
end; 

next: 
if-, first and tm = m then 

total+ tmx; 

tmx i= mM; 

if total <= 3xm then goto new cher; 

ends 7 

write(out,¢12 >); 
end; 

goto read data; 

stop? ~ 

end testprogram


