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Introduction

The purpose of the package is to supply the users with reliable and
efficient procedures and programs concerning the general problems in
numerical and statistical analysis.

The algorithms are available as external procedures or complete
programs. The detailed formats are described below.

Format Of Procedure Description

The complete description of a procedure has the following sections:

1. Functions And Parameters

A short description of the type of problem the procedure solves; the
procedure heading with complete specifications; a concise descnpnon of
the parameters classified as Call parameters, Return parameters, Call and
Return Parameters, or Other parameters (e.g., parameters used with
Jensens’s device).

2. Method
A detailed description of the mathematical or statistical method and of
algorithmic subtleties with suitable references to literature.

3. Accuracy, Time and Storage Requirements

A summary of the available information on the numerical accuracy, the
execution time, the core store and backing store requirement for the
translated program, and the number of lines of the procedure text,
including the last comment.

4. Test and Discussion

A comparison with other, similar procedures; a survey of the performed
test runs and a few characteristic test results; a simple ALGOL program
showing a typical application of the procedure; a few results from runs
with this program. Suggestions for changes in the algorithm to meet
special demands.

Introduction
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5. References - .
References to relevant literature, if any.

6. Algorithm

The complete text of the procedure, including the FP-commands, the
ALGOL text, and the comments. This section may be omitted in case of
very long procedures or procedures programmed in assembler.

The description xhay be incomplete, but it will at least contain section 1,
Function And Parameters.

Classification

The programs are classified by means of a set of descriptors. Each
algorithm has at least one descriptor from each of the three columns:

Mathematical Complete descr Algol procedure
Statistical Incomplete - Algol program
' In standard user’s  Slang subroutine
package Slang program
Fortran subprogram
Fortran program

and one or more subject descriptors, like

Complex arithmetic Matrix Integration
Db. prec. arithmetic Inversion Multi

Special functions Eigenvalues Diff. equation
Bessel Eigenvectors -

Gamma Linear equations
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adapint



Math/Stat
Library

Page 4



Math/Stat
Library

Page 5
-1 =29

real procedure adapint(a, b, f, x, delta, order)

1. Function and parameters.

Call parameters:
a, b real values. The endpoints of the interval over
which the integration is carried out. It is al-
lowed to have b < a,
delta real value. The permitted error relative to Ia.

Return parameter:
adapint real procedure. The approximation of the integral

of f£(x) obtained by the procedure.

Other parameters:

i real, The function f(x) given as an expression in x.
£ and x are used as ’Jensen parameters’,
X real, The independent variable used in the expres-

sion £(x). x need not be initialized. Upon exit
x = sign(e-Iaxdelta)Xe, where e is an estimate of
the abs error. So x > 0 indicates a failure and

x <= 0 a success.

2, Method,

The real procedure adapint calculates the integral of a function
f(x) from a to b within a prescribed accuracy given by the parameter:
delta, This is achieved by making further subdivisions of those subin-
tervals, where the error is too large - and only of those. These subdi-
visions are stopped when the desired accuracy 1s obtained or when the
number of subdivisions reaches its permitted upper bound. In all cases
the procedure delivers on exit an approximation to the integral and an
indication of success or failure,

The procedure is particularly useful when the function f£(x) exhibits
an almost singular behaviour within the interval (a, b) like 1/sqrt(x+1y5-6)
over (0, 1). etc. In such cases i1t is almost always possible to get through
by a proper choice of the governing parameter: delta. '
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The method uses a T-point formula, and all subdivisions are nonde-
structive (i.e. all function evaluations are used). The successive subdi-
visions are carried out so that the squares of the estimates of the abso-
lute error in all subintervals finally obtained are uniformly distributed.
The calculation is considered successful if e <= Ia X delta, where e =
abs(the estimate of the absolute error) and Ia is the integral of abs f
over (a, b). Ia is computed by the procedure but not delivered as return
value, Upon exlt x 1s assigned the value sign(e-Iaxdelta)Xe. So a success
is indicated by x = 0 or X = -e<0, and a failure by x = e>0, Since Ia
usually is not known iIn advance, it is necessary to have a realistic esti-
mate of Ia before running the procedure, so that delta can be properly
fixed. This estimate may be obtained eilther by an honest guess or by means .
of the procedure itself, It must be noticed that the estimate of the error
(=e) made by the procedure usually is 10 - 100 times as large as the ac-~

tual error.

Ex, The call adapint(0,5,exp(x),x%,p-4) glves adapint = 147.4131649 (true
value = 147,413159,..) and x = -1.2y-3, success (actual abs error =
5-810"6)0

3+ References,

The present algorithm is the result of many experiments made at Regnecen-
tralen during the last years and is not described in the literature. For .
a similar algorithm, see:
[1] H. O’°Hara, and Francis J. Smith: The evaluation of definite integrals
by interval subdivision. The Computer Journal, Vol 12.2 (May 1969), p.’
179-182,

L, Algol procedure

adapint = set L
adapint = ailgol index.no message,yes

external ‘
real procedure adapint(a,b,f,x,delta); message adapint version 1.10.69;
value 8,b,delta; real a,b,f,x,delta;
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begin array A(1:60); boolean selection,ex; integer p,Sign;
real e,fe,fa,fb,h,x1,x2,xl,x5,x7,f1,12,fl,£6,£7,base,1,s,1t,
sa, sb,hmin, sum, eps,dev,dd;
Sign:=sign(b-a); h:=abs(b-a); hmin:=h/18200; selection:=true;
eps:=(6615/192xdelta)x<2/(1f h=0 then 1 else h); sum:=dd:=0;
xs=xbi=(atb) /2;fh:=f; x:=ajfas=f;xi=ei=b;fe:=fb:=f;
x:=x2:=(a+xl) /2;£2:=F jx s =xb s =(b+xlt) /2;£6:=F;
s:=gbs(kxfh+fa+fb)X2; base:=sXn; pi=-3; goto TEST;
STORE:
1f abs(3XFo-BXPT+EXEE-£l)<abs(3Xfa-BXf1+6XF2-fl) then
begin
A(p) :=b3A(p+1) :=fb;A(p+2) :=fT3A(p+3) : =163
bi=e:=ajfbi=fe:=fajas=xljfas=fh;
x6:1=x1 306 : =1 jxb =23 fl:=f2 35 =2Xsa
end
else
STORE2:
begin
A(p) :=a;A(p+1) :=Fa;A(p+2) :=f1;A(p+3) s=£2;
a:ach;fa:#‘h;xh:=x6;fh:=f6;x6:=x7;f6& 3s:=2Xsb
end; '
x:=x2:=(atxl) /2;£2:=f;
TEST:
x:=x1:=(a+x2) /231 s=f xs =x7 s =(b+x6) /2;£7: =f shi=abs(b-2a) ;
sa:=abs(xE2+fat+ L) jsb:=abs(UxE6+fo+h) sbase:=(sa-s+sb) Xhtbase;
ri=f2+£635:=f1+£T ;i =fatib}
dev:=(8lxr-6lxs+15%t-TOXEL) 0PN ; ex:mdev>basexx2Xeps;
1f (h-hmin)Xy9>abs x4AP<56Aex then
begin
pi=p+h; goto 1f selection then STORE else STORE2
end;
sums=sum+( 20 16xr+2048Xa+549xt+400XEY) Xh 5
ad:=devh+dd; if ex then eps:=(16xeps+dev/basexx2)/L;
if p>0 then
begin
selectiont=false;
t3=4(p) 3 1f (t-a)x(a~e)<0 then
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begin
bi=e; fbi=fe; est=a; fe:=fa
end
else
begin
bi=ajfbi=fa
end;
at=t; fa:=A(p+1); f2:=A(p+2); fh:=A(p+3);
xbi=(atd) /2; x:1=x6:=(xl+b) /25 £6:=F; x2:=(a+xl)/2;
s:=abs(lxfh+fatfb)x2; pe=p-lb; goto TEST
end from STORE};
adapint:=Signxsum/13230; dd:=16/6615xsqrt(dd) ;
x:=if d@>deltaxbase/12 then dd else -dd
end adapint;

end
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Bessel Functions - In(x) and Kn(x)

* Bessel Functions - In(x) and Kn(x)
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1o Function

besselik

and Parameters.

calculates the modified Bessel functions:

I0(xX),e0e,In(x) and KO(x),cc0,Kn(x).

Procedure heading:
procedure besselik (n,x,I,K);
value n,x; real x; integer n;
array I,K;

Call parameters:

n

X

: (real or integer) (real is rounded to nearest integer)
maximum order of the Bessel functions.

n mist be >=0,

: (real or integer) the argument, must be > 0.

Return parameters:

I

2. Method.

¢ (real array I(0:n) )

the values of the calculated functions:

I(0)=I0(x), es0,I{n)=In(x).
: (real array K(O:n) )

the values of the calculated functions:

K(0)=KO(x), « o0, K(n)=Kn(x).

First besselik calculates all the values of Ij(x), see [1].

The recurrence is performed from an upper bound nb, If x+1b<=n+3

this integer

is set equal n+l otherwise x+1lk,

Then 1i(nb,x) is assigned the value of (x/2)>xxb/(1x2X,..xnb),

while i(nb+1
i(nb-1,x

But since Ij(x)/i(j,x) is the same number for all j<=nb, Ij(x)

X),e00,i(n,x) is set to O.
$’°°°’i(o’xs

1i(3-1,%) = 2x3/xxi(3,x) + 1(3+1,x).

can be calculated from the formula

nb
exp(x) = I0(x) + 2x 3 Ik(x)
K=1

by replacing x by abs X.

Then KO(x) and K1(x) are calculated by polynomial approximation

see [2]:

Ko(x)
K1(x)
else
KC(x)
K1(x)

where Pi(x) is a polynomial of 6. degree.

are then computed from the recurrence formula

Math/Stat
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besselik - 2 -

Further velues of Kj(x) are calculated by the recurrence formula:

K[1+1] = 2xi/xK{1) + K(i-1).

3. Accuracy, Time and Storage Requirement,

Accuracy: relative error <p-7
Time: approx. 10 + 0.5Xn ms
€eZe X=2 , n=10: 11 ms
x=10, n=4C: 29 ms
Storage requirement: 3 segments of program and 8 local real variables.
Typographical length: 87 lines incl. last comment.

4, Test and Discussion.
The algorithm is similar to the GIER procedure O.No. 179. [3].

Below program gives the following output:

begin

comwent here the procedure is copled unless it is already
translated as an external;

integer i,n; real x;
write(out,<:<12<10>n  x:>,false add 32,13,<:I(n):>,
false add 32,18,<:K(n)<10>:>);
AGAIN:
read(in,n); if n=-1 then goto END;
begin array K,I(O:n);
read(in,x);
besselik(n,x,I,K);
write(out,<:<10>:>,<<dd>,n,<<dd.dd>, x,
<< -d,ddddd dddddy-dd>,I(n),K(n) );
goto AGATN;
ernd inner block;

END: ' ' "'

end
data:
0, 0,01
0, 0.5
0, 5

1, 5

10, 5
20, 5

-1,

n X I(n) K(n)

0 0,01 1.00002 50003, O L.72724 47360, O
0 0.50 1.0€348 33708, O 9.24k19 07256y -1
0 5.0C 2.72398 71829, 1 3.69109 83816, -3
1 5.00 2.43356 U21b6, 1 L. oLku65 33826, -3
10 5,00  L.58004 L4196, -3 2.75856 28020, © o
20 5.00 5,02423 9359811 82700 25078, 8
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5. References.

[1] Goldstein and Thaler: Recurrence Techniques for the
Calculation of Bessel Functions, MIAC 13 (1959), . 102,

[2] Allen, E.E.: Polynomial Approximations to some modifizd
Bessel Functions, MTAC Vol., 10, 1956, p. 162-16k,

[3] Zachariassen, J.: Bessel I and K, Algol procedure,
Regnecentralen, April 1964, GSL O.No. 179.

[4] British Association Mathematical Tables, Vol, VI,
Bessel Functions, zero and unity, Cambridge University
Press, 1958,

[5] British Association Mathematical Tables, Vol, X
Bessel Functions, order 2 to 20, Cambridge University
Press, 1952.

6., Algorithm.

besselik=set 3
besselik=algol
external

procedure besselik (n,x,I,K);
value n,x; real x; integer n;
array I,K;

real a,jo,jl,Jj2,sum,xhalf;
m:=nj;
nbs=x+1l;
if nb<=n+3 then nb:=n+l;
xhalfi=x/2;
if x<=-150 then nb:=0
else
begin
j1:=1;
i:=0;
for i:=1i+1 while j1>p-150Ai<=nb do j1:=j1xxhelf/1i;
nbi=i-1
end;
coment nb is the upper bound for recurrence;
if nb<=n then
begin
for i:=mb+1 step 1 vntil n do I(1):=0;
m:=nb
end;
sum:=j2:=03;
for i:=nb step -1 wntil 1 do
begin
if i<=m then I(i):=31;
jO:=1i/xhalfxjt + j2;
sums =sum+Jjo;
j2s=j1sy J1:=30
end recurrence loop;

begin integer i,nb,m;
\
|
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sun:=exp(x) /(2xsum-j0) 3
a:=I(0) :=jOxsum; .
Jjei=jexsum; if n>0 then I(1):=j2;
for it=m step -1 until 2 do I(3):=I(i)xsum;
corment all values of IZ(x),e..,In(x) are calculated;
if xhalf<] then

begin
301 =xhalfxxs;
J1:=1In(x)-.593147181;
a:=K(0) :=(((({ 00000740 XjO + .00010750)%j0

+ ,00262698) %30 + .03488590) %30
+ 423069756)%3j0 + L22784k20) %30
-.57721566 - J1xa;

+

if n>0 then
32:=K(1) :=((((((-.00004686 x3jO - .0011040L)x30
-.01919402)x30 - .18156897) %30
-.07278579) X350 + 15443744} x50
+ 1 )/x + 31x32
end
else
begin
JO:=1/xhalf; .
J1r=sqrt(x)xexp(x) ;
a:=K(0) :=(((((( .00053208 %30 - .002515L40)x30
+,00587872) %30 - .01062446) %30
+,02189568)%j0 - .07832358) %30
+1,25331414) /513
if n>0 then
J2:=K(1) :=((((((-.00068245 x3j0 + ,0032561L)x3jO
T =.00780353)Xj0 + .01504268) %30
-.03655620) 30 + .23498619)x;0
+1425331414) /51
end calculating KO(x) and Ki(x) by
polynomial approximation;
for 1:=2 step 1 until n do
begin
sum:=K(1) :=a+(1-1) /xhalfxj2;
ai=j2; j2:=sum
end recurrence loop
end besselik; .

comment
besselik calculates the modified bessel functions:
I0(x), e 00, In(x) and Ko(x),...,Kn(x).

Call parameters:
n : (real or integer)
maximum order of the Bessel functions,
n must be >=0,
X : (real or integer) the argument, must be > O,

Return parameters:
I : (real array I(0:n) )
the values of the calculated functions:
1(0)=I0(x) , o0, I(n) =In(x).
K : (real array K(O:n) )
the values of the calculated functions:
K(0)=K0(x), ««.,K(n)=Kn(x) ;



Math/Stat
Library

Mathematical/Statistical Library Pace 15
age

Bessel Functions - Jn(x) and Yn(x)

Bessel Functions - Jn(x) and Yn(x)
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1« Function and Parameters.

besseljy calculates the Bessel functions of first
kind JO(x),J1éx),..o,Jn$X) and the Bessel functions of second
kind YO(x),Y1(x),e00,¥n(x) of integer order and with real
argument.

Procedure heading:
procedure besseljy (n,x,J,Y);
value n,x; integer nj real xj array J,Y;

Call Parameters:
n (integer or real) (real is rounded to nearest integer)
maximum order of the Bessel functions.
n must be >=0,
X (integer or resl) the argument, must be <0,

Return Parameters:
J (real array J(O:n) )
the calculated values of the functions
J(0)=J0(%) 5 e e e,d(n)=In(x).
Y (real array Y(0:n) )
the calculated values of the functions
Y(0)=Y0(x), 400, ¥(n)=¥n(x).

2. Method,

First the functions Ji(x) are calculated.

For abs x <= ;-5 the procedure uses a truncated power
expansion

I(1)(x) = (x/2)xx1/1
for 1 = 0,15ee0,yn.
For abs x > p-5 the values are found by recurrence, see [1]
3(1-1)(x) = 2x1/2x5(1) (x)=3(1+1) ()
for 1 = nb=2,nb-3,...,1, where j(nb)(x)=0 and j(nb-1)(x)=yx-150.
nb is an even integer found as a function of x and n, within

the limits given in [2].

After recurrence J(i)(x) is found as

nb/2
J(1) = 3(1)(x)/(3(0)(x)+2x 1J(2><zn)(x)
m=

for i = O,1,ooo,n°
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Then YO(x) and Y1(x) are found from the summation theorems,

see [1]: ‘

YO(x) 2/pibxé(gamna+ln( abs(x/2) ) )xJo(x)
- ’+><A_1_ ((-1)xxp/(2xp)xI(2xp) (x)))
P=

Y1(x)

2/§12x(-1 /x%30(x)+(1n(abs(x/2) ) +gamma-1)%J1(x)

+2 (
=)

(=1)xx((a+1) /2)XUx0/(0xx2-1)xJ0(x)))

for odd values of o. The upper bound nb/2 is a substitute
for infinity, see [2].

5« Accuracy, Time and Storage Requirements.

Accuracy: relative error <p-7 ‘ :
Time: if abs x <=4-5: approx. 5 ms .
: else approx. 10 + 0.7Xn ms,
€8s Xx=2 , n=20: 17 ms
x=10, n=40: 28 ms
Storage requirements: 2 segments of program and 8 local real variables.
(during translation 3 segments).
Typographical length: 75 lines incl. last comment,

L, Test and discussion,
The algorithm is similar to the GIER procedure O.No. 208, [3].
Below program gives the following output:

begin

comment here the procedure is copled unless it is already
translated as an external}

integer i,n; real x;
write(out,<:<12<10>n  x :>,false add 32,13,<:J(n):>,
false add 32,18,<:¥(n)<10>:>);
AGATN:
read(in,n); if n=-1 then goto END;
begin array J,Y(0:n);
read(in,x);
besseljy(n,x,J,Y);
write(out,<:<10>:>,<<dd>,n,<<dd,.ddd>, x,
<< -d,ddddd dddddy-dd>,J(n),¥Y(n) );
goto AGAIN;
end inner block;
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X J(n) ¥(n)

o]

0 0.001 9.99999 75004y, -1 4 471kt 661165 O
0 04500 9,38L469 80724y, -1 -4 k518 73352y -1
0 5,000 =1.77596 77133y =1 -3,08517 62526y -1
1 5,000 -3,27579 13760y -1 1.47863 14342, -1
10 5,000 1.46780 26472, -3 -2,51291 10098y 1
20 5.000 2,77033 00515p=11  =5.93396 52968y, 8

5. References,

[1] Goldstein and Thaler: Recurrence Techniques for the
Calculation off Bessel Functions, MTAC 13 (1959), p.102.

[2] Randels and Reeves: Notes on Emperial bounds for Generating
Bessel Functions, Comm, ACM, v.1, No. 5, 2.

[3] Tove Asmssen: Bessel J and Y, Gier System Library,
O.No. 208, Regnecentralen, April 196k,

[4] British Association Mathematical Tables, Vol, VI,
Bessel Functions, zero and unity, Cambridge University
Press, 1958,

[5] British Association Mathematical Tables, Vol. X
Bessel Functions, order 2 to 20, Cambridge University
Press, 1952,

6. Algorithm,.

besseljy=set 3

besseljy=algol
external

procedure besseljy (n,x,J,Y);
value n,x; integer nj; real X; array J,Y;
begin integer a,nb,N;
real JjO,J1,sum,y0,y1,y2;
boolean even}
sums=abs X;
x:=j1:=x/2;
yOi=y1:=0;
y2:=1n(sum)-0,1159315156584;
if sum<=y~-5 then
begin
J(0) :=sum:=jO:=1;
for nbi=1 step 1 wntil n do J(nb):=J(nb-1)xx/nb
end
else
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begin

Ni=n+1; ‘

if n>10 then

begin
for N:=N-1 while (sum/N)X<N<,-100 do J(N):=0;
Ne=N+1

end;

nbs=0,525Xsum+133

nb:=2X(1if nb <=N//2 then N//2+1 else nb);

J1e=yp=150;

JOs=sum:=0;

evens=false;

as=(-1)>xx((nb-2)//2) 3

for nbi=nb-1 step -1 until 2 do

begin
if nb<N then J(nb):=if even then jO else Jji;
if even then
begin j1:=nb/xXj0=j1; yO:=a/nbXjO+y0 end
else

begin
3O:=mb/xxj1-303 o
y1:=axnb/(nbxx2-1)Xj1+y1;
as=-aj
sums=sumtjo
end;
even:i=-,even
end;
JO:=31/%=30;
sums =2Xsum+Jjo 3
J(0) :=j0/sum;
if n>0 then J(1):=j1/sum;
for nb:=N-1 step -1 until 2 do J(nb):=J(nb)/sum
end;
Y(0) :=y0:=0.63661977236758%( bxyO+y2xJ0) /sum;
if n>0 then Y(1):=y1:=0.63661977236758%
(-30/x/2+(y2-1)x31-y1xl} /sum;
for nb:=2 step 1 until n do

begin

Y(nb) :=y2:=(nb-1) /xxy1-y0;

§0==y1; yii=y2 ' .
en

end besseljy;

comment

besseljy calculates the Bessel functions of first
kind JO(x),J1(x),...,Jn§x) and the Bessel functions of second
kind YO(x),Y1(x),e0e,¥n(x) of integer order and with real

argument.,

Call Parameters:
n (integer or real)
maximm order of the Bessel functions.

n mist be >=0,

x (integer or real) the argument, must be <0,
Return Parameters:
J (real erray J(O:n) )
the calculated values of the functions
3(0)=J0(x), « v+, 3(n) =In(x) . ®
Y (real array ¥(O:n)

)
the. calculated es of the functions
Y?O) =YO X soee ,%yffn X) 3 ‘
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Beta function,beta(x,y)

1. Function and parameters.

beta(X,V) approximates the beta function.
beta(x,y)= integral from 0 t111 1 of(1-t)xx(x-1)xtxx(y=1)xdt

procedure heading:
real procedure beta(x,y);
value X,y; real x,y;

procedure identifier:
beta : (real)
approximate function of arguments not resulting
in under - or overflow, in which case beta is

undefined,
call parameters:
X,y : (real or integer)
arguments,

2. Method,
The value of beta(x,y) is calculated in the range 1<=x<=2, 1<=y<=2
by means of the foimla
betu(x,y) =gamma(x+1) Xgamma(y+1) /»/y/gama(x+y) or
beta(x,y) =gamme(x+1) xgama(y+1) /x/y/(x+y-1) /gemma(x+y-1)
according to whether x+y<=3 or x+y>3.
The velue of gamma(z) is approximated in the range 2<=z<=3 by a
rational function of z-2, which is given as epproximation 5231
in reference (1).

For arguments outside the range 1<=x<=2, 1<=y<=2, reductions are
performed according to the formula:
beta(x+1,y) =x/(x+y)Xoeta(x,y)
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5« Accuracy and time requirement,
The maximum relative error will be about

max(1, (abs(x)+abs(y))x,=-10
The c.pe.u.=-time used for a call of beta is crudely

5+0.1x(abs(x)+abs(y)) milliseconds.

L, Test,
testprogram and output:

begin
real b,x,y;
for overflows:=0 while read(in,x,y)=2

do
begin
bi=beta(x,y);
write(out,<:<10>x=:>,<<-ddd.d>,x,<:  y=:>,
¥,<t beta(x,y)=:>,<<dddddddddddd000y-ddd>, b, .
<< ddy-dd>, abs(b-gama(x) xgamma(y) /gemma(x+y)) );
setposition(out,0,0);
end;
end;

x= 0.5 y= 0.5 beta(x,y)= 3141592653760, -i2 0y O
x= 1.0 y= 1.0 beta(x,y)= 10000000000005-12 = 584-12
1.0 beta(x,y)=100000000004000,-16  45,-1k
-0.5 beta(x,y)= -1078338132L4400,-12 Op O

x= 100,0 y=

x= 10,0 ¥
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5. Algol procedure,

beta=set 2

beta=algol

external

real procedure beta(x,y);
value'x,y;

real X,y;

begin
real h,w;
for wi=0,x
do
begin
if w=0
then hi=1
else
begin
Xi=ys
yi=w

end

2

if x2

then

begin
for xi=x=-1 step -1 until 1
do h:=h><x/(x+y)_;
x=x+1

end

else

if x<1

then

for x:=x step 1 until 1
do he=hx(x+y)/x

end

2
wi=xty=-13
if w2
then
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begin
he=h/(wxxxy) 3
Wisw-2

end

else

begin
h:=h/(xxy) ;
Wiswe]

end

H
for wa=((((((
.039301346k19 xw
+.142928007949) xw
+1,09€5C630453 ) xw
+3,36954359131 )xw
+12,8021698112  )xw
+22,968C500836  jxw
+143,9410209189 )
/
((( v
~T+15075063299 ) xw
+4 39050474596 ) Xw
+43,9410209191 )
while y>0
do
begin
if x>0
then
begin
hi=h/vw;
wi=x=1;
x:=0
end
else
begin
hi=hXw;
wisy=1;
y:=0
end

end
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>
beta:=hxw

end beta;

6. Reference.
(1) J.F. Hart and oth.:
Computer Approximations,
John Wiley and Sons, 1968, p. 130-136
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decompose
solve

decompose; solve
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. 1. Function and Parameters.

1.1 Decompose:

Decompose calculates upper ané lower triangular matrices u and 1

such that 1*u=a, where a is a given n*n squere matrix, With the
additional requirement u(:,1i)=1, the decompcsiticn is unique

if a is non-singular. In orcer tc ensure numerical stability,
rov-exchanges are performed (explisitly) and information about
these exchanges is stored for further use irn subsequent procedures
handling the decomposed matrix,

Implied procedure head:

boolean procedure decompose(a,p,mode)s

value rodej
array aj
integer array p;
integer mode;

Call paremeter:

mode

Call and Return

o )

(integer or real). This parameter governs the

precision in the calculation of the immer-products

in the algorithm:

mode=0 : The inner-products are calculated in normal
floating point mode.

mode=1 : The inner-products are calculated by means
of intermediate variables of 45 bits mantis-
sa snd 24 bits exponent.

Parameter:

(real array or zone record with n*n elements). Con-

tains at entry the square matrix t¢ be decomposed. On

exit, each element of a is replaced by the correspond-

ing element of u or 1. (The disgonel of u is not stored).

In case of = one-dimensional array or a record, the

elements of a must be stored row-wlse.

Return Parameters:

decompese

: (boolean). True if the matrix a is non-singular,

otherwise false.

: (integer array with n elements). Contains informetion

sbout the row-exchanges. {see section 2,Method).
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1.2 Solve:

Solve calculates tlie solution-vector x to the system of equations
a*x=b, where z Is a n¥n square matrix, decomposed by a previous call
of decompose, and where t is a cclumn vector ccntalning the given
righthand side. Thus, the solutlon of several systems of equations
with the same matrix of coefficients requires ore call of decompose
followed by a number cf calls of sclive,

Implied procedure heed:

procedure solve(a,p,mode,b);

value mode;

array a,bs

integer arrsy ps

Integer mode;

Call Parameters:

mode : (real or integer). cf. decomy :se.

a : (real array or zone record with n*n elements). Con-
tains the decomposed coefficient-matrix as produced
by decompose.

D : (integer array with n elements). Contains informa-
tion on the rowexchanges of the matrices held in a,

Call and Return Parameter:

b : (real array o zone record with n elements). Con-

tains on entry the given rig¢ht-hand side. On exit,

the corresponding soluticns are stored in b.

1.3 Parameter-check.

In case of wrong parameters the run 1s terminated with an error
message on current output consisting of the procedure name (decomp
or solve) and a number, indicating thic rong parameter &s follows:
1: The muber of elements of a 1s different from n*x2 (n being the
number of elements of p).

2: Wrong content of p (solve orly). Indicates an impossible row=-
exchange or an attempt to solve s singular system of equations.,
mode<0 or mode>1. 7
The mumber of elemerts cf b is different from n (solve only).

SN
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Decompose produces the triangular metrices 1 and u in n steps,
in the k-th of which the k-th columm of 1 and the k-th row of u

(0 <= k <= n-1) are calculated by
k-1
(2.1) 1: a(3,k):=a(Jj,k)-sum a(s,1)*a(i,k) 5 Je=k,k+l,ee.,n-l
1=0
k-1
(2.2) us a(k,3) :=(alk,)-sun a(1,3)«alk,1))/a(k,k); J:=k+1,k+2,.00,0=1
1=0

Durirg the celculation of the elements of 1, the k-th pivotal index, piv,
is found using the criterion

abs a(;,k)/2x*ex(J) maximum with respect to J
where ex(3) is the initial meximum exponent of the numbers constituting
tke j-th row,
This pivotal strategy 1s chosen on two counts: It is simple, and none is
known to be universally better (cf. [1]).
If a1l elements of the colurm of 1 turns out to be (exactly) zero, (1)
is set equal to 2048, and the procedure exits with the value false.
Otherwise, p(k) 1s set to the pivotal index, piv, and 1f piv 1s greater
than k, ex(piv) is set to ex(k) and the k-th end the piv-th row of a are
exchanged before the elements of u are calculated.

Solve proceeds in two steps: First, the equations

1*y=b
is solved for y, exchanging the elements of b as described by p, after
which the finai sclution x is found by solving

u*x=y
Here, b is successively replaced by y and X. The formulae used are analogous
to those of (2.1)-(2.2):

Ke
(2.3) 1: b(k):=(b(k)-sux1nb(i)*a(k,i))/a(k,k) 3 ki=0,1,e00,n-1
i=0

n-1
b(k) :=b(k)-sum b(i)=*a(k,1) 5 kimn-2,N=3,40041,0
i=k+1

During the first step, it is checked that n > p(k) >= k. If this check
fails, the run is terminated as described in section 1. ‘

(2.4) u



Math/Stat
Library

- L4 -
Page 34
If the value of the parameter mode is 1, the inner-products of (2.1)-(2.4), ‘
i.e. expressions of the form
-(sum r(1)+s(1)+r{k)<(-1))

are calculated by retaining US biis cf each product and adding this to
o sum of U5 significent bits., (The =xponent is kept in 2L bits).
Thus, instead of the rounding errors in each multiplicaticn and addition,
introduced by the ncrrial floating-pcint cperaticns, an error 1s introduced
only in the final rounding of the sum tc a floating-point nunber, However,
it should be noted that only to a certain extent this procedure can cope
with a severe cencellation of significant blts that may arise when a

product is added to the sum.

The following peculiarities, due tc the fact that the procedures are
written in the assembler language SLANG 2, should be mentioned: .
a) The error message constituents 1lin.eq.l and lin.eq.? occur in
these messages instead cf  ext<line number>. The possibilities are:
lin.eq.1 : Overflow/underflow in calculations outside the inner-
product procedure.
lin.eq.2 : a) Overflow/underflow in the inner-product procedure.
(If mode=1, this can happen only in the final rounding
to a floating-point number) .
b) The parameter errors as described in section 1.2
Some examples are shown in section L,
b) The formal parameter p contains as explained the pivotal indices;
Lowever, the k-th index is not found in p(k) (i.e. the word mumber
k of p), but in the k-th by'e of p. A rossible way of unpacking
these indices is shown in the program in section L. .
The remaining bytes of p are used for the exponents ex(k)
c) As stated implicitly in section 1, the index bourds and the
number of indices of the zctual array-parameters esre lrrelevant.
Only the number of elements in the declaration is taken into

consideration.
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. 3. Accuracy, Time and Storage Requirements.

Accuracy: Depends on the problem and cn the choice of the
parameter mode,
The table below shows the median-error (in units of 1 0-10)
of 11 sets of equations, coneisting of equally distributed
random numbers (-1 020]1 O20). The error 1s expressed as the
residual norm relative to the norm of the right-hand side.

(T:e Euclidian norm is used).

order error error

mode=0 mode=1

10 2.6 1.9

20 3.9 2,3

‘ 30 T.4 4,0
Lo 9.5 5.0

50 27 8.3

60 21 7.6

70 23 8.7

Time: Based on recorded solution-times for the systems nentioned
sbove, the following execution-times in msec., expressed
as functions of the order, holds within +10 pct. for orders
between 50 and 100:

mode=0 mode=1
decompose 0.02#(1+10/n) ¥n*+3 0.08%( 145 /n) *¥n**>
solve 0,07*n**2 0o 3%n:*2
Storage Requirements: 2 segments of program

0 wvarisbles,

L, Test and Discussion.

As may be expected, the results obteined for mode=1 are significantly
better than those for mode=0 only if n is sufficiently large. n the
other hand, if the system is ill-ccnditioned, the results can be widely
different even for small n. As an examrle, the system

10 7 8 7 32
T 5 6 5 23
as 8 610 9 b: 33
7 5 910 bl
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the exact sc_ut.cn of which is (1,1,1,1), ylelds the results:
mode=0:

decomposed mairix:
7,0000000000° 0O T.1428571432' -1 8.57T14265716' -1 T.1428571432' -1
8,0000000000' O 2,8571428570' -1 1.,1000000002' 1 1.1500000002' 1
7.00000000C0" O 0,0000000000' C 2,0000000001! O 1.66666666671
1.0000000000' 1 =1.4285714296% -1 *.0000000014! 0O -1.6666666791% -1

piv  ex solutions
] Lk 1,00000C0459" O
2 L 9,9999992456" -1
3 4 1,0000000186' 0
3 L 9.999999888L' -1
mode=1:

decomposed matrix:
7.0000000000" O 7T7.1428571L32% -5 8,5714285716' -1 T.1428571432Y -1
8.0000000000' O 2.8571428570' -1 1.1000000002' 1 1.,1500000002' 1
7.0000000000" 0 =2.9103830457'-11  3.002000000¢! € 1,6666666665'"
1.0000000000' 1 =1.4285714290% -1 1.0000000009' 0 -1.6666666733! -1

piv ex solutions
1 4 1,0000000082' ©
2 b 9,99995986Lk4! -1
3 L4 1,0000000034' ©
3 L 9,9999999E00" -1

The Euclidian error-i.crm is 9.1'-8, 1.6'-8 respectively.
The following program was used

lin.eq. test parameter error etc.
begin integer d1,d2,d3,d4,mcde;
underflows:==1;
reed(in,d1,dz2,d3,d4,mode)s
begin array a(l:dﬂ, b(d2:4d3);
integer array p(1:dl). piv(1:2xdk);
integer 1i,j,.k;
read(in,a,b)s
if -,decompose(a,p,mode) then write(cut,<:<1C>sing:>);
write(out,<:<i0>decormposed matrix::>);
k=13
for i:=1 step 1 until d4% do
begin write(out,<:<10>:>)3
for j:=1 step 1 until dk do
begin write(cut,<< -d,dddddddddd'-dd>,aik);;
ki=k+1
end;
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Jr=p(1)s
piv(2#i=1):=3 shift (-12) extract 12;
piv(2*1) :=j extract 12

ends

solveéa,p,mode,b);

write(out,<:<10><10> piv  ex solutions:>);

for i:=1 step 1 urtil dk do
write(out,<:<10>:>,<< ddddd>,piv(: ), piv(i+al),

<< -d,dddddddéddt -dd>,b(1+d2-1))
erid block
end

This program produces the error-messages shcwn below when tre input is
,"'s Ty 24 24 0, 24 1, 1,

where a means the four elements of a 2+2 matrix:
I) at 1, 2, 1, 2

solve 2 1in, eq. 2
called from line 2122

II) a: '400, '-L0O, 'LO0, '-L0OO

real lin, eqg. 1
called from line 828

III) a: 1, 8'615, 0.5, -8'615

real lin, eq, 1
called from line 21=22

IV) a: 1, 12'615, 0.5, -12'615
real lin, eq. 2
called from line 8-8

5. References

[1] Forsythe, G and Moler, C.B.: Computer Solution of Linear Algcbraic
Systems. Prentice-Hall. 1967.

6. Algorithms,

Since the procedures are written in SLANG, the algorithms wIiil
not be given,
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eberlein
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Solution of the eigenproblem for real matrices

eberlein(n, a, t, tmx, first, result).

1. Function and parameters.

It is possible to chose one of several forms of solution according
to the rules given in the parameter 1list.

If the iteration process does not converge within the given number
of iterations or converges to a matrix that is not of block diagonal
form, no solution is found., This situation is indicated by the boolean
parameter, first,

Input parameters:

n : the order of matrix a.
result : if result is true then in case of convergence the

eigenvalues will be placed in the two first columms
of matrix a.

Input/Output parameters:

al1:n,1:n] : at entry the matrix rof with the eigenproblem is to
be solved.

At exit one of the following three situations can

occurs

1) if convergence occurs and result is false :
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the real eigenvalues occupy diagonal elements
while reel and imaginary parts of complex conjugate
elzenvalues occupy diagonal and off diagonal corners
of 2x2 blocks on the main diasgonal.

¢) 1f convergence occurs and result is true :

the elgenvalues will be placed in the two first

cclumns according to the following rules
a real eigenvalue x = a[J,j] makes

alj,1l = x
and alj,2l = 0O

a complex conjugate peir of eigenvalues
x + ixy = a[J,3] + 1xald,J+1]

and x - ixy makes

alj,1] = x

alj,2] =

a[J+1,1] = x
and ali+1,2] = -y

3) if convergence fails no eigenva;ues can be
calculated as a result of the procedure call.
The matrix, a, is equal to the transformed matrix.
During e new call of ,eberlein, it is possible to
try whether more iterations will result in conver-

gence or not, ( first is set to false ).

t{1:n,1:n] : if first is false at entry and tmx > O then t
given at entry is multiplied by the transformation

matrix calculated in the procedure.
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Eigenvectors of real eigenvalues occupy columns of
the transformation matrix, Eigenvectors corresponding

to complex conjugate eigenvalues glven by

alj,3] + ixald,d+1]
and ald,d] - ixalJ,3+1]

are formed as

t{k, 3] + 1xtlk,J+1]
and tlk,3] - ixtlk,3+1]

where k = 1,2,.000,00 &
at entry:

the maximum number of transformations performed 1is

abs(tmx). If tmx < O then t is unaltered.

at exit tmx records the number of transformations

performed.

at entry tells whether t is a result of a foregoing

transformation or not. ( see under t{1:n,1:n] ).

at exit first is 2{23 {f convergence occurs in less

than tmx 1terationé otherwise first is false.

The procedure 1is based on a modification of a generalized Jacobl-me-

thod [1]. There exists no proof of convergence for this special modifica-

tion, but numerical experiments have shown the worth of the method.

A transformation matrix T transforms the matrix A into a matrix of
block dlagonal form A’ = T AT.

The transformation matrix T is generated from a sequence of two-di-
mensional transformations Ti(k’ m), where (k, m) is the pivot pair.
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Each Ti is of the form RS where R is a rotation and S a shear,

Let a and s 1=1,2, veeyn, J=1,2 ... ,nbe the

130 T13 137
elements of A, R and S respectively.

Then the rotation 1s determined as

r
xk

r = or = -sin x
km mk
Tyg T4 (kronecker-delta) i # k, mand J % k, m
where x are given by

tan 2x = (akm + amk)/(akk - 8mm)

= r = COSs X
mr

x being chosen so that after the transformstion the norm of the k-th co-
lumn is greather than or equal to the norm of the m-th column,

The shear is determined by

s,, = s = coshy
mm

kk
Sem ™ Smk ™ -sinhy
sij - 13 otherwise

y is chosen to reduce the Euclidean norm of

-1 .
Ajer = (T, T, ... Ty) AT, T, «on Ty ).

In particular
tanhy = (ED - H/2)/(G + 2(E% + D?))

where

E=8m - o

D= cost(akk - amm) + sian(akm + amk)
2 2 2 2

G = (8y * 85y * 24p * 1)

1%k ,m

e o)
[}

°°SZX(21§R,;Fk18m1 - 85384m))

-sin2x( (aﬁ1 + aim - aik - aii))
14k ,m
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The process will normally result in a matrix A? with real eigenva-
lues on the diagonal and complex conjugate eigenvalues in 2x2 blocks on
the main disgonal (eigenvalues a,, + ia ). 2«2 blocks because the pro-

33 = T

cess theoretically results in

Ha'll> Ha®ll > oo > HaM|

where ||al|] 1s the norm of the 1-th column of A’,

If however more than two eigenvalues are of the same norm the above
ticture does nct hold., This also happens if the matrix Ai at some step is
near a more general solution of block diagonal form, because the conver-
gence criteria then may stop the process,

The procedure however results in a form with 2x2 blocks obtained by
interchanging rows and columns if necessary.,

A matrix of the form al + S where I is the identity metrix and S 1s
skew symmetric, and cases with blocks of this form cannot be handled by
the procedure. (If the form not it self is a solution). There is no
quarantee that the transformation method used will not result in conver-
gence to a form embedding blocks from which the procedure cannot celcu-
late the eigenvalues. In testexamples this 3id happen, but only in spe-
cial cases chosen to examine the stability of such solutions, Notice that
if the number of iterations performed is less than the maximum number of
iterations allowed and ,first, is false then the resulting matrix is of
the abcve mentioned form.

The eigenvectors sre calculated from the rows of the transformation
matrix, as described in the data 1list.

Numerical examples have shown that eigenvectors corresponding to
multiple eigenvalues are normally linear dependent, (Except for numerical
errors).

The algol procedure is based cn an algorithm developped by Eberlein
and Boothroyd [2]. The following changes ere however made:

1. A program part ensures that the eigenvalues are placed in
1x1 and 2x2 blocks on the main diagonal. Matrices obtained
as a result of convergence for which i1x1 and 2x2 blocks can
not be constructed results in alarm message through the pa-
rameters first and tmx.
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2. the parameter 1ist is changed,
3. a new dynamical form of convergence criterion is introduced.

The convergence criterion is based on the four reals ep, eps, epsi,
and eps2.

At the start of the procedure ep, eps and eps1 are calculated as

ep = max x -1k

eps = max x 1.0014-9

eps1 = max x 43
where

max = maximum(laijl) 1,3=1,2, «.., n,
If for a single value of eps?
laij - asil < eps1 or (Iaij + ajil < epst and lan - ajjl { eps1)

no more transformation are carried out before after a change of epsi, If

eps1  eps convergence has occured, otherwise a new value of eps1 is cal-
culated as eps1 = epsi/10, The above value of eps makes sure that the re-
sulting eps1 is near to and less than eps, eps = max x x~9 could cause an
extra serie of iterations with eps1 = max x ,-10 because of rounding er-

rors,

As pivot pairs are only chosen pairs of elements for which

(Ia1J - a31| > eps 2 and la'i1 -‘aJJI > eps 2)
or la1J + aji‘ > eps 2

If only identity transformations occurs as a result of this rule then a
new value of e?sz is celculated as eps2 = ep32/10. Numerical experiments
have shown that this extra mechanism is necessary to ensure convergence
of some 111 conditioned numerical examples.

The starting value of eps2 for every new value of epsi is eps2 =
epsi/10.

If eps¢ gets less than ep convergence is not obtained by this algo-
rithm and the process is stopped.

The values of ep, eps, eps1, and eps2 are results of experiments re-
ducing the computation time sbout 30 per cent compared with a program me-
king transformations for all pairs of elements cyclically.
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3. _Accuracy and storage Requirements,

Accuracy

In case of convergence the following inequalities holds for the ele-
ments of A?

la  eps or

lagy - oyl
fagy + | < eps and 'aii - aJJI < eps

aji
fOI‘ i = 1, 2, se e [ n-1 and J = 1.+1’ 1+2, se e ’ there

eps = max(|elements of originsl matrix, al )xy~9

Storage requirements

1) ALGOL 5, index check: 7 tracks of program and 52 locel variables
2) ALGOL 5, no index check: 6 tracks of program and 52 local varia-
bles,

Typographical length 167 lines of program exclusive the comment after the
last end,




Math/Stat
Library

Page 48

4, Test and discussion

The procedure has been tested on the AIGOL 5 system for matrices of
order £ 12.

The testprogram makes besides call of - eberlein - & calculation of
testnorn = [[A x x = x x|/l «x x| |

where A is the matrix for which the eigenproblem is solved, X is a calcu-
lated eigenvector and the corresponding eigenvalue,

Calculation of - testnorm - is made by a real procedure testnorm(
n, A, t, k, complex, x1, x2) in the testprogram.

A list of input parameters, results, and calculated values of -
testnorm - is delivered by the testprogram.

The starting values and following calculation of eps? and eps2 are
cbtained as results of experiments resulting in 30 per cent decrease in
execution time in solving testexamples.



Math/Stat
Library

Page 49

Example no 1
Time:

ALGOL 5, core storage, no index check  0.36 sec,

Input parameters:

n a 3
tmx = 50
matrix a:

1.000 0,000 0,010
0,100 1,000 0,000
0.000 1.000 1,000
Results:
twx = 15
first = true

Eigenvalues after 15 iterations

1 1.1000000000
2 0.9499999999 +0,0866025403x1
3 0.549999999% -0,0866025403x1
Eigenvectors:

1

=0,2745741273

-0.274s5Th12TH

-2,Th57H12704
2

0.3262845267 +0,1836278766x1
=0.0041158575 -0.3743846272x1
=3,2216866940 +1.907567510Lx4

3
0.3262845267 -0,1836278766x1
, -0,0041158575 = +0,3743846272x1
=3,2216866940 =1.9075675104x1

Testnorm for corresponding eigenvalues and eigenvectors
no. of eigenvalue testnorm

1. -10
2 and 3 128510
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Example
Time:

no Uu4

ALGOL 5, core storage, no index check

Input perameters:

n =
thx =

7
100

mgtrix a:

-1
-1
-1
-1
-1
-1
-1

Results:

tmx =
first =

000000
Oco0oo0O=o0

64
true

[oNeoNeoNoR Nolle]

oNoNoR_NeoNeNo
O0-+~000O0
O-=0000O0

Eigenvalues after 64 iterations

=~ O\ FWUD -

-0.9999999982
0.70T106T79k
0.70T106TT9L

-0,7071067788

-0,7071067768
0.0000000001
0.0000000001

Eilgenvectors:

1

-0.5585067124
0,0000000001
-0.5585067124
0.0000000001
~0,5585067123
0.0000000000
'005585067125

-0.1107710832
-0.4232186137
-0, 7543150660
-0.9101086283
=0.79933T5446
-0.4868900143
-0.1557935621

+0.,70T106TT90x1
=0,T707106T7790x1
+0,T0T106TT790x1
-0.70T106T7T90X1
=0.9999999956x1
+0.9999999956x1

+0.3310964522x1
+0,48689001L43x1
+0,3761189310x1
+0,0636714003x1
-0,2674250515x1
-0,4232186137x1
=0.312u475306x1

10.1 sec.



-0.1107710832
-0.4232186137
=0.7543150660
-0.9101086283
=0.7993375446
-0.4868900143
-0.1557935621

0,4530114k436
0.6001930¢25
-0,0609645978
0.7268718886
0.273860L4L4S
0.1266788860
0.7878364866

0.4530114436
0.6001930025
-0,0609645978
0.7268718886
0.273860ulUg
0.1266788850
0.7878364866

0.5486381922
0.7859088684
0.2372706765
-0.,0000000002
0.5486381923
0.7859088687
042372706767

0.5486381922
0.785908868k4
0.2372706765
«0,0000000002
0.5486381923
0.7859088687
0.,2372706757

-0.331096L4521x1
-0.,4868900143x1
-0.3761189310x1
-0.0636T714003%x1
+0,2674250515x1
+0,4232186137x1
+0.312U475306x1

-0.661157600Lx1
+0,1266788858x4
-0.3263325577X1
-0, 4735141167x4
+0,187643U83Tx1
-0.6001930026x1
-0.1471815591x4

+0,661157600Ux1
-0.1266768858x1
+0,326332557Tx1
+0.U73514116Tx1
-0.187643483Tx1
+0,6001930026x1
+0.1471815591x4

+0.2372T06TT9x4
-0.3113675134x1
-0,5486381896x1
+0.0000000002x1
+0,.2372706781x1
-0.3113675132x1
-0.5486381901x1

-0,23727067T9%4
+0,3113675134x1
+0,5486381898x1
-0.0000000002x1

=0,2372706781x1 .

+0.3113675132x1
+0,5486381901>4

Testnorm for corresponding eigenvalues and eigenvectors

no. of eigenvalue

ONEF N =

and 3
and 5
and T

testnorm

2.0]) "9
301n '9
3.0y =9
5-9n '9

—11-
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Example no 11

Time:

ALGOL 5, core storage,

Input parameters:

n = L

tmx = 100

matrix a:
1 0 0
1 1 0
0 1 1
(0] 0 ]

Results:

tmx = b5

first = true

no index check

- 00O

Eigenvalues after 45 iterations

1
2
3
L

1.0014965857
1.,0014985857
0.9985014113
0.9985014113

Eigenvectors:

1

=0,0000637318
-0.0124657185
- 5,8782571872
6694 ,9278156800

=0,0000637318
=0,0124657185
5.8782571872
6694,9278156800

0.0000637h0k
=0,0124L478455
6696,9885651200

0.00006374k04
-0,0124478455
-5,8782228542
6696.9885651200

+0,0014992361x1
-0,0014992361x1
+0.0014978791x1
-0,0014978791x1

+0,00002640351x1
+0.0300779129x1
+14,1901547856x4
+2771.1941409600x1

=0 .0000264031 x4
-0.0300779129%1 '
-14,1901547856x1
=2771.1941409600x1

+0,0000264010x1
=0,0300712114x1
+14,1910426896x1
-2775.7892716800x1

-0.0000264010x1
+0,03007121 1k4x1
-14,1910426896x1
+2775.7892716800x1

2.43 sec,



Testnorm for corresponding eigenvalues and elgenvectors

no., of eigenvalue testnorm
1 and 2 105m '9
3 and )4 1.810 -9

Exemple no 12

Input parameters:

n = 3

wmx = 50

matrix a:

1.000 1.000 1.001
-1 .000 1.000 00000
"1 .000 0.000 1.000

Results:

tmx = 28

first = false

Limiting matrix after 28 iterations
1.00p 40 =1.1Tp +0 7,60y =1

1.17” +0 1000‘ +O 2.22n -1
'7060n -1 -2.22» -1 1.00m +0

-13 -
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5. References, .

{1] P.I. Eberlein: A Jacobi-like Method for the Automatic Computation of
Eigenvalues and Eigenvectors of an Arbitrary Matrix,
I. SIAM, vol. 10, No., 1, 1962,

(2] P.I. Eberlein and John Boothroyd: Solution to the Eigenproblem by a
Norm Reducing Jacobi Type Method
Numerische Mathematik 11, 1-12 (1968).
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6. Algorithm

eberlein=mset 7
eberlein=algol
external

procedure eberlein(n,a,t,tmx,first,result);
value n;
boolean first,result;
integer n,tmx;
array a,t;
comment 1 ;
begin
real eps,ep,aii,aij,aji,h,g,h,aik,aki,aim,ani,tep, tem,d,c,e,akn,ank, cx, sXx,
cotax,sig,cotx,cos2x,sin2x,te,tee,yh,den,ta.nhy,chy,shy,c1 c2,81,s2,
tki,tmi, tik,tim,eps1,eps2;
integer 1,J,k,m, it,nlessi;
boolean mark,left,right;
mark := right := false;
if tmx > O then

begin
right := true;
if first then
for 1 := 1 step 1 until n do
begin
comment identity matrix is formed in t;
t(1,1) :=1;
for j := i+1 step 1 until n do t(1,J) := t(J,1) =0
end
end;

tmx := abs(tmx);
comment computation of the maximum absolute element of a;
ep := 03
for 1 := 1 step 1 until n do
for J := 1 step 1 until n do
it abs(a(i,j)) > ep then ep := a.bs(a.(i N);
cament 2 ;
eps t= epX1,001y=9;
epsl = epXyp=3;
ep = epXp-1k;
first := true;
nlessl = n-1;
comment main loop , tmx ilterations;
for it := 1 step 1 until tmx do
begin
eps2 := eps1/10;
camment compute convergence criteria;
for 1 := 1 step 1 until n do

aii := a(1,1);
for J := i+1 step 1 until n do
begin
alj := a(1,3);
aji := 3-(3’ 1);
if (abs(a13 aJi) > eps! and abs(aii-a(Jj,J)) > epsi)
or abs(aij+eji) > epsi then goto cont
end
end convergence test, all 1,J;
goto next_epsl H
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cont:

- 16 -

comment next transformation begins; .
mark := true;
for k := 1 step 1 until nlessl do
form :s k + 1 step 1 until n do

begi

Ei g% (ST gite

=00

for

h

o=
Dl

= hj = yh := 03
a(k,k) - a(m,m);
a(k,m) ;

a(m:k)5

akm + amk;

akm - amk;

nnunuam

f (abs(e) <= eps2 or abs(d) <= eps2)

and abs(c) <= eps2 then goto skip;
i =1 .step 1 until n do
begin
aik
aim
te

a(i’k)3
a(1,m);
aik X aik;
tee aim X aim;
yh :=yh + te - tee; ' .
if i<k and i<m then
begin
aki := a(k,1);
ami := a(m,i);
h :=h + akixami - aikxaim;
tep := te + amixami;
tem := tee + akixaki;
g = g + tep + tem;
hj :=hJ - tep + tem;
end

es oo oo oo
Huae

end i;
t=h + h;

if abs(c)<=ep then

begin
comment take R as identity matrix;
cxX = 1;
sx := 03;
end else
begin .
comment compute eiements of R;
cot2x := d/c;
sig := if cct2x<0 then -1 else 13
cotx := cot2x+(sigxsqrt(1+cot2x0));

sx i= sig/sqrt(1+cotwo2);
cx = 8x X cotx;

end;

if yh<® then

begin
tem := cx;
cX := sx;
8X = -tem;

end;

COS2X = CXK2 - 8SXXX2;
sin2x :=m 2xsxXcx;

d i= dXcos2x + cx3in2x;

h $= hXcos2x - hjxsin2x;

den := g + 2x(exe + dxd);

tanhy := (exd - h/2)/den; o
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comment campute elements of S;
chy := 1/sqrt(1 - tanhyxtenhy);
shy := chyXtanhy;

comment elements of RXS = T;

¢l := chyXcx - shyxsx;
c2 := chyXcx + shyxsx;
s1 := chyxsx + shyXex;
s2 := shyXcx - chyXsx;

comment decide whether to apply this transformation;
1f abs(s1) > ep or abs(s2) > ep then
bezin
comment at least one transformation is made so;
mark := false;
comment transformation on the left;
for 1 := 1 step 1 until n do

begin
aki := a(k,1);
ami := a(m,1);
a(k,1) := cixeki + sixami;
a(m,1) := s2xeki + c2xemi;

end left transformation;
comment transformation on the right;
for 1 := 1 step 1 until n do
begin
' aik 1= a(1,k);
aim i= g(i,m);
a(1,k) := c2xaik - s2xaim;
a(i,m) := cixaim - sixaik;
if right then
begin
comment form right vectors;
tik := t(1,k);
tim 3= t(i,m);
t(1,k) := c2xtik - s2xtim;
t(i,m) := cixtim - sixtik;
end
end right transformation
end;
skip:
end k,m loops;
if mark then
begin
comment 3 ;
if eps2 < ep then goto stop;
eps2 := eps2/10;
goto cont;
end else goto new loop;
next epsi: =
- eps1 := eps1/10;
comment L4 ;
if epsl < eps/2 then
begin
tnx = 1t - 1;
goto done;
end;
new loop:
=  end it loop;
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stop:
first := false; .
tmx t= it-1;
done:
i1f first then
begin

comment S ;
for 1 =1 step 1 until n-2 do
begin
merk
aii := a(i,i);
for j := i+1 step 1 until n do
if ebs(aii-a(j,J)) <= eps A abs(a(i,3)-a(j,1)) > eps then
begin ‘
if mark then goto stop;
maxrk := true;
if 3 = 1+1 then goto next;
for k := 1 step 1 until n do
begin

aik := a(i+1,k);
a(1+1,k) := aﬁd,kss o
a(3,k)  := aik;
end;
for k := 1 step 1 until n do
begin
aki := a(k,1+1);
a(k,i+1) := a(k, 3);
a(k,J) := aki;
if right then
begin
tki 1= t(k,1+1);
t(k,1+1) := t(k,J);
t(k,J) = tki;

end;
end;
next:
end;
end;
comment the eigenvalues are placed in the first two columns;
left := right := false; .

if result then
for 1 := 1 step 1 until n do
begin
if -,right and 1 < n then
left := abs(a(i,i+1)-a(i+1,1)) > eps and
abs(a(1,1)-a(i+1,1+1)) <= eps;
321,1) t= 1f right then a(i-1,1) else a(i,1);
a(1,2) := if left then a(i,i+1) else
if right then -a(1-1,2) else 0;
right := left;
left := false;
end;
end;
end eberlein;
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‘I' comment

1. eberlein sclves the eigenproblem for a real matrix by means of & sequence
of Jacobi-like transformations.,

Input peremeters:

n the order of matrix a.

result : if result is true then in case of convergence the
eigenvalues wILl be placed in the two first columms
of matrix a.

Input/Cutput parameters:

a[1:n,1:n] : at entry the matrix for with the eigenproblem is to
be solved. '

At exit one of the following three situations can
'l' ocecur:

1) if convergence occurs and result is false :

the real eigenvalues occupy diagonal elements

while real and imaginary parts of complex conjugate
eigenvalues occupy diagonal and off diagonal corners
of 2x2 blocks on the maln diagonal.

2) if convergence occurs and result is true :

the eigenvalues will be placed in the two first
colums according to the following rules

a real eigenvalue x = alJ, )] makes

alJ,1] = x
and alj,2] = ©
‘ a camplex conjugate pair of eigenvalues

x + ixy = a(J,3] + 1xalJ, J+1]
and X - IXy mskes

alj,1] = x
alj,2] = y
alj+1,1] = x
and &[J".']’z] = -Y

3) if convergence fails no eigenvalues can be
calculated as a result of the procedure call,

The matrix, a, is equal to the transformed matrix.
During & new call of ,eberlein, it is possible to
try whether more iteritions will result in con-
vergence or not, ( first is set to false ).
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tliin,1in] :  1f first is felse at entry and tmx > O then t
given at entry 1s multiplied by the transformation
matrix calculated in the procedure.

Eigenvectors of real eigenvalues occupy colums of
the transformation matrix, Elgenvectors corresponding
tc complex conjugate eigenvelues given by

alJ3,3] + 1xal3,3+1]
and alj,J] - ixaly,3+11

are formed es

tlk,3) + ixtlk,3+11]
and tlk, 3] - ixtlk,3+1]

where kK = 1,2, 400e,01 &
tmx : at entry: ‘

the maximum number of transformations performed is
abs{tmx). If tmx < O then t is unaltered.

et exit tmx records the number of transformations
performed,

first at entry tells whether t is a result of a foregoing

transformation or not. ( see under t[1:n,1:n] ).

at exit first is true if convergence occurs in less
than tmx iterations othesrwise first is false.

A dynamical form of the convergence criterion is introduced, which

are based on the four reals ep, eps, epsl, and eps2.
In case of convergence of the iteration process the resulting matrix,
a satisfies

( abs(alt, 3) - a(d, 1)) < eps1 o
(v abs(a(1, 1) - aid, 3))7< epsi)
A ebs(a(i, J) + a(J, 1)) 2 eps1

where eps1 < eps/2

If convergence is not obtained and the resulting transformation ma-
trix is the identify matrix then if eps2 = eps2/10 < ep the process
is stopped (no solution) otherwise a new transformation is made with
eps2 = eps2/10,

If eps1 < eps/2 the convergence criterion is fulfilled and the itera-
tion process is stopped. If eps! > eps the calculation is continued
with the new value of epsi. -

A look up for the eigenvalues is made and at the same time it is con-
trollet whether the resulting matrix 1X1 and 2x2 is on block diagonal
form or not.
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If the matrix does not consist of 1X1 and 2x2 blocks this is (1f pos-
sibly) obtained by interchange of rows and columns on the a and t ma-
trices.

Special forms of matrices that fulfil the convergence criterion are
not of block diagonal form (with at most two -valid- elements in a row
or colum) and the procedure eberlein can not solve the eigenproblem
for these special matrices;
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7. Testprc ram,

begin

real procedure testnorm(n,A,t k,complex,x1,x2);

value n,k,complex, xi,x<;

array A,t;

boolean comrlex;

integer n,k;

real x1 xz,

comment The procedure performs a test of eigervalues and corresponding

eigenvectors calculated by procedure eberlein;

begin
integer 1,j;
real sum,suml!,sumé novm;

sum := norm := O;
for i := 1 step 1 until n do
begin
suml := suml := O;
for j := 1 step 1 until n do -uml := sumi+A(1,3)xt(],k);

i1f complex then
for j := 1 step 1 until n do sumz := sum2+A(1,3)xt(j,k+1);
sum := (if complax then
(sumi-x1xt(1,k)+xaxt(i,k1))xx2
+(sum2-xzx (3 »()-x xt(1 k+1))xx2
else
(sum?-x1xt(1,k))xx2 ) + sum;
end;
for i := 1 step 1 until n do norm := norm+t{i,k )xx2;
if complex then
for i := 1 step 1 until n do norm := norm + t(* k+1)xx2;
x1 3= 1f complex then sqrt(x1«x2+x2xx2) else abs x13
testnorm :=sqrt(sum/norm)/x1;
end procedure testnorm;

integer i,j,n,no,m,layoutno,tmx,total,res;
boolean b1,b2,complex,first result;

real im,x1,xz,layout;

read data:

Total := 0;

i:eread (in,no,n,m,res);
corment

no = example no,

n = order of matrix,

m = value of tmx,

res = integer code fcr result;

if 1 <L then goto stor;

tmx i=m;

result := res = 1;

write (out <:10>Example_no:> ,<<ddd ,no,
(.\10><10>Input pa*'ameters <10>< 1®n =:> <£3dddd ,n,
<KD tmx__ = Ttmx £ 1< <10 matrix_ “Ero);
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begin
array a,%,A(1:n,1:n);
read (Ln,-ayoubno);
comment layout no serves a choice hetween three layouts in
cutput of the uraltered matrix a;
layout := case layoutno »f (reald< -ddd ,
reald< -3.8d® ,reald< d& ,reald<=d d>),
write Tout <:\10> DY T
for § i= 1 step 1 until n do
begin
write {out, (10> );
for 1 := 1 step 1 until n do
begirn
comment isput and output of matrix a;
read (in,alj,i));
i 1\ = 3(J 1);
wr;te (“ut tring layout,a(J,i));
end
end;
first := true;
new eber:
- eberlein(n a,t,tmx,first result);
write {out < <10><10><10/Results~<10><10>tmx = <K-ddd> ,tmx };
if first tuen
write (out ,{: 1> first = _true:> ) else
write (Oht <:i{10>first = false: );
if - result or -, first then
begin
write (out <:K10><0 0><‘O>Limiting matrix after:,
<<ddd> ytotalstmx <: iterations<10> ),
for j := 1 step 1 unt11 n do
begin
write (out,(: 10> );
for 1 := 1 step 1 until n do
write (out,K_-d.dd+dd> ,a(J,1));
end
end elce
begin
write (out 1< 10><10>< 10> Efgenvalues_after:
<Kdddd> ,-otal +tmx iterations< 10> D);
for 1 := 1 step | until n a0
begin
vrite (out <: 10> Kdd,1,
¢ -aada.aoddaddddd> ,al(i,1));
2f a(1,2) <> T Then
write {out << +addd.ddddcdaddd> ,a(1,2),<ixis );
end; -
if m = 0 then goto next;
write (out,<:<10><1D<10>Eigenvactors: K 10> D );
b1 := b2 := false;
for £ := 1 step 1 until n do
begin
write(out {100 D KA ,1,K:K10 D );
b1 = - b2 and a1, 2) <> 0;



Math/Stat
Library

Page 64

for § := 1 step 1 until n do
begin
im := if bZ and WO ther t(J,1-1) else
1f b2 end K0 then t(i-1,J) else
if W C then t{;,1) else £(1,3);
write (out K< -3ddd.4d4ddd4ddd ,im);
tm := 1f b2 end O then -1(j,1) elce
if b2 and D then -t(1,5) elss
1f b1 and m 2 then t{j,i+1) else
if b1 end mO then t(i+1,}) else 0;
*f b1 or =2 tner
urite (out +034d.£334dddddd ,im,<:x > );
write {out,” €7o> D)3
end;
be := bi;
b1 := faleo;
2nd;

write (out,{:{10><1»><10><10>Testnorm_for_corresponding:> ,
<t igenvalues and eigenvectors\ 10><10<1> D, .
<:no, cf eigenvalue testnorm 10>
{105 2 7; - =

’
ster 1 untlil n do

x2 := &(1,2);
complex := x2 <> 0;
b1 := -,b1 and complex;
R O o* -,comrlex then
im := estnorw(n A,t,1,complex,x1,x2);

if b1 then
hegin
write(out < K10> D> KK -dd 1 ,<: andD,i+1,
e T D K4.aHdD im),
end else -
if -, complex then .
begin
write(out, <KD D K& -dd 1, o
<e o,
Kd,Cytdd> ,Im )3
end; :
end;
end;
next:
if-, first nrd tox = m then
tegin
totzl := total+tmx;
tmx = m;
1f total <= 3xm then gotd new eber;
end; -
write(out <:K1D D );
end;
goto read data;
stop: -

end testprogram
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fft
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procedure fft(A, B, m, =nalysis);

1. Function and parameters:

Call paremeters:

m integer value., m determines the dimension N = 2xXxu of A
end B, m mist be < 24 to be meaningful, but the largest
possible value i1s m = 13 in a computer with 128 k bytes
storage capacity (corresponding to 32 k reals).

analysis integer value. analysis = +1 gives + sign in the sum,
i.e. a Fourier-synthesis is carried out.
enalysis = -1 gives - sign in the sum, l.e. a Fourier-

analysis is carried out.

Call and Return parameters:

A, B(0:N=1) real arrays. They must on entry contain the real and
imaginary part of X(t) in normal order. Upon exit they
contain the real and imaginary part of the Fourier sum
Y(s), also in normal order.

2. Method.,
The procedure fft calculates the Fourier sum

Y(s) = Sum(X(t)exp(+2pixixtxs/N)), N = 20m, t =0, 1, «es , N-1
t
for 8 =0, 1, «es , N=1 by means of the Cooley-Tukey algorithm (the ’Fast
Fourier Transform’). ,

The first part of the procedure (p:= 0; --- shift (m-j-24) end;) de-
livers the data A, B in reverse binary order. The second part (p:= 13 ...
p:= pl end) performs the summation in place. So it is possible to carry out
the summation with the data A, B in reverse binary order simply by omit-
ting the first part.

The loss of accuracy is almost proportional to m and is for m = 8
about 1 significant decimal,

The running time is proportional to Nxm end is for m = 13 about 45

seconds,
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3, References.

About the Cooley-Tukey algorithm and its implementaticn, cseel

[1] Cooley, J.W., and Tukey, J.W.: An algcrithm for the machine caleula-
tion of complex Fourier series. Math. Comp. 19, 90 (April 194%), p.
297=-201.

[2] R.C. Singleton: On computing the fast Fourler Transform. Comrunice-
tions of the ACM, Vol. 10, M. 10, (Cctober 1967), p. ch7-65L,

4, Algol procedure.

(

fft=set 2
fft=algol message.yes index.,no
end)

external
message £Tt version 01.07.71., RCSL NO 21-D3, correction by dh;
procedure fft(A,B,m,analysis);
value m,snalysis; integer m, analysis; array A,B;
begin integer i,j,k,n,p,p1,9,92,J0,J31,32;
real v,x0,x1,y0,yl,c,cl,cc,c2,s,s85,581,82;
n:=1 shift m-1; v:=3,14159265359; p:=0;
for i:=0 step 1 until n do
begin ‘
if i<p then
begin
e:=A(1) 3A(1) :=A(p) ;4(p) :=c;
c:=B(1) ;B(1) :=B(p) 5B(p) :=c
end;
ke=p shift (24-m); j:=-1;
for jJi:=j+1 while k<O do ki=k shift 7;
p:=(-8388607-1+k) shift (m-j-2L)
end;
g2:=p:=13;s81:=0.0;
for i:=1 step 1 until m do

begin
ss:=ss13vi=v/2.0;



ss1:=sin(v) jec:=2.0Xss1Xss1; q:=p-1;pi:=p+p; c1:=5:=0,0;
for j:=0 step 1 until q do
begin
if j=g2 then c1:=s:=0,0; c:=1.0=-cl;
1f j<g2 then
begin
c2:=¢c382:=5
end
else
begin
c2:=-s3s2:=C
end;
. if asnalysis<D then s2:=-s2;
for k:=0 step pl until n do
begin
Jls=j+k; j2:=31+D;
x1:=A(j2) xc2-B( J2) Xs2; y1:=A(J2)xs2+B(j2)xc2;
A(32) s=A(31) -x1;3B(32) :=B(j1) -y1;
A(31) :=A(31)+x15B(31) :=B(31)+y1
end;
c1:=ci1+(cexe+ssxs); si=s+(ssXc-cexs)
end;
q2:=p;p:=pl
end

® -

comment call parameters:

m (integer value). m determines the dimension N=2m
of A and B, m must be >=0 and <24 to be meaningful
but is in practice more limited since the core store
has to contain the two arrays A and B plus some few
other variables.

analysis (integer value). For analysis<O a Fourier analysis
is carried out: Y(s):=SUM(X(t)exp(-2pixixtxs/N)).
For analysis>=0 a Fourler synthesis is carried out:
Y(s) : =SUM(X(t) exp(+2pixixtxs/N)).
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call and return parameters:

A,B(0:N=-1)

end;

(reel arrays). They must orn entry contain the real
and imazinary part of the given data X(t)=A(t)+ixB(t)
in normal order. Upon exit they will contain the
real and imaginary part of the Fourier sum
Y(s)=A(s)+ixB(s), also in normal order;
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1. Function and Parameters

Given n data points (xi, yi) with weights pi, where 1 =1, 2, ... ,
n. The procedure fit computes the coefficients of a polynomial P(k, x),
of degree k, such that the quantity

i=n
SUM(pix(yi - P(k, xi))xx2) (1)
1=1

is minimum.
Bounds on the permissible order of P(k, x) may be specified in the
procedurecall so that

lower bound <= order <= upper bound. (2)
Moreover, the procedure will within these bounds select an order which is
best in the following sense: Set the minimum value of (1), which is a
function of the order, be denoted by v(order) and let

d(order) = v(order)/(n - order - 1),
vwhich is an estimate of the restvariance. The procedure will then select
the smallest order in the interval (2) such that d(order) <= d(order+1)
or 1f this does not occur then order = upper bound. This means that the
procedure increases the order of P(k, x) only if the accuracy can be im-
proved by doing it.

The procedure head 1s:

procedure f£it(i, pi, xi, yi, C, 1, u);

value 1, u;
Integer i, 1, u;
real pi, xi, yi 3
array c H

Call parameters:

1 (integer) The lowest permissible order of P(k, x)
u (integer) The highest permissible order of P(k, x)

e oo
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Return parasmeters:
C(0:u) : (array) Contains the coefficients of the fitted polynomial

P(1, x) = C(0)+C(1)xx+C(2)xx2+ ... +C( 1) xxxxi

where 1 1s the order of P as determined by the procedure. If
1 < u the remaining array elements are undefined.

Call and Return parameters:

i : (integer) In the call i gives the number of data points (xi,
v1) in the input. Upon exit i is the order of the fitted po-
lynomial P.
Moreover 1 is used as index parameter in the expressions for .
pi, xd, yi.

pi : (real) An expression (using the parameter 1) giving the
weight of point no. i.

xi : (real) An expression (using the parameter 1) giving the x-
coordinate of point no. 1.

yi : (real) An expression (using the parsmeter 1) giving the y-
coordinate of the point no. 1.

2. Method

The following description is based upon [1] where details and proofs .
are given.

Instead of expressing the approximating polynomisl P(k, x) directly
-as a sum of powers of x, we write P(k, x) as a linear combination of po-
lynomials £(0, x), £(1, x), £(2, x), ... . The polynomial £(j, x) is a
polynomial in x of proper degree j, which means that it effectively con-
tains a term xXXj (and the highest degree of x is not j-1):

J=k
P(k: x) = SUM(c(j)Xf(j, X)), (5)
J =1
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where k is the degree of the approximating polynomial P. The coefficients
c(Jj) are to be determined. The polynomials f(Jj, x) are orthogonal with
respect to the datapoints (xi, yi) and the weights pi , 1 =1, 2, ... ,n.:

i1 =n
SM(pix£(J1, x1)xf(j2, x1)) =0, for j1 < j2.
i=1

When j1 = j2 we definev‘
i=n
SUM(pixf(§, x1)x£(J, x1)) =w(j); 3 =0, 1, 2, ... .

i=1

The orthogonal polynomials can be computed recursively by means of a

three-term recurrence relation
£(3+1, x) = (x - a(3))x€(4, x) - v(HIXE(3-1, X), § =0, 1, 2, wus (1)

The recursion begins with £(0, x) = 1, and b(0) = 0. The coefficients
a(Jj) and b(j) are determined by

i=n

a(J) = SUM(pixxdxf(J, xi)x<@)/w(j); § =0, 1, 2, ... (52)
i=1

b(3) = w(3)/w(3-1)5 3 =1, 2, 3, ... . (5b)

The coefficients ¢(j) in (3) can be computed as

i=n
c(J) = suM(pixf(J, xi)xyt)/w(3)
1=1

or - because the polynomial f(Jj, x) is orthogonal to P(j-1, x) - one also

have, except for j = 0:

i=n
c(d) = suM(pixf(J, xi)x(yi - P(J-1, x1)))/w(J).
i=1
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This is numerically more convenient, because

R(j+1, 1) = y1 - P(j, xi)
can be computed having the previous value:

R(J+1, 1) =R(j, 1) - c(J)xe(y, xi).

This holds because the polynomials f are orthogonal such that:

P(3, x) =P(J-1, x) + c(§)x2(5, x).

During the computations the procedure performs the following steps:
first it 1s tried to fit the given data points by means of a polynomial
of order = lower bound, and then order = lower bound + 1 and so on. Each
time the order is increased by one a new polynomial is generated, but
this is easily done because the coefficients c¢(j) already found are un-
changed (This would not have been the case if an ordinary power expansion

was used.) The sum of squares v(j) (see (1)) is computed (also recursive-

ly) from v(j-1):

v(3) = v(3-1) - w(3)xe(g)xe.
From v(j) the rest variance d(j) is determined

a(3) = v(3)/(n-3-1).
When the rest variance decreases, i.e. when

d(m-1) > d(m),
the degree of the approximating polynomial is increased by one and (un-
less m = upper bound) a polynomial of degree m + 1 is tried, and so on
until

a(3-1) <= a(y)

in which case j - 1 is chosen as the degree (provided that j - 1 <= upper
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bound). This corresponds with
(n-g)xw(§)xe( )2 <= v(j-1),
which is used as stop-criterion.

When now a degree k has been chosen the polynomial (3) nhas tc be

transferred into a polynomial (a sum of powers):

j=k
P(k, x) = suM(C(j)x0xXj).
J =1

This is done recursively by means of e(i, j) where e(i, 0) = c(i) and
C(1) = e(i, i+1). The transformation is performed when e(i, j+1) is ex-

pressed by means of e(i, j). At a certain stage of the proces we have

i=3 -1 i=k
P(k, x) = SUM e(i, i+1)xxxi + SUM e(i, j)x£(i-3, x)xxKj. (6)
i=0 i=3

When we put j =0 and j =k + 1 in (6) we get the above-mentioned connec-
tions with c(i) and C(i). Writing (6) for a certain j and for j + 1 we
get a relation containing f(i-j-1, X)Xx. By means of the recurrence rela-

tion (4) we get
£, x)xx = £(j+1, x) + a(J)xf(3, x) + (IIxe(3-1, x)

which is introduced in the relation determined above. When we equate

terms with a common factor f(i-j, x) we get the recurrence relation
e(1, 3+1) :=e(1, J) - e(i+1, j+1)xa(i-j) - e(i+2, j+1)xb(1-j+1)
where 1 > j > 0; e(k+1, j+1) = e(k+2, j+1) = 0. From this relation the

coefficients e(i, 1+1) = (i), 1 =0, 1, ... , k, are obtained, and they
are the desired coefficients in the power expansion of P(k, x).
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3. Time, and Storage Requirements

Time: (2+k) X n, m3, where k = order of the polynomial obtained, n = the
number of data points.

Storage Kequirements: 3 segments + 25 + 4 X k + 8 X n words, where k =
order of the polynomial, n = the number of data points.

Program text: 29 lines on 2 segments.

L4, Test and Discussion

The procedure has been run with some examples,

Example.

A table of y = x09-xXX5 with weights p = xx2+1. The variance is sum(
px(y-P(x))%))/(n-0-1)

10 points, 1=6, u=8, order =8 103.000 ms

coefficients:
-2,61591y-3
1.630664-1
2.88315y=1
-1.94733, O
-6.81127p-1
5413975y O
-2.3753k4y O
-4.905194 0
4.36197y O
) X v P(x) v-P(x)
1.00490y O =7.00000p-2 1.680665-6 =1.19751p-2 1.29=2
1.739605 0 8.60000y-1 -2.131005-1 -2.04917p-1 -8.2y-3
4.20410,5 0 1.79000, O 1.70282, 2 1.70282, 2 6.8y-5
1.09610y O -3.10000yp-1 2.836U8y-3 1.11621=2 =8.3,-3
1.38440, 0 6.20000y-1 -7.80762p-2 -9.69892y-2 1.9y -2
3,40250, 0 1.55000, O 4.26933, 1 L4.26938, 1 -5.55-4
1.30250 O -5.5000055-1 L4.572314-2 UL.3340Ly .2 2,443
1.14840,5 0 3.800005-1 =7.758305-3 9.782514=3 =1.8,=2
2.716105 0 1.31000p O 7T7.50371p O 7.50219p O 1.54=3
1.624105 0 =7.900005-1 1.878545-1 1.88112y-1 -2.64-U4 variance = 1.20y4-3

10 points, 1 =7, u =9, order =8 114.000 ms variance = 1.20y->

o)

10 points, 1 =8, u =9, order =8 112.000 ms var.ance = 1,20y-3

10 points, 1 =8, u =9, order =9 121.000 ms
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coefficients:
2.79397p-9
2.793971-9
-6.51926,,-9
-5.820775-9
1.30385,-8
-1.00000, O
-1.73750,-8
1.68802,,-9
-0.29104,-0
1.00000, O
P X v - P(x) v-P(x)
1.00490, 0 -7.00000y-2 1.68066,-6 1.683235-6 -2.6,-9
1473960 0 8.60000p-1 =2.13100g5-1 =2.13100,-1 -2.84-9
L.204105 0 1.790005 O 1.70282, 2 1.70282, 2 =7.54=9
1.09610 0 -3.10000p-1 2.83648y-3 2.83648,-3 -1.5,-9
1.38440y 0 6.20000y=1 =7.80762y-2 -7.80642,-2 -2.74-9
3.402505 0 1.550004 O 4.26933, 1 L,26933, 1 1.94-9
1.30250p O =5.500005-1 4.572315-2 U4.572319=2 =0.4y-9
1.14540y, 0 3.800004-1 -7.758304-3 ~7.758304-3 -2.9-9
2.716105 0 1.310005 O 7.50371y O 7.503713 O 2.8,-9
1.624105 0 -7.90000p-1 1.87854y-1 1.8758l,-1 3.7p-9 variance = 9.00y 9
15 points, 1 =6, u =8, order =8 145,000 ms
coefficients:
-5.63362,-2
2.88497,-2
1.92269,, 0
"1 079381"10 O
-7.03926y 0
8.64038y, 0
2.95869, 0
-1.04081, 1
5.7252Ty O
P x v P(x) v-P(x)
1.00490, 0 -7.000005-2 1.680664-6 -L4.85023,-2 k4.9,-2
1.739605 0 8.60000-1 -2.131005-1 -2.475135-1 3.4, -2
4.204105 0 1.790005 0 1.79282y 2 1.7029k4, 2 -1.2p-2
1.09610 0 -3.100005-1 2.83648y-3 8.91634y-2 -8.6,-2
1.38440y 0 6.200005-1 -7.80762y-2 -L4.89320,-2 -2,9,-2
3.402505 0 1.55000, 0 L4.26933, 1 4.26580, 1 3.5,-2
1.30250p 0 =5.500005-1 k4.57231p=2 1.71621y-2 2.9p-2
1.144h0y 0 3.80000-1 -7.758305-3 5.50052-2 ~6.3,-2
2.71610y 0 1.310005 O 7.50371y O 7.55223, O -4.9,-2
1.62410y 0 -7.900005-1 1.87854p=1 1.91326y=1 =3.5,-3
1.01960 0 1.40000y=1 =5.3761Tp=5 -2.176215-2 2.2,-2
2.14490, 0 1.070005 0 L4.3590Ty=1 L4.340335-1 1.9,-3
5.00000p 0 2.00000, O 4.80000, 2 4.79998, 2 1.8,-3
1.01000; 0 =1.000005-1 9.99900y=6 =3.8986Ty=2 3.9,-2
1.68890y 0 8.300005-1 -2.06964y=1 -2.38302,-1 3.1,-2 varisnce = 5.T1p=3
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15 points, 1 =7, u =9, order =9

coefficients:

3.72529y=9
-1.95578,-8
3.026804-8
-7.89296,-8
-6.379564-8
“1000000]0 O
-1.64146,-7
-2.26632,-7
2.112655=-7
1.00000, O
D

1.00490, ©
1.73960, O
k,204104 O
1.096104 O
1.38440y O
3.402504 O
1.30250y O
1.14440, 0
2.71610, 0
1.624104 0
1.019604 O
2.14490, 0
5.00000, O
1.01000; O
1.68890, 0

15 points, 1 =8, u

15 points, 1 =4, u

end

real procedure p(dum); integer dum;

begin

X
-7.00000,~2
8.60000,-1
1.790004 O
-3.10000y-1
6.20000,~1
1.550004 O
=550000y~1
3.,80000,-1
1.31000, O
-7.90000y-1
1.40000,-1
1.070004 O
2.00000y O
-1.00000y~1
8.30000-1

The employed program:

h'2
1.680664-6
-2.13100p-1
1.70282, 2
2.836U8y-3
-7.80762p-2
h~26955m 1
4,.57231,-2
=T7.75830p=3
T.503T1y O
1.87854-1
-5.37617p=5
L4.35907 =1
4.800004 2
9.99900-6
-2,06964y-1

10, order =9

11, order =9

2= (31X1) mod 101%x(3/100)=1;
Yi= 009-xXX5;
pi= 14002

end p;

11:= -1;

for n:= 10,15 do begin

for ki= 6 step 1 until 9 do btegin
t0s= time+25600;

RCSL 31-

163,000 ms

P(x)
1.68593=6
-2.13100y-1
1.70282, 2
2.836L9,-3
-7.80762y-2
4,26933, 1
4,572314-2
-T.758305=3
7.503T1yx O
1.87854 -1
~5.3760k4y-5
4.35907 -1
4.,80000, 2
1.00051p-5
-2.06964-1

D129 Page 8/10

v-P(x)
-5.3p=9
4.9y-9
3.0p-8
-1.35-8
6.2,~9
3.0p-8
-1.4,-8
2.99-9
1.84-8
145,=-8
-1.4y-9
4.9p-9
6.0p-8
-6.15=9
5.2p=9 variance 0,00y O

176.000 ms variance = 0,004 O

171.000 ms variance = 0,00, O

begin integer 1, 11,n,k,j,h; real x,v,t,t0,q,s,a; array C(0:12);
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for j:= 0, j+10 while t < tC do begin
it=n; £it(i,p(1),%,v,Ck,k+2); t:= time
end;
ti= (£-t0+25500) /33
write(out,<:<10><10>:>,n,<: points, order:=>, i, <<  ddd.000>,
t,<: ms:>);
if 1 > 11 then begin
write(out, <:<10>coefficients::>);
for j:= 0 step 1 until i do
write(out,<:<10>:>,<<-d.dddddy-d>, C(J));
write(out,<:
P X v P(x) v-P(x) :>);
end 1 > 11;
s:i= 03 j:=1;
for i:= 1 step 1 until n do begin
q:=p(1) ; a:=C(i);
for hi= j - 1 step -1 until O do a:= axx+C(h);
if j > 11 then write(out,<:<10>:>,<<-d.dddddy-d>,q,X,V,a,
<< -d.dy-d>,v-28);
s:= s + (y-a)x@xq
end 1i;
write(out,<<-d.ddy-d>,<: variance:=>,
if n =3+1 then 9,9 else s/(n-j-1));
11:=j
end k;
end n

end

5. References

[1] Forsythe, George E.: Generation and Use of Orthogonal Polynomials for

Data-Fitting with a Digital Computer. Jour. Soc. Indust. Appl. Math,
5 (1957) pp. T4-88.
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6. Algorithm

external procedure fit(i,pi,xi,yi,C,1,u); value 1,u;
integer 1,1,u; real pi,xi,yi; array C;
begin integer j,k,n;
real fj,r,rf,f,fx,f1,a,b,c;
array F,F1,X,R(1:1),A,B(0:u);
ni=i; ri=rfi=fi=fx:=b:=0;
for i:=1 step 1 until n do begin
f£j:=F(1) :=sqrt(pi); F1(i):=0;
X(i) :=xi;
R(1):=yixfj; ri=r+R(1)Xx2; rfi=rf+R(1)xFj;
Te=f+fixfi; Exe=fx+X(1)XEixL]
end i3
for 1:=0,k+1 while k<1 | (i<u A fxr<(n-i)xrfxrf) do begin
ki=i; a:=A(k):=fx/f; c:=C(k):=rf/f;
fl:=f; ri=rfi=fi=Ffx:=0;
for j:=1 step 1 until n do begin
R(J) :=R(3)-F(J)xec; ri=r+R(J)»;
£5:=(X(3)-a)>®@(3)-0>xF1(3) 5 F1(J):=F(3); F(J):=£J;
rei=rf+R(J)XE; fi=f+fijxEi; Txi=fx+X(j)XEIxEJ
end j;
b:=B(k) :=f/f1
end 1i;
if fxr<(n-k-1)xrfxrf then C(k+1):=rf/f else k:=k-1;
i:=k+1;
for 1:=0 step 1 until k do begin
C(x) :=C(k) -A(k-1)xC(k+1) ; 4
for j:=k-1 step -1 until 1 do C(J):=C(J)-A(J-1)xC(J+1)=-B(j-1)xc(j+2)
end 1
end fit; end
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Gamme function, gamma(z)

Function and parameters.

germa(z) epproximates the gamme function in the range
-30 1<Z<301 °

Procedure heading:
real procedure gamma(z);
value z; real z;

Procedure identifier:
gamma : (real)
approximated function of an argument not
resulting in under- or overflow, in which
case gamma is undefined.

Call parameter:
z ¢ (real or integer)
argument, values equal to nonpositive
integers snd values exceeding the range
above will give flosting point under-
or overflow,

l&thOdo

The value of gemma(2+x) is approximated in the range
0<=x<=1 by a rational function given as approximation 5231
in (1) with the numerator degree 6 and denominator degree 3.
For arguments outside the basic range 2<=z<=3, successive

multiplications or divisions are performed according to
the recurrence formla:

gemma( z+1) =zxgamma(z)

The Mue of the argument is not controlled in any way.
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31

3.2

3.3

gamma - 2 -

Accuracy, Time- and Storage Requirement.

Accuracy.

The error estimates given below assume the argument to be
exactly represented.

Outside the range -2<z<7 the increment in gamma(z) caused
by an increment of one unit in the last binary place of 2
will be greater than the computational error of the proce-
dure in any case,

The error estimates are given as functions of:
u:= abs(entier(z-2))+6

max rel error : w<2,9y-11
safe upper bound for the relative error
of garma(z).

rel mean error: sqrt(u)x1.2p-11
relative mean error (standard error) of
gamma(z) assuming e random distribution
of rounding errors and mantissas of
floating point numbers,
The probebility of a relative error greater
than 3X(rel mean error) is less than 0.01.

Time Requirement.

Approximste cpu-time: z>=2: 720 + entier(z-2)x81 usec
z< 2 T20 + entier(z-2)X72 usec

Storage Requirement:

Codelength: 1 segment,

Typographical length: U7 lines incl. last comment.

Test and discussion.,

The procedure has been compared with a double precision
procedure and with values of the gamma function given in (2).
The results are in accordance with the theoretical estimate
of the meen error. ' !
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Simple testprogram with data and output:

begin

comment: here the procedure is copied (without the first

externsal;

real z, g;

AGAIN:

write(out,<:<12>
z gamma(z)<10>:>) ;

overflows:sunderflows:=0;
read(in,z);
write(out,<:<10>:>,<<-d.dd ddd ddd ddd,-ddd>, z);
if 2>1000 then gotc FINISH;
g:=gamma(z) ;
i1f overflows>0 then
write(out, false add 32, 15, <:overflow:>)
else 1f underflows>0 then
write(out, false add 32, 15, <:underflow:>)
else write(out,

i
gamme - 3 =
3 lines) unless it is already translated es an

<< -d.dd ddd ddd dddy-ddd>, g);
goto AGAIN;
FINISH:
end;
data: 0.5, 1, 10, 301, 502,'0.5,-30009’-}01 09’1001
output:
z gamma(z)
5,00 000 000 000, -1 1.77 245 385 088, O
1.00 000 000 000y, O 1.00 000 000 000, O
1.00 000 000 000, 1 3,62 880 000 000, 5
3,01 000 000 000, 2 3,06 057 512 208, 614
3,02 000 000 000, 2 overflow
=5.00 000 000 000, =1 -3.54 490 T70 176, ©
-3,00 900 000 016, 2 =1.95 307 772 968,-616
-3.01 900 000 016, 2 underflow
1.00 100 000 000y 3

end

5. References,

(1)

(2)

J.F.Hm and oth,:
Computer Approximations,
John Wiley and Sons, 1968, p.130-136

M,Abramowitz and I.H.Stegun:
Hendbook of Math. Functions,
Netional Bureau of Standards, 1965, p.253-275.
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6. Algorithm,

gamms, = set 1
gamma. = algol
external

real procedure gamma(z);
velue z; real z;
begin
real h;
h:=1,0;
if z>2.0 then
‘ begin
| for z:=2-1,0 step -1.0 until 2.0 do h:=hxz;

‘ eng:=z-1.0 .

else if z<1.0 then
begin
for z:=z step 1.0 until 0.0 do h:=h/z;
:=h/z/(2+1.0)
end
else begin h:=h/z; z:=2-1,0 end;
gamma:=(((((((+.039 301 346 419)xz+.142 928 007 9h9)xz
+1,09 850 630 L53)xz+3,36 954 359 131)xz
+12.8 021 698 112)xz+22.9 680 BOO 836)xz
+43.,9 410 209 189)/
((((+1.00 000 000 000)xz-T.15 OTS 063 299)xz
+4,39 050 474 596)xz+43.9 410 209 191)xh
end gamms;

comment:

gemms(z) approximates the gamma function in the range
'30 10001 . .

Procedure identifier.
gemma, : (real)
approximated function of an argument not
resulting in under- or overflow, in which
case gamme is undefined,

Call parameter:
P : (real or integer)
argument, values equal to nonpositive
integers and values exceeding the range
above will give floating point under-
or overflow,
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1. Function and parameters

Let a denote a real symmetric matrix of order n, and let ev(1),

ev(2), «o. , ev{n) denote the eigenvalues for this matrix arranged in

an increasing sequence, that is ev(i) < ev(3) whenever i < Je
Let m1 and m2 be prescribed integers so that 1 <ml <m2 <n.
The procedure householder calculates the eigenvalues ev(mi),
ev(mi+1), ees , ev(m2) and, if wanted the corresponding eigenvectors.

Procedure head:

householder(n, mil, m2, a, ev, x, epsi);
value n, ml, m2, epsi;

real epsil;

array a, ev, X;

integer ml1, m2, n;

Call parameters:

n s the order of the given matrix;

ml ¢ an integer, 1 <ml <n, denoting the number of the small-
est eigenvalue tc be calculated.

m2 : an integer, ml < m2 < n, denoting the number of the greatest
eigenvalue to be calculated.

a : a real array a(1:nx(n+1)/2);
a mst contain the lower triangular part of the given sym-
metric matrix in the following way:
the diagonal element number i 1s stored in a(ix(1+1)/2)
1=1,2, ¢ee , n} )
the element in the i’th row and j’th columm where j < 1 is
stored in a((i-1)xi/2+J).

Call/Return parameters:

epsl : at entry epsl is positive or negative,
if epst1 is positive the eigenvectors are calculated., The
absolute value of epsl is a quantity affecting the precision
" to which the eigenvectors are computed (See part 2.2);
at exit eps1 denotes an upper bound for the error in any of
the calculated eigenvalues.
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Return parameters:
ev ! a real array ev(ml:m2) containing the calculated eigenvalues,
X ! a real array x(ml:m2, 1:n+2); 1if the eigenvectors are cal-
culated, they are stored in x in such a way that x(k,1), ...
x(k,n) denotes the eigenvector corresponding to ev(k);
(for each k x(k,n+1) = x(k,n+2) = 0; these quantities are
only introduced for ease of programming) .

2, Method

The method consists of four parts, tridiagonalisation, calculation of
eigenvalues, calculation of eigenvectors, and backtransformation.

2,1, Tridiagonalisation

A matrix is said to be on tridiagonal form, if all elements that are
not in the diagonal or just over or under the diagonal, are zero.
Let A1 be the given symmetric matrix of order n.
A1 is transformed - by n-2 orthogonal transformastions - to a matrix
on triangular form.,
Each transformation Pi(i =1, 2, ¢vs , n=2) is of the form

P ;= I- 2wiw$
where I is the identity-matrix and wtf 1s the row:

T
Y1 (W1,1’ 3,00 eve s Yy ngs 05 eee, 0D

and vy the corresponding column,

Let Ai"'] =PiAiPi i= 1, 2, eee n-2.

For each 1 the terms wi’1, wi,2’ ceo 5 Wy o

q are chosen in such a
3’

way that

10. wiTwi =1

20. In Ai+1 the elements in the rows number n, n-1, ... ,

n-i+2 are the same a&s in Ai' The row number

n-i+1 is put on ’triangular’ form.
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Let the elements of A, be denoted 8, e Put
t=n -1 ©

2 2 2

-' = a L N ) L]
SEHR = Bpiq,1 T Beo,0 * T 8,

hy = sigma + B, sqrt(sigma),

(+ 1s used if 841,14 > 0 else - 1s used.)

It comes out, that wi,1’ wi’e, cos Wi,t must be chosen as foliows
L (at+1,‘t + sqr'b(sigma))/sqrt(ahi).
vy g atﬂ,j/sqrt(ahi) J=1,2, vea , t-1,

By introducing

T

Yy (a‘c+1,1’ Sg42,27 00t 0 Bpaq o0 Bpe,t
+ sqrt(sigma), 0, ..., 0).

one will obtain

uuT
171

h

i

and by introducing the vectors p 0 Y and the scalar ki as follows
Py = Ajuy/hy
k, =, Tp,/(2h,)
b i~1 i

R
a rather simple calculation will show that

A = A - wyyy” - g’
since Ai +1 is symmetric one is only calculating the lower triangular
part of the matrix.

The above equation is used for the caleculation of the ;f'irst t rows
(t = n-1) 1n Aiyq+ Thne row number t+1 1s on triangular form with the
diagonal element unchanged from Ai and the element -

(t+1,t) = Bsq, + sqrt(sigma). The rows number t+1, ... , n are ac-
cording to 2° - unchanged from Ai.
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At entry the lower triangular part of the given matrix is stored in
the array a. For each 1 the array a is used only to store the lower
triangular part of the first t rows of Ai +1°
triangular form, and the diagonal and subdiagonal elements from these

The other rows are on

rows are stored in to arrays c¢ and b,

The row number t+1 cf the array a is used to store information enough

4 1 is determined by the vector
uiT and the scalar hi‘ By replacing in the array a the element at+1,t
by & 1,1 + sqrt(sigma) one obtain tha;ll:3 the non-zero elements of the
t+1 row in a are exactly the vector us. Furthermore from these ele-
ments h, can be determined. Recalling that

i
h, = sigma + 841, 4 sqrt(sigma).

to determine the transformation P,. Now, P

and denoting by s:!.g;ma1 the square-sum of the elements in uiT one will
obtain

o > 2 _
Slgna] = a't+1,1 + eee + at+1,t-1 + (at'*‘] + sqrt(Sim)) =

2sigma + Eatﬂsqr‘t(sigma) = 2h,.

So by = sigma.‘/2.

For further information sbout this part see [4], [6].

2.2, Calculation of eigrenvalues

This is based on the following theorem:

let Cis eoe 5 C denote the diagonal element and b2, cee bn the sub-
diagonal elements of a symmetric triangulator matrix, For each real
number x0 let the sequence t1(x0), te(xo), ceo s tn(xO) be defined -
i1f possible -~ as follows .

ti(xo) =c, - x0

t,(x0) = (¢; - x0) - bi/ti_1(xo). 122, 0., D

Let h(x0) denote the mumber of negative ti(xo) .
Then h(x0) is equal to the number of eigenvaelues less than or equel to
X0,

Assume that the eigenvalues zre arranged in an increasing sequence and
that the k’th elgenvalue, ev(k), 1s to be calculated. Let x1 and x2 be
real numbers satisfying x1 < ev(k) < x2, Such numbers exist, e.g. 1if
norm 1s denoting the infinlty norm of the matrix then x1 = -norm and
x2 = norm will do.
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Let x0 = (x1 + x2)/2.

h(x0) is calculated by using the above mentioned formular for ti(xo)
1=1, 2, eso , No

A new pair (x1, x2) is defined in the following way:

1f h(x0) >= k then x1:= x1 and x2:= x0 else x1:= x0, x2:= x2,

For the new pair the procedure is repeated., This is done as long as
X2 - x1 > 2%,-10x(abs(x1) + abs(x2)) + eps1 where epsl is a prescribed
quantity.

At the end one puts ev(k):= (x1+x2)/2.

Since abs(x1) and ebs(x2) always are bounded by norm, it follows that
the error in any eigenvalue is bounded by bxy-10xnorm + epsi. This
number is calculated and stored in epsi.

When calculating the k’th eigenvalue, h(x0) is determined for some

%0, The value of h(x0) glves information not only about the k’th

eigenvalue, but in general about the eigenvalues of the matrix, By

introducing an array p(i) satisfying for each 1 p(i) < ev(1) this in-

formation is stored as follows:

if p(h(xo) + 1) < %0 then p(h(x0) + 1):= x0;

when ealculating the k’th eigenvalue one is at the start putting
x1:=max D(1), eeo , P(k) ; x2:= ev(k+1);

For further informetion about this part see [2], [5], [6].

2.3, Calculation of ei§envec'bors

The matrix is as m 2,2 a symmetric matrix on triangular form with
diagonel elements Cqs Cps eee Cp and subdiagonal elements ba, see bn'
Let ev denote a calculated eigenvalue, '
Finding an eigenvector corresponding to ev is equivalent to solve the
system

(c1 - ev)x1 +byx, =0

box, + (c1 - ev)x2 + bsXz = 0

: (1
AR (cn-1 - ev)xn_1 *hx, =0
box .+ (e, - ev)xn =0

where (x1, cee xn) denote the wanted eigenvector.
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A natural way to solve this system would consist in putting X, = 1

finding X from the first equation, x5 from the next and so onj; but,
as showu in [L], a method like this will often - for several reasons
- give hopeless, inaccurate results.

Using a method developed by J.H. Wilkensan ([4]), one is instead sol-
ving a system derived from (I) by replacing the zeros on the right
side by suitable quantities d1, vee dh'
These equations are solved by successive elimination of the variables
X9 KXoy oo 5 X 4) but some kind of pivoting is necessary; for each i,
X, is illiminated from the equation, which has the numerical largest
coefficient in X, more precisely, at the first step we are considering
the two first equations

(c1 - cv)x1 * DXy = d,

byx, + (c2 - ev)x2 + sxy = dye
The equation which has the numerical largest coefficient is X, is de=-
noted
. = A2
BiXp P ¥ T X TG
from this equation X, is calculated and the expression inserted in the

other equation, The so obtained equation in x. and x, is denoted

2 3
UpKpt VpXg = &
At the i’th step we are considering the two equations

u.x, + v = 4d)

1%1 7 Vi¥in

4

- X, .+
cv) b 1410

1+1 i+1xi+2 =
again the equation which has the rumerical largest coefficient in Xy
is denoted

PiXy ¥ ¥y * Ty¥gep = 4
from this equation %5 is calculated and the expression inserted in the

other equation. _
In this way we obtain the following system:

PyXy + QX + TyXg = dy’
PoXp + Qp¥3 + ToX) = dy’

LIRE IR O

2

p1-2xn-2 + qn-2xn-‘l + vh-2xh = d'n-2
29

Pno1%n-1 ¥ Ga1®n = 90l

PX, = 4
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We now assume, that d1, dE’ ceo dn were chosen in such a way, that
d{’, dé’, eoe o d;l’ are all equal to one.

This system is solved in *the natural way and the obtained vector
normed. (and again denoted Xys eve s xn). It can be proved ([4]) that
this vector will usually be a gocd approximation, at least it will
never be hopeless inaccurate, '

A vector with sufficient accuracy is obtained by solving the above
system once again, but replacing the terms d;’ s ese d;l ? by the coor-
dinates in the first approximation xi, ces g Koo

For further information sbout this part see [3], [4], [6].

2.4, Backtransformation

3.

The problem is to transform the calculated eigenvectors (for the tri-
angular matrix) to eigenvectors corresponding to the original matrix.
Recalling that the original matrix was transformed to a matrix on tri-
diagonal form by n-2 orthogonal transformations P1, P2’ eee Pn-a’ it

easily follows, that if Z) 1 is an eigenvector for the triangular ma-

trix then

P1P2... Pn-2 Z01 is an eigenvector for the original matrix,
P1.1'b‘ting PiPi+1 ece n-EZn-1 = zi

one will obtain Piziﬂ =z,

and the wanted vector Z1s is calculated in n-2 steps, Using the nota-
tion from 2, 1 (tridiagonalisation) one will get

I;P u.u T
gy

- . = i’i
2y = Zyq - T Aiﬂ(because P I- "1'1;.__)’

The non-zero elements of u, are stored in the t + 1 row (t =n - 1) of
the array a and hi = sigma/e, vwhere sigma denotes the square-sum of the
elements in u, (see 2,1).

Accuracy, Time and Storjge Requirements

Accuracy: The accuracy in the eigenvalues depends on the value of the

call parameter epsl.
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It easily follows from the description of the method psrt
2.2, that the errcr in any eigenvalue is bounded by

b x p-1C X norm + z}.€1 whers norm denotes the infitity norm
cf the triangular matrix.

For further information on this part see 4, Test and Dis-

cussion,

This depends on the wanted accuracy, that is the term epsi,
and first of ali on the order n of the matrix equation. Ge-
nerally the execution time will be prcrortional to nxx2,
Using eps1 = y-10 and denoted bty

I : The executicn time when all eigenvalues and 211 eigen-
vectors are calculated

II : The execution time when all eigenvalues but no eigen-
vectors are calculated.

III: The execution time when only the greatest eigenvalue and

the corresponding eigenvector are calcuvlated.

the greatest execution times (in sec.) obtained were as follows:

Order cf
the matrix I II III
5 0.32 0.25 0.09
10 1.32 0.8% 0.28
15 3.22 1.99 0.68
20 6.30 3.63 1.39
25 10.75 5.91 2.6

The following exemple illustrates the connection between the execution

time and the value of epsl, where ell eigenvalues and eigenvectors for

a matrix f crder 20 are calculated:

eps1 = p=l 0=5 =6 w=T »-8 »-9 »=10
Time = L,88 5,15 s.Lh 5.7k 5,94 6,16 6,30
Storage requirements: 9 scgments of program

Typografical length : 149 lines
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4, Test and Discussion

The procedure has been tested by several matrices, essentially the

following four types (denoting by a(ij) the element in the i’th row
and the j’th columm and by n the order of the matrix in question):
Type I : a(i,j) =a(j,1) =n - 1 + 1. This matrix has well-separa-

ted eigenvalues given by
1

ev(i) =
2(1-cos(§§;; pi)

i= 1, 2, ees 3 1IN

Type II : a(i,3) = a(j,i) =1 for all i, j.
All eigenvalues are 0 except one which is n

Type III : a(i,j) = a(j,i) =0 for 1 = J else 1.
Al]l eigenvelues are -1 except one which 1s n-1.

Type IV : a(i,J) =0 for j < i-1 and j > i+1,
a{i,i-1) = a(i,i+1) = 1.
a(1,1) = abs(Sp- - 1) 1=1, 2, w0, .
The matrix has a number of extremely close, but not coinci-
dent eigenvalues.
When all eigenvalues and all eigenvectors are calculated, a measure
for the error for the whole procedure is obtained by checking the
identity Ax, = ev(k)xk for each k.
Finding the largest deviation in any coordinate and using as testnorm

the mean of these k numbers, the following results are obtained:
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Matrix

Type I order 10
Type I order 20
Type I order 25

Type II order 10
Type II order 20
Type II order 25

Type III order 10
Type IITI order 20
Type III order 25

Type IV order 11
Type IV order 15
Type IV order 21

o=l
2e1p=5
Tolip-5
2,0yl

1.29=5
3451p=5
b.5p=5

1e2yp=5
1e2p=5
5-um-6

2.1 10-3
6.7m-5
1e5y=2

Value of epsi

0=6
9e0p-T7
1.55-6
2.1y-6

303h‘7
T.65-8

3.50=T

903E’8
6.Tp=E
7+0y=8

9.84-6
6.8p-5
1.9p=3

=8
1.5p-8
1.6p=8
3.2y-8

1.9p=9
5-1m‘9
)4'.6”-10

1.4y-9
6.5}0'10
1.50=9

2. 1]9"7
6.0p=T
643p=4

- 10 -

»=10
3¢2p=9
3.95-8
2.1,-8

3.8y-10
2.01)-10
60%-10

107”’10
thm-1o
6.0]0-10

9.1n“9
TeTo=T
4, 19-6

The jacobl algorithm solves slmost the same problem as householder;

The only difference is, that the jacobl procedure necessarily calcu-
lates all the eigenvelues (and eigenvectors), while it is possible
with the householder procedure only to calculate some of the eigenva-
lues (and eigenvectors). Calculating all eigenvalues and all eigenvec-
tors and using in householder epsi = ;=10 a comparison between the two

procedures gave the following results:



- 11 =

Matrix Testnorm Testnorm Time Time
for for for for

householder Jacobi householder  jacobi

Type I order 5 T.4yg-9 0.8y-9 0.35 0.27
Type I order 10 C 342p=9 L,0g-9 1.33 2.02
Type I order 15 2,2,-8 1.04-8 3,29 6461
Type I order 20 3450-8 2,2,-8 6.30 14,92
Type I order 25 2,15-8 3.25=8 11.12 129,08
Type II order 5 740y=10 5.0p~10 0,20 0.07
Type II order 10 1464-10 0.1p=10 0.53 0.22
Type II order 15 L,0,-10 1.0y5=10 1.13 0.55
Type II order 20 b,5,-10 1.69=10 1.98 0.97
Type II order 25 Tolby=10 1.24=10 3.46 1.38

Remembering that the matrices of type I have well-separated eigenva-
lues, and that the matrices of type II have all but one eigenvalue
equal to zero, one might draw the following conclusion:

The procedure householder 1s to be preferred in case of matrices with
separated eigenvalues, because of higher speed, or in cases, where on-
ly one or a few eigenvalues are wanted.

The procedure jacobi is to be preferred in case of matrices with coin-
cldent eigenvalues.

Example

We consider a symmetric matrix of order n. The term mi denotes the
number of the smallest, m2 the number of the greatest elgenvalue to be
calculated, The eigenvectors are calculated only if the term epsi 1s
positive. Input is the value of the quantities n, ml, m2, epsl and the
lower triangular part of the matrix,
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Testprogram

begin
 integer n, m, m2, i, k3
real epsi;
boolean vect;
read(in, n,mi,m2,eps1); vect:= eps > 0;
begin

array a(1:nx(n+1)/2), x(ml:m2, 1:1+2), ev(ml:m2);
for i:= 1 step 1 until nx(n+1)/2 do read(in, a(1));

householder(n, ml,m2,a,ev,x,eps1);
write(out, <:Eigenvalues <10><10>:>);
for i:= m1 step 1 until m2 do

-12 -

write(out, <<dd>, i, <<  -dddd.ddddddddd>, ev(i), <:<10>:>);

if vect then

begin
write(out, <:<10> Eigenvectors<io>:>);
for k:= ml step 1 until m2 do
begin

write(out, <:<10>:>, <<dd>, k, <:<10>:>);

for 1:=1 step 1 until n do

write(out, <<  -dddd.dddddddada>, x(k, i), <:<10>:>);

end k;

end vect;

For the matrix of order 5: 5 4 3
4 6 o
353 0 7
2 L 6
1 3 5

using m1 = 3, m2 = 5 and eps1 = x-8 the complete output is:

Eigenvalue
3 4 ,848950119
L 7.513724158

5 22,406875316

@ O F

7

1
3
p)
7

9
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Eigenvectors

3
-0, 547172796
0.312569920
-0,618112076
0.115606593
0.455493Th6

-0,550961958
-0,709440337
0.340179132
0.083410953
0.265435679

0.245877938
0.302396039
0.453%214523
0.577177152
0.55638L58k

end

For the matrix of order 10:

-—
(@)

- P W WV O OO

- D W & O 00N
S SYRL S — RN TR o NS B e B e e B 0 o)
I ST I IR e N B B
- M W &F Uy O OO O O
- PO W & WU\ N
- P W F FFFEFFEF
P SR UV ST GV RN TRV IS N
- P P P VPOV P PP
T

using m1 = 1, m2 = 10 and eps1 = -p-10 the complete output is:

Eigenvalues

04255679563
0.273786762
0.307978528
0.366208875
0.465233088
0.64310L132
1.000000000
1.873023068

048917339

. 7166068656
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6. Algol text

householder = set 9
householder = algol
external

procedure householder(n,mi,m2,a,ev,x,eps1);
value n,ml,m2,epsi;

real epsl;

array &,ev,X;

integer mi,m2,n;

begin

integer 1, Jj,k,10,30,11,%,t0,t1;

real h,s,k1,sigma,at,bt,eps,bi,bil,norm,x1,x2,x0,u,v;
array c(1 :nj,r(O:n),p,b,qh in+1),m(1:n+2) ;

boolean vect;



eps:=0; j:=nX(n+1)/2;
for 1:=1 step 1 until j do eps:=eps + abs(a(i));
eps:=(3y-11)xeps/J;
for i:=1 step 1 until n-2 do
‘begin
timn-i; t0:=tx(t+1)/2; t1:=t0 +t;
sigma:=0;
for ki=tO+1 step 1 until t1 do simma:=sigma+a(k)xx2;
ati=a(t1);
b(t+1) :=bti= if at>0 then-sqrt(sigma) else sqrt(sigma),
if abs(bt)>eps then
begin
h:=sigma~atxbt; a(t1):=at-bt;
for j:=1 step 1 until t do
begin
comment computation of pi;
s:=0; joi= (j- 1)&]/2:
for k:=1 step 1 until j do s:=s+a(jo+k)xa(t0+k);
for ki=j+1 step 1 until t do s:=s+a(kx(k-1)/2+j)xa(t0+k);
a(J3) :=s/h;
end j;
k1:=0;
comment, computation of ki;
for j:=1 step 1 until t do k1:=ki1+a(t0+j)xa(J);
ki:=k1/2/h;
comment computation of qij
for j:=1 step 1 until t do q(J):=a(Jj)-kixa(to+J);
for j:= 1 step 1 until © do
begin
comment computation of the i+1 matrix;
30:=(3-1)x3/2;
for k:=1 step 1 until j
a( Jo+k) :=a( jo+k) -a(t0+a)xq(k) -a(t0+k)xq(J) ;
end J3
end abs(bt)>eps;
end 1;
for 1:=1 step 1 until n do c(i):=al(ix(i+1)/2);
b(2):=a(2); b(1):=(n+1):=0;

comment the elgenvalues ev(mi),ev(mi+1), . . ,ev(m2)
are now calculated;

vect:=(1f epsi<D then false else true);
eps1:=abs(epsi);
norm:=0;
for 1:=1 step 1 until n do
begin

h: -abs(b(i))+abs(c(1))+abs(b(1+1)) 3

1f norm<h then norm:=hj

a(1) s=b(1)»2;

end 1i;

for i:=ml step 1 until m2 do p(i):= -norm;
for k :=m2 step -1 until mil do

begin

comment computation of the k eilgenvalue;
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for i:=ml1 step 1 until k-1 do if p(i)>p(k) then p(k):= p(i);
x1:=p(k); x2:= ( 1if k<n then ev(k+1) else norm);
for x0:=(x1+x2) /2 while x2-x1>2Xy-10x(abs(x1)+abs(x2))+eps1 do
begin
h:=03 s:=1;
for 1:=1 step 1 until n do
begin
si=c(1)-x0-(if s<>0 then q(i)/s else abs(b(i))xy10);
if s<® then hi=h+1;
end 13
if hi>=k then x2:=x0 else x1:=x0;
if p(h+1)<x0 then p(h+1):=x0;
end x0;
ev(k) :=x0;
end k;
eps1:=1/2Xeps1+hxy-10xn0rm;

1f vect then
begin
comment computation of the elgenvectors corresponding
to the calculated eigenvalues;
eps:= (3p-11)xnorm;
for ki=m? step -1 until m1 do
begin
coment the pivotal equations are calculated;
us=c(1)-ev(k); vi=b(2);
if abs(v)<eps then vi=eps;
for 1:=1 step 1 wntil n-1 do
begin
bi:=b(i+1); if abs(bi)<eps then bi:=eps;
bil:= §1+2); if abs(bil)<eps then bil:=eps;
if abs(u)>abs(bi) then
begin
pgi):=u; a(1) s=v; r(1):=0;
m(i+1) :=bi/u;
us=c(1+1) -ev(k) -m(1+1)%vs vi=bi1;
end
else
begin
piig e=bi; q(1):=c(i+1)-ev(k);
r(i):=bil; m§i+1):=u/bi;
ust=v-m(i+1)x(c(i+1)-ev(k));
vim-m(i+1)xbi1;
end;
end 1;
qin—i-‘l) :=q(n) :=r(n) :=x(k,n+1) :=x(k,n+2) :=h:=0;
p(n) :=if abs(u)>eps then u else eps;
for 1:=n step -1 until 1 do
begin
comuent the first approximation;
x(k, 1) :=(1-q(1) xx(k, i+1) -r(1)xx(k, 1+2) ) /p(1) ;
he=h+x(k,1)x<2;
end;

- 16 -
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hi=sqrt(h);
for i:=1 step 1 until n do x(k,i):=x(k,i)/h;
h:=0;
for i:=mn step -1 until 1 do
begin

comment the second approximation;
x(k, 1) s=(x(k, 1) ~q(1)>xx(k, 1+1) -r(1)xx(k, 1+2) ) /p(1) ;
hs=h+x(k,1)»;
end;
hs=sqrt(h);
for i:=1 step 1 until n do x(k,1i):=x(k,1)/h;
end k3

comment the calculated eigenvectors are now transformed
to eigenvectors corresponding to the original matrix;

for k:=m1 step 1 untlil m2 do
begin
for j:=n-2 step -1 until 1 do
begin ,
tim-J; t0:=tx(t+1)/2; sigma:=0;
for 1:=1 step 1 until t do sigma:=sigma+a(tO+1i)xx2;
if sigma<>O then
begin
s:=0;
for i:=1 step 1 wntil t do s:=s+a(t0+i)xx(k,1);
s1=-2Xs/sigma;
for i:=1 step 1 until t do
x(k, 1) s=x(k, 1) +sxa(to+1i) ;
end sigma<O;
end J;
end k3
end vect;
end;
end;
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boolean procedure invertsym(n, A);

1. Function and parameters,

boclean procedure invertsym(n, A);

value n integer n; array Aj;
Function

The procedure inverts a symmetrical n X n matrix M(1:n, 1:n) of
which the lower part is stored as a one-dimensional array A(1:nx(n+1)//2)
so that

M(r, s) = M(s, r) = A(rx(r-1)//2+s) for 1<s<r<nm.

On return the inverse of M is found stored in A and the procedure is gi-
ven the value true. This is only in case the call of the procedure has
been a success. If it is a failure (i.e. 1f M is singular) the procedure
has the value false, but even in this case the result M’ found in A is
with meaning, since M’ will have the property that M’ X B is a solution
of the matrix equation M X X = B whenever this equation has a solution,
Moreover, the degenerate elements may be found as those diagonal ele-

ments for which the corresponding rows and columms are identically zero.
Parameters

call parsmeter:

n integer. The order of M

call'and return parasmeter:

A(1:nx(n+1)//2) array. Mast on entry contain the lower half of M,
so that M(r, s) = M(s, r) = A(rx(r+1)//2+S).
At return A will contain the inverse of M
stored in the same way

return parameter:
invertsym boolean procedure. It is false if M is singular

else true,
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2. Mathematical Method.

The method 1s by Gauss-Jordan eliminiation using pivoting n times, In
each step there are 3 cases,
Case 1: There is an index r, which has not been used as pivot index in an
earlier step and for which the diagonal element M(r, r) is # 0. Let E be
the set of all such indices, A new pivot index 1s selected from E in the
following way: For each r in E the quantity

m(r) = max abs M(r, s)/abs M(r, r) r in E

(maximm over s in E, s % 1)
is combuted, and the pivot index r 1s chosen arbitrarily among those in-
dices which make m(r) attain its minimum. A pivoting is carried out with
M(r, r) as pivot element, and in a boolean array B(1:n) the r’th element
is set to false to indicate that this index cannot be used in later steps.

The pivoting means that the elements M( i, k) are replaced by

M1, k) - M1, r)x(r, 1)/M(r, v} foriftrAktr
M(r, k)/M(r, r) fori#rAk=r
- M(i, r)/M(r, ) fori=rAk#$r
1/M(r, ) fori=rAk=r

The result of this transformaticn is not a symmetrical matrix but

M(r, 8) = -M(s, r) if r has been pivot index, and s has not

(i.e. B(r) = false, B(s) = true)
M(s, r) in all other cases.
Only the lower part of M is stored in A, since the upper part msy be

reestablished by means of B,
Case 2: M(r, r) = 0 for all r not used as pivot indices before, but there
are elements M(r, s) # O outside the disgonal (i.e. for r # s) for some r
and s not used as plvot indices before. In this case Iwo new pivot Indices
r and 8 have to be chosen., First s is chosen arbitrarily among such pos-
sible indices. Next to choose r, let E be the set of the indices r $s
not used before as pivot indices and for which M(r, s) # O, For each r in
E the quantity

m(r) = max abs M(r, k)/abs M(r, s)
where k runs over all indices # r and # s not used as pivot indices. Now
r 1s chosen such that m(r) attaiis its minimm (which possibly is zero).
In the boolean array B the r’th and s’th element are set to false to in-
dicate that these indices may not be used in the fcllowing steps. Now a

pivoting is carried out with M(r, s) and M(s, r) as pivot elements. This
means that the matrix elements M(i, k) esre replaced by
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M(1, x)-M(i, r)xM(s, x)/M(r, s)-M(1, s)xM(r, k)/M(r, s) for itrAifsAkirkss

M(i, r)/M(r, s) for ifrAk=s
-M(r, x)/Mx, s) for i=sAk$r
M(i, s)/M(r, s) for k=rAi$s
-M(s, k)/M(r, s) for i=rAk#s
1/M(r, r) for i=rAk=s

As in case 1 the result is not a symmetricsl matrix, but the upper part
may be reestablished in the same manner from the lower part,

Case 3: There are no matrix elements M(r, s) % O, where r and s have not
been pivot indices. In this case the submatrix of M obtained by taking
only the indices not used as pivot indices is identical zero., This means
that M is singular. The value of the procedure is then set to false and
the remaining rows and colums are set to zero, so that the result deliv-
ered in A may have the property mentioned in the section sbove.

If it is possible to do the pivoting n times without ever entering
case 3 then M is nonsingular., So the value of the procedure is set to
true, and the result of the algorithm delivered in A is the inverse of
M.

3+ Accuracy, time and storage requirement

Accuracy

In practice the relative error measured as ||AXX - B||/||X|| has
been found to be about p-10. This is not an exact error bound. Theoreti-
cal error bounds are discussed in detail in literature, see e.g. Forsythe
and Moler (ref).

Time: o14x(n+1)>x3 mS
Storege requirement

Program length: 6 segments
variables: 23 + 2,5%Xn words in stack.

Typographical length: 145 lines, 6 segments.
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4, Test and discussicn

The procedure is intended for use in such cases where the total ma-
trix M is too big for the available store. A program using decompose and
solve will be faster than a program using inverp_gym even i1f the program
mist generate the matrix M from the half matrix A,

The procedure has been tested by some random matrices and by a re-
presentative set of singular matrices.

The following program will read n, A and write out the inverse of A:

Program to read a symmetrical matrix and output its Inverse.
begin integer n, 1, Jj, k, 1;
read(in, n);
begin array A(1:(r<(n+1)) shift (-1));
read(in, A);
if -, invertsym(n, A) then write(out, <:<10> A is singular:>);
write(out, <:<10>:>);
for 1:= 1 step 5 until n do
begin
ji=1f 1 + 4 <n then 1 + & else n;
for ki= 1 step 1 until j do write(out, << dada>, k)3
for k:= 1 step 1 until n do
begin
write(out, <:<10>:>, <<ddd>, k);
ji=if 1 + b <k then i + 4 else k;
for 1l:= 1 step 1 until j do
write(out, << -d.ddddddy-dd>, A((kx(k-1)) shift (-1) +1));
end k;
write(out, <:<12<10>:>)
end 1
end A
end program;
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Georg Forsythe and Cleve B, Moler: Computer solution of Linear Algebraic

Systems, Prentice-Hall, Inc. (i1967).

6., Algorithm

invertsym = set 6
invertsym = algol
external

boolean procedure invert sym(n,A);
message invert sym, 13 11 69, RCSL 53-Ms;
value nj integer nj array A;
begin integer i, J,k,r,s,t,r1,s1,p;
real m, aj,ak,ar,ajl,mp;
boolean bj,mf;

array M(1:n); boolean array B(1:n);

i:=0;
for p:= 1 step 1 until n do
begin
m:=0;
for ki=p=-1 step -1 until 1 do
begin
if abs A(i+k)> m then m:= abs A(i+k);

if abs A(i+k)>M(k) then M(k):=sbs A(1+k)

end k;

M(p):= m; B(p):= true; i:=i+p
end p;
ti=n; mpi=~1; mf:=true;
for j:=n step -1 until 1 do
begin

if mf then

begin
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if abs A(1)>M(j)>mp then
begin
if M(j)=0 then mf:=false else mp:=abs A(1)/M(j); p:=j
end abs A(1)>M(j)>up
end nmf;
M(j):=0; 1:=i-j
end j;
next_pivot:
s:=p; ri:=(sX(s-1))shift(-1);
if mp>0 | -,mf then
begin comment this is the normal case where
there has been found a pivot-element
in the diagonal;
B(s):=false; t:=t-1; ar:=A(r+s):=1/A(r+s); mp:=-1; mf:i=true;
for ji:=n step -1 until 1 do if j<s then
begin
1:=(x(3-1))shift(-1); bj:=B(J); m:=(J);
aji=if s<j then A(it+s)Xar else
(if b3 then ar else -ar)xA(r+j);
for ki= 1 step 1 until j do 1f k<s then
begin
ak:=A(k+1) :=A(k+1)-(if k<s then A(k+r)xaj else
(if B(k) then aj else -aj)xA((kx(k-1))shift(-1)+s));
1f bj then begin if mf then begin if k<j then
begin
if abs alk>M(k) then M(k):= abs ak;
if abs ak>m then begin if B(k) then m:=abs ak end;
end end end bj
end k;
if s<j then A(i+s):=nj else A(r+j):=if bj then -aj else aj;
if bj then
begin
1f mf then
begin
if abs ak>mXmp then
begin



if m=0 then mf:=false else mp:=abs ak/m; p:=j
end abs ak>mxup
end mf;
M(3) =0
end bJ
end j;
goto nex‘b_pivot
end mp>0 | -,mf;
if mp=0 then
begin comment this is the exceptional case where
all diasgonal-elements are zero;
B(s) :=false; m:=0;
for ji=s-1 step -1 until 1 do if B(Jj) then
begin
1:=($x(j=1)) shift(-1) ; ak:=0;
for k:= s-1 step -1 until 1 do if B(k) then
begin
if abs A(if k<j then k+i else j+(kx(k-1))shift(-1))>ak then
ak:=abs A(if k<j then k+i else j+(kx(k-1))shift(-1))
end k;
if abs A(r+j)>mxak then
begin
s1:=J3
1f ak=0 then goto L;
m:=abs A(r+J)/ak
end
end j;
L: ti=t-2; ri:=(s1x(s1-1))shift(-1);
s=A(r+s1) :=1/A(r+s1) 3 B(s1) :=false; mp:=-1; mf:=true;
for j:=n step -1 until 1 do if J<sAJ<s1 then
begin
1:=(3x(3-1))shire(-1) 5 vJ:=B(J3); m:=M(J);
aj:=1f s<j then A(i+s)Xar else
(if b} then ar else -ar)xA(r+j);
aji:=1f s1<J then A(i+s1)Xar else
(1f bj then ar else -ar)xA(ri+j);

-7 -
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for k:=1 step 1 until j do if k<>s A k<s1 then
begin
ak:=A(i+k) :=A(i+k)-(if k<s then A(r+k)xajl else
(1f B(k) then aj1 else -aj1)xA((kx(k-1))shift(~1)+s))
-(if k<s1 then A(ri+k)xaj else
(1f B(k) then aj else -aj)XA((kx(k-1))shift(-1)+s1));
if bj then begin if mf then begin if k<Jj then
begin
if abs ekx>m then begin if B(k) then m:=abs ak end;
if abs ak>M(k) then M(k):= abs ak
end end end bj
end k3
if s<j then A(i+s):=aj1 else
A(r+j) :=1f bj then -ajil else aji;
if s51<j then A(i+s1):=aj else
A(r1+3) :=1if bj then -aj else aj;
if bj then
begin
if mf then
begin
if abs ak>mxmp then begin
if m=0 then mf:=false else mp:=sbs ak/m; p:=
end abs ak>mp
end mf';
M(3):=0
end bj
end j;
goto nex‘t._pivot
end m=0;
invert_sym:= t=0;
if +<0 then
begin
i:=0;
for ji=1 step 1 until n do
begin
for k:=1 step 1 until j do 1f B(J) | B(k) then A(i+k):=0;
1o=i+] '
end Jj
end <0
end inverb_sym;
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comment
Parameters
———

call parameter:

n integer. The order of M

call and return parameter:

A(1:nx(n+1)//2) array. Must on entry contain the lower half of M,
so that M(r, s) = M(s, r) = A(rx(r+1)//2+S).
At return A will contain the inverse of M

stored in the same way

return parameter:
invertsym boolean procedure. It is false if M is singular

else true;
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jacobi
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1. Function and Parameters. Math/Stat

Jacobl calculates all the eigenvelues and, if desired, the correspond-

Library
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ing eigenvectors of a symmetric metrix by the method of Jacobi.

Procedure head:

real procedure jacobi(a,lambda,x,vect,maxscan);
value vect,maxscan;

array sa,lamobds,X;

boolean vect;

integer maxscan;

Call parameters:

a B
vect :
maxscan :

a real array containing the given matrix,

(voolean) . 1If vect Is true, the eigenvectors will be
calculated.

integer or real). If the value of maxscan is > O,
at most this number of scans are performed in the
procedure, If the value is 0, no limitation is imposed

on the number of scans. (see section 2. Method) .

Return parameters:

jacobi :

lambda :

Parameter check:

(reel). Contains the number of rotations in the
last two bytes and the number of scans in the

first two bytes. If the procedure exits because

the maximum number of scans is reached, the negative
number of scans is stored. Hence the sign of the
procedure value reveals its success,

(real array). Contains on exit the calculated
eigenvalues,

(real array). If the eigenvectors are wanted, they
are stored as colum-vectors in x. The eigenvector
associated with the eigenvalue lambda(i) is stored

in x(.,1).

The orders of the matrix a and the vectors x and lambda are not given

as parameters, but are checked by the procedure in this way:
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First, the upper subscript bound of the array lembda is essigned

to the order, Then it is checked that the arrays are declared

a{1:order, 1:order) (1)
lambda( 1:order) (2)
x(1:order, 1:order) (4)

(this last check is performed only if the eigenvectors are
wanted; in fact, if vect=false, X can be any real array and 1s

never touched).

In case of error, the execution is terminated by the error-message
on current output
Jacobi <error=-number>

where <error-rumber> is the sum of the numbers attached to each wrong
sxrray &as stated above. Thus the declaration

a(1:order,0:order)

lambda( 1 :order)

x(1:order)
yields the errcr-number 5 if vect=true, otherwise 1.

This initial check of the parameters implies that there is no need

for index-check in the procedure.

2. Method.

The method consists of a number of scans of all the super-diagonal
elements of the matrix, If the element in question is greater in

absolute value than a certain threshold (approximetely the current
root-mean-square of all super-diagonal elements ), a rotation is per-
formed, so designed that this element becomes zero.

The exit condition is that the current threshold is less than
5g-13xinitial threshold (or that the meximum number of scans is reached).
Since the procedure converges at least quadratically, little time is saved
by reducing the accuracy.

Just before exit, the super- aﬁd mein-diagonal elements are reestablished

so that the matrix is unchanged on exit.
For further details, see [1].
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2+ Accuracy, Time and Storage Requirement.

Accuracy: The relative error of the eigenvalues and, if the eigen-
vectors are calculated, the greatest element of (xtXX-I)
1s unlikely to exceed nx({the relative machine accuracy,
appr. 3y-11). This applies also to the greatest element
of (&xx-xxL)/max(lambda). However, if the magnitudes of
the eigenvalues are highly different it may happen that the
eigenvalues of low magnitude are determined less accurate,
It can be shown (see [1]) that the absolute error of the
elgenvalues is bounded by

ZXI!LlI/sqrt(1-nI)x(nI/(1-sqrt(1-nI))+nA),
where
L = diag(lambda)
nI = ||xtxx-I|| ; xt is x transposed.

nA = ||axx-x<t||/]]L]].

Time ¢ Generally proportional to nxx3 when n is large (see
section 4, Test and Discussion).
Storage requirement: 5 segments of program

18 local real variables.

4, Test and Discussion.

Several matrices have been tried by the test program (or slightiy
modified versions) at the end of this section.

The table below shows the type and order of the matrix in question, the
number of scans, the number of rotations, the time consumed by

the procedure (in sec.), and the norms nI and nA as defined in

section 3. (the irfinity-norm is used.)

type n scan rotation time nl nA
a 10 14 180 1.9 1,79 8.3p=10
a8 20 17 796 1&.6 7‘15-9 201”"9
b 15 IE 52‘2/ L.8 ;.2,-9 9.:.,-10
. Y -10 ° "11
3 8 1 ég :48 7.2:-10 g.1§-1o
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The types represent the following matrices:
a) HBH-matrices. The general element of a n-th crder matrix is
given by a(i,j)=a(j,i)=n-i+1, The eigenvalues are
1(1)=0.25/sin((2xi-1)xpi/(kxn+2) ) xx2
b) The matrix
a(1,J)=a(j,i)=if i<J then 1 else 10x(i-1)
c) The matrix
a(i,j)=a(j,i)=1if i=j then O else 1
All eigenvalues are -1 except for one which is n-1,
d) The matrix and the complete output of the testprogram for this case are:
matrix:
611
196 899
-192 113 899
Lo7 -192 196 611
-8 -7t 61 8 Ln
-52 =43 49 L4 599 L1
kg 8 8 59 208 208 99
29 Wb 52 .23 208 208 -911 99
scans= n rotations= 69 time= 0.68 sec.
nl = 7.65-10 nA = 6,1y=10
eligenvalues:
1.0200490189y, 3
1.0000000002y 3
1.0000000003y 3
9.80486L6596, -2
2.5609435927y -9
1.020000000ky, 3
1.0199019515y 3
-1.0200490187, 3
end

Test program:

testl Jacobi
begin integer n;
for underflows:=-1 while read(in,n)>0 do
begin real X,eli,ela,maxl,normi,norms,lsa,layout,tO,t1,si,sa;
array a,t(1:n,1:n),1(1:n);
integer 1, Jj,k,layno;

read(in, layno);

for ii=1 step 1 until n do

for j:=1 step 1 until i do

begin read(in,x);
a(i,j):=a(j,1) s=x

end;



t0:=systime(1,0,1a);

for 1:=0,1+1 while t1<t0+2.56 do

begin x:=jacobi(a,l,t,true,0);
t1:=systime(1,0,1a)

end;

t0:=(t1-1t0) /1;

maxl :=normi:=norma:=0;
for 1:=1 step 1 until n do
begin si:=sa:=0;
for j:=1 step 1 until n do
begin eli:=ela:=0;
la:=1(j);
for k:=1 step 1 until n do
begin eli:=eli+t(k,i)xt(k,3);
ela:=ela+a(i,k)xt(k,J)
end k;
if i=j then eli:=eli-1;
ela:=ela-t(1, j)xla;
sii=si+abs eli;
sa:=sa+sbs ela
end j;
if si>normi then normi:=si;
1f sa>norma then norma:=sa;
if abs 1(1)>maxl then maxl:=abs 1(i)
end i;

layout:=real(case layno of(<<d>,<<dd>,<<-dd>,<<-ddd>,<<-dddd>,
<<d>, <<@d>,<< =d.dddd>,<< -d,ddddd>)) ;
write(out,<:<12>matrix::>);
for 1:=1 step 1 until n do
begin k:=0;
write(out,<:<10>:>);
for j:=1 step 1 until 1 do
begin write(out,string layout,a(i,3));
k:=k+layno;
if x>T0 and j<i then
begin write(out,<:<10>:>,false add 32,layno);
k:=layno
end
end
end write matrix;
write(out,<:<10><10>scans=:>,<< -dddd>,x shift(-24) extract 2h,
<: rotations=:>,x extract 24,
<: time=:>,<< 4dd,00>,t0,<: sec.:>,
<:<10>nl =:>,<< d.dy=dd>,normi,
<: nA =:>,norms/maxl,
<:<10><10>eigenvalues :<10>:>) ;
for 1:=]1 step 1 until n do
write(out,<<-d.ddddddddddp-dd>,1(1) ,<:<10>:>)
end read n
end

5. References

[1] Kahan, W. and Green, D, : Eigenvalues and Eigenvectors of a Real
Symmetric Matrix. (Unpublished but copies of the paper are achievable

on demand)
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6. Algorithm

Jaccobi=set 5
Jecobi=algol index.no

external
real procedure jacobi(a,lambda,x,vect,maxscan);
message jacobi, version 20,11.,59, RCSL NO: 55-D61;
value vect,maxscan;
integer maxscan;
boolean vect;
array a,lambda,x;
begin real eps,t,ave,s,u,thresh,dlow,d,c,aij,ajj;
integer i,J,11,3J,J1,n,nrscan,nrrot;
boolean againj;

i:=1if system(3,n,lambda)<>1 then 2 else O;
jimsystem(3,11,a) ;
if jOn+1 or iionx(n+1) then i:=i+1;
Ji=system(3,1ii,x);

if (J<n+1 or iionx(n+1)) and vect then i:=i+h;
if 1>0 then system(9,i,<:<10>jacobi :>);

if vect then
for i:=1 step 1 until n do
begin x(i,1):=1;
for j:=i+1 step 1 until n do x({1,J):=x(j,i):=0
end x:=ldentity;

d:=0;
for i:=1 step 1 until n do
begin lambda(i):=a(i,1);
for j:=1+1 step 1 until n dc d:=d+a({, j)>x2
end 1;

nrscan:=nrrot:=0;

if >0 then

begin dlow:=y-TXd;
ave:=(n-1)xnx0.55;
thresh:=sqrt(d/ave) ;
eps:i=5y=15Xthresh;

scan:again:=false;
nrscan:anrscan+i;
for 1:=n-1 step -1 until 1 do
for ji=i+1 step 1 until n do
begin comment scan;
alj:=a(i,J);
if abs aij >= thresh then
begin ajj:=a(J,d);
s:-an-a(i,iS
t:=abs ai];
if s+t<s then
begin comment rot<0;
again:i=true;
nrroti=nrrot+i;
if abs s<=p-6Xt then s:=¢:=0,70710678118 else
begin t:=aij/s;
8:=0,25/sqrt(txx2+0.25) ;
c:=sqrt(s+0.5);
s:=2xtxs/c
end rot<pi/h;

.
b



for ii:=1 step 1 until 1 do

begin t:=a(ii,1); u:=a(ii,j);
a(ii,1) :=ext-sxu;
a(ii, J) ;=sxt+cxu

end;

Ji:=3-1;

for 1i:=1+1 step 1 until jl do

begin t:=a(i,ii); u:=a(ii,J);
a(i,11) :=cxt-sxu;
a(ii, j) s=sxt+exu

end;

a(J,J) r=sxaij+cxald;

a(1,1) :=cxa(i,1)-sx(cxaij-sxajj) ;

for ii:=j step 1 until n do

begin ti:=a(i,i1); u:=a(j,ii);
a(i,11) s=cxt-sxu;
a(J,11) s=skt+exu

end;

if vect then
for ii:= 1 step 1 until n do
begin te=x(ii,1); u:=x(ii,J);
x(11,1) :=ext-sxu;
x(11,3) s=sxt+cxu
end;

d:=d-aijxx2;

if d<dlow then

begin d:=0;
for ii:=n-1 step -1 until 1 do
for jj:=11+1 step 1 until n do

d:=d+a(ii, j3)x2;

dlow:=p=Txd

end;

thresh:=sqrt(d/ave) ;
if thresh<eps then goto quit
end rotation
end ai]
end scan;
if egaln and (mexscan>O=>mexscan>nrscan) then goto scean;

if again then nrscan:=-nrscan;

quit:for i:=1 step 1 until n do
begin t:=a(i,1);
a(i,i):=lambda(i);
lambda(i) :=t;
for j:=i+1 step 1 until n do a(i,J):=a(j,i)
end 1
end d>0;
jacobi:=0.5 add nrscen shift 24 add nrrot
end jacobi;

comment
Call parsmeters:
a : & real array containing the given matrix.
vect : (boolean) , If vect is true, the eigenvectors
will be calculated,

maxscan :

(integer or real). If the value of maxscan is > O,
at most this number of scans are performed in the
procedure. If the value is O, no limitation is imposed

on the number of scans,
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Return parameters:

Jjacobi

lambda

(real). Contains the number of rotations in the

last two bytes and the number of scans in the

first two bytes. If the procedure exits because the
maximum number of scans is reached, the negative num-
ber of scans is stored., Hence the slgn of the procedure
value reveals its success,

(real array). Contains or exit the calculated
eigenvalues,

(real array). If the eigenvectors are wanted, they
are stored as column-vectors in x. The eigenvector
associated with the eigenvalue lambda(i) is stored

in x(.,1);
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1. Function and parameters

Let F denote a real, twice differentiabel function in n variables,
and suppose that the first order derivatives of F are given analyti-
cally (that is, as expressions depending upon the n variables).
Suppose that in a given area the function is bounded below and has a
minimum, From a reasonable good starting point the procedure finds
this minimum by finding a point at which all the first order deriva-

tives are zero (that is, smaller than a prescribed quantity).

Procedure head:
‘ minimm(n, i, x, F, delta, eps, point);
value nj;
integer 1, nj;
real eps, F, delta;
array x, point;

Call parameters:
n: the number of variables for the given function.

Call/Return parameters:

point: a real array point(1:n);
at entry point containes the starting point for the
procedure;
‘ at exit point containes the coordinates of the point

at which the minimum is obtained;

eps: a real quantity affecting the precision to which the
minimm is calculated. Consider the norm of the vector
consisting of the first order derivatives, If this
norm is smaller than eps, then the procedure will stop;
at exit eps containes the norm of the vector described -

above.

Return parameters:
minimm: the value of the obtained minimum;
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Other parameters:

F: a real procedure denoting the given function. In a pro-
gram in which the procedure minimum is called, F must
be declared in the following way:

real procedure F(x);

array X;
F:= the given expression;

delta: a real procedure delta(i, x) denoting for each i the
partiel derivative of F with respect to the variable .
x(1)

In a program in which the procedure minimum is called,
delta must be declared in the following way:

real procedure delta(i, x);
integer 1i;
array x;

deltas= case 1 of (vee, oo, y eee)}
In the parenthesis there must be n expressions, where

the i-th expression denotes the partiel derivative of F
with respect to the variable x(1);

2. The method

Let F denote a function in n variables, and let x denote the n-dimen-

sional point with coordinates (x(1), x(2), ... , x(n)). F is said to

have a minimum at a point x0, if there exist a small area including

x0, in which the value of F at each point is greater than F(x0).

Most of the various methods for finding a minimum for a function i n

variables has one idea in commen: They are all iterative processes

based upon a roul, which for each point specifies a certain direction

in which the next point of the process is to be found, and for each

such direction specifies how to find the next point. Now, suppose that .
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the function is differentiabel. By the gradient of F at the point x -
denoted gradient (x) - we understand the n-dimensicnal vector, which
as the i-th coordinate has the partiel derivative of F with respect
to x(1i) at the point x.
The method used in the following program is essentially based ubon to
papers of A.A. Goldstein ((2), (3)). We suppose, that the function is
twice differentiabel and that the gradient is given analytically. It
is well known, that the gradient will vanish at a minimumpoint.
Let the points of the iterative process be denoted X1, X2, X3, ess XX,
eesy Where x1 is given by the input array point.
For each k £i(xk) denotes the n-dimensional vector which terminates
the new direction.
We choose fi(x1) = gradient (x1).
For each k the number h(k) is defined as:

h(k) = r X norm(n, f£i(xk)).
r is calculated at the beginning of the program in such a way that
n(1) < 1/5.
norm is denoting the ordinary n-dimensional Euklidian norm.
Then the algorithm, at each point xk, consists of the following two

steps:

DIRECTION:

We compute an n X n matrix, which is an approximation to the matrix

consisting of the second order Gerivatives of F.

For each j let F(j) denote the vector, which has the j-th coordinate

equal to 1 and the others equal to zero.

We then compute the matrix Q(xk) which has the j-th column equal to
(gradient(xk + hik) x F{j)) - gradient(xk)/h(k).

If the matrix Q(xk) is singular (it is has no inverse) then
we define the new direction fi(xk) by
fi(xk) = gradient(xk).

Suppose now, that Q(xk) has an inverse, which we denote P(xk).
If (gradient(xk), P(xk) X gradient(xk)) > O
(where ( , ) denotes the ordinary innerproduct) then we define
fi(xk) by
fi(xk) = P(xk) X gradient(xk).



Math/Stat

Library
Page 136
S TR
1r  (gradient(xk), P(xk) X gradient (xk)) <O
then we define fi(xk) by
fi(xk) = gradient(xk).
2., KONSTANT:

The next point in the proces:s is now cbtained on the form
xk - gk X fi(xk)

where gk is a constant calculated as follows:

Let product = (gradient(xk), fi(xk)).

Let £1 = F(xk).

Let £2 = F(xk - gk x fi(xk)).

Then gk is calculated such that

f2 < £1 and (f1 - £2) < gk X product.

It can be proved, by using the Taylor formula, that such a gk always
exists, and that xk calculated in this way will converge to a mininmmm-
point for F.((2), (3)). From a numerical point of view however, gk
might fail to exist, and in this case the procedure will stop.

3, Accuracy, Time and Storage Requirements

Accuracy: As measure of accuracy we vse the norm of the gradient. If
the procedure succeeds, then at the end this norm is smaller

than the call parameter eps.

Time: This depends on the wanted accuracy and first of all on the
problem in question, so it 1s not possible to give general
rules for this. (See 4. Test and Discussion).

Storage requirements: 10 segments of program

Typographical length: 248 lines.

L, Test and Discussion

The procedure have been tested on several functiones among which we

describe the two most difficult problems:



1. Minimising the function in two variables
F =100 x (x(2) - x(1)xx2) xx 2 + (1 - x(1)) xx 2
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2, Finding a solution to the following three non-linear equations:

sin(x(1)x@) + exp(x(2)) x x(3) - & =0
x(1) + x(2) + x(3) -3 =0
x(1) + x(2)x@ + x(3)xx3 - 1k =20

This is done by minimising the square-sum of the three equations.

First we consider the problem 1:
The function F has minimm at the point (1, 1) with functionvalue O.

Starting at the point x(1) = -1.2 and x(2) = 1 and using different
velues of the term eps, the following results were obtained:

Minimum

Feo=value
Gr.-norm

EX . -tme

p-lt

04999999592
0.599999183

0.,000000000
Te30-5
0.76

Value of eps
10'6

0.999999592
0.959999183

0.000000000

0.72

(the execution time is in seconds).
It follows, that the procedure succeeds in all 4 situations, and that
smaller values of eps does not affect the executlion time. This last ob-

servation however can not be stated in general, (see below under problem

2).

-8

1.000000000
1000000000

0.000000000
5.10-8
0.7%

=10

1.000000000
1000000000

0.000000000
1 07][)"10

0.75

Using eps = y-8 and using @ifferent starting points the following results
were obtained:
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Starting- -1.200000000 0.,000000000 -0, 500000000 2.,000000000
point 1.000000000 1.000000000 -0, 500000000 0250000000
Execution-
time 0.75 0.49 0.71 0.80

In all 4 situations the minimum was obtained at the point:

1.,000000000
1.000000000

with the functionvalue 0,000000000 and gradient norm 5.1y-8.
Again the procedure succeeds in all 4 situations.

Next, consider the problem 2 in three varisbles. Starting at the point

x(1) =0, x(2) =0, x(3) = 2.5 and using different values of the term
eps, the following results were obtained:

Minimm

Fe.=value
Gr.=-norm

E){. -time

Value of eps
p-b 0=
0.097831561 0.097830233
04512917627 0.512919004
2.389250732 2.389250762
0.,000000000 0.000000000
5.8p-5 3e90=T
1096 2'55

=8
0.097830224
0.51291901k4
2.389250762
0.000000000
3.2,-8

3.81

10-1 O
0.097830224
0.512919014
2.389250762
0.000000000
3 0210-8

397

It follows, that the procedure succeeds in the first three situations,
but that it is not possible to make the gradient norm smaller than

5.2m-8, so in this sense the procedure does not succeed in the last si-

tuation. In this case smaller values of eps gives greater execution
time, even if the obtained minimmpoints are practically the same in the
last three cases,

Using eps = ,~8 and using different starting points the following results
were obtained:

Startingg
point

Execution-
time

0,.000000000
0,.000000000
2,500000000

3.81

0.000000000
0.000000000
1,000000000

1.97

0. 500000000
1.000000000
2,000000000

3.09

1000000000
1000000000
1.,000000000

2,45
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In a1l 4 situations the minimum was obtained at the point:
0.097830225
0.512919014
2.389250762

with the functionvalue 0,000000000 and gradient norm 3.2,-8

It follows, that the procedure succeeds in all L situations.

Example

Consider the function
F =100 X (x(2) - x(1)x@) xx 2 + (1 - x(1)) xx 2
Starting at the point x(1) = -1.2 and x(2) = 1 the following program
might be used to £ind the minimum of F:

Testprogram

begin
integer i, j;
real a, eps;

array x, point(1:2);

real procedure F(x);
array X;
Fi= 100 X (x(2) - x(1)x<@) xx 2 + (1 - x(1)) xx 2;

real procedure delta(i, x);

integer 1i;

array X; .

delta:= case 1 of (-4ooxx(1) x (x(2) - x(1)x@) - 2 x (1 - (1)),
200 x (x(2) - x(1)x<@));

point(1)s= -1.2; point(2):= 1; eps := y-8;

g:= mintmm(2, i, x, F(x), delta(i, x), eps, point);
write(out, <:Minimm obtained at the point <10>:>);

for j:= 1 step 1 until 2 do

write(out, <:<10>:>, <<-dddd.dddddddda>, point(J));
write(out, <:<10><10> Minimumvelue =:>,<<-dddd.ddddddddd>, a)3
write(out, <:<10><10> Gradient norm=:>, <<-d.dp-dd>, eps) 3

end;
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This will zive the following output:

Minimum obtained at the point
1.,000000000
1.000000000

Minimmvalue = 0.,000000000
Gradient norm = 1.0’ -8

end

"N

In the program we use a boolean procedure inverse to find the inverse
(if it exist) of an n X n matrix.

The procedure is based upon Simpel Gaussian illimination and is only
introduced in order to make the program complete., Une could use any
other procedure of this sort, for ex., decompose-solve from RC mathe-

matical procedure library.
Since a minimm of the function F is a maximum of the function -F,

the procedure will of course be able to find maximum as well as mini-

Imine
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6. Algol text

minimm = set 10
minimmm = algol
external

real procedure minimum(n,i,x,F,delta,eps,pcint);
value nj

integer i,n;

real eps,F,delta;

array X,point;

begin
integer j3;
real h,g,gl1,gamma,r,f1,f2,f3,product,k,s;
array psi,y,z,b(1:n),p,a(1:n,1:n);

real procedure norm(n,a);
value nj;
integer n;
array aj
begin - -
comment this is the ordinary norm in the n-dimensional Euklidian
space;
real h; |
h:=0;for 1:=1 step 1 until n do h:=h+a(i)xx2;
norm:=sqrt(h) ;
end;

real procédure innerproduct(n,a,b) ;
value n;
integer nj;
array a,b;
begin
comment this is the ordinary imnerproduct in the n-dimensional
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BEuklidian space;

real hj

h:=0; for i:=1 step 1 until n do hi=h+a(i)xb(1i);
innerproducti=h;

end};

procedure equal(n,a,b);
value nj

integer nj

array a,b;

begin .
comment the procedure identifies two arrays;

for i:=1 step 1 until n do b(i):=a(i);

end;

boolean procedure inverse(n,a,b);
value n;
integer nj;
array a,b;
comment the procedure finds the inverse ( if it exists ) of the
matrix a by Gaussian illimination.If the inverse exist,it is .
stored in b,If the inverse does not exist,inverse is false;
begin
integer i, j,k,m,pivotnr;
real pivot,s;
array c(1:n,1:n),x(1:n),d(1:n);

inversei:=true;

for m:=1 step 1 until n do
begin

comment for each m one is solving the linear system,which on the

wright side has the m-th colum in the unit-matrix,and on the left

side the given matix as coefficientmatrix and the m-th colum in

the wanted inverse as unknownj } .
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for j:=1 step 1 until n do
for i:=1 step 1 until n do c(i,]):=a(i,3);
for i:=1 step 7 until n do a(i):=(if i=m then 1 else 0);
fer k:=1 step 1 until n-1 do
tegin
comment among the last n-k+1 equations one is finding the equation,
which has the numerical largest coefficient in x(k);
pivot:=03 pivotnr:=0;
for i:=k step 1 until n do if abs(c(i,k))>pivot then -
begin pivoti=c(i,k); pivotnr:=i; end;
if pivot=0 then begin inverse:=false; goto ENDjend;
comment if pivot=0 then the given matrix has determinant O and
consequently no Inverse;
if pivotnr<k then
begin
comment equation number k is replaced by equation number pivotnr
and vica versa;
s:=d(k); da(k):=d(pivotnr); d(pivotnr):=s;
for j:=k step 1 until n do
begin
x(3) 1=c(k, 3) 5 c(k,J) :=c(pivotnr, ); c(pivotnr,J):=x(J);
end;
end if pivotnr<k;
for i:=k+1 step 1 until n do
begin
comment x(k) is calculated from the k-th equation,and the
expression inserted in the following n-k equations;
a(1) :=a(1)-d(k)xe(i,k)/c(k,k);
for j:=k+1 step 1 until n do
e(1,d) := c(1,3)-e(i,k)xc(k, 3) /c(k,k) 5
end;
end k;
if ¢(n,n)=0 then begin inverse:=false; goto ENDjend else
x(n) :=d(n) /c(n,n) ; f
for i:=n-! step -1 until 1 do
begin
comment for each i x(i) is ealculated from the equation
e, 1)xx(1) + e(i,1+1)xx(i+1) + . . « +c(1,n)xx(3) = a(1),
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where x(i+1),. « « x(n) are known;
s:=03 for Jj:=n step -1 until i+i do se=ste(1, 3)xx(3);
x(1) s=(a(1)-s) /c(1,1) 5

end;

for 1:=1 step 1 wntil n do b(i,m):=x(i);

end m;

END: end;

procedure search(n,g,y,psi,f2);
value n,gs

integer n;

real g,f2;

array y,psi;

begin

comment the procedure finds the value of the function to be

- 12 -

minimised,that is kXF,at the point obtained from y by going the

distance g in the direction -psi;
for 1:=1 step 1 wntil n do x(i):=y(1)-gxpsi(i);
f2:=5C;

end;

equal(n,point,x) sequal(n,x,y); k:i=1;

for i:=1 step 1 until n do psi(i):=delta;

comment psi is the gradient of F at the starting point;
equal(n,psi,b); h:=product:=norm(n,psi);

1f 1<l then r:=1/5 else r:=1/(5xn);

KONSTANT':

3

such that the point y-gXpsi can be used as the next point;

n:=norm(n,psi); equal(n,y,x);
if h/product<1/10 then

s+ comment at each step of the iteratlv process the procedure will
goto KONSTANT and run through the following.A point y and a
direction psi is given,and the problem is to find a konstant g
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begin
comment psi is too small relativ to the gradient which implies,
that the greatest possible progress 1s too small.We therefore
consider the function kXF,where k is defined below;
k:=(h/product)>x(1/n) ;
for i:=1 step 1 until n do psi(i):=(1/k)>mxpsi(1);
for i:=1 step 1 until n do b(i):=kxdelta;
t=norm(n, psi);
if h<1 then r:=1/5 else r:=1/(5x0);
ends
he=rXh; £1:=lcF;
comment h is used below as the small quantity in the approximation
of the second order derivatives of F,r is introduced in order to
insure,that this quantity is not too blig &% the beginnings;
product s =innerproduct(n,b,psi) ;
g:=1; g1:=03;
search(n,1,y,psi,f2);
if £1-f2>=1/Uxproduct then
begin
£1:=f2; equal(n,x,y); goto DIRECTION;
end;
comment in this case we use g=1/L4 and the next point is
therefore obtained as y-1/4xpsij;
s:=( if s<1 then ,-10 else 1/sXg-10 );
for gi=g/2 while fi<=f2 do
begin
search(n, g,y,ps1,£2);
if g<s then begin equal(n,y,x); goto END; end;
end;
comment if g is smaller than s (see the definition of this term)
then the next point of the process will be practically equal to
the present,and we must therefore éonclude,that the procedure ié
unable to make further progress;
g:=2xg; equal(n,x,z);
if (£1-f2)<gXproduct then goto SECOND else
begin
comment in this case the functionvalue at y-gxpsi is smaller
than £1,but the condition fi1-f2<gXproduct is not satisfied and
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therefore g is too smallj
gli=g; gi=2Xg;
FIRST:
g:=(g1+g) /2;
SeaICh(n:g)y,PSi’f2)5
if £1<f2 then goto FIRST else
begin
if (£1-f2)<gXproduct then
begin equal(n,x,y); £1:=f2; goto DIRECTION; end else
begin g:=2Xg-g1; gl:=(g+gl)/2; goto FIRST; end;
end; ‘ '

end;

SECOND:
3 comment in this case the functlionvalue at y-gXpsi is smaller than
f1 and the condition f1-f2<gXproduct is satisfied.We therefore
look for a smeller g for which this condition is satisfied and
with a smaller functionvalue than before;
g:=(gl+g) /2; search(n,g,y,psi,3);
if f2<=f3 then
begin equal(n,z,x);equal(n,x,y); £1:=f2; goto DIRECTION;
end else
begin
if (f1-£3)<gxproduct then
begin f2:=f3; equal(n,x,z); goto SECOND;end
else goto THIRD;

end;s

THIRD:
3 comment in this case the functionvalue is smallér than before,
but the condition mentioned before is not satisfied,so g is
too smallj
g:=2xg-g1; g1:=(g+e1)/2; g:=(g+g1)/2;
search(n,g,y,psi,£3);
if (£1-£3)>=gXproduct then goto THIRD else
begin
if £3>=f1 then goto THIRD else
begin equal(n,x,y); f1:=f3; goto DIRECTION; end;
end;
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DIRECTION:

3 comment at each step of the iterativ process the procedure will
goto DIRECTION and run through the following.A point x is given
and the problem is to determine the direction in which the next
point is to be found;
for i:=1 ste? 1 until n do b(i):=kxdelta;
product:=norm(n,b);
if product<kXeps or product<y-10 then goto END;
comment if product<kXeps then the wanted accuracy is obtained.
if product<y-10 then in most situations it will be meaningless
to look for further progress;
for j:=1 step 1 until n do
begin

comment an approximation to the matrix consisting of the second
order derivatives of kKXF is calculated and the result stored in q;
for i:=1 step 1 until n do x(i):=(if i=j then y(i)+h else y(i));
for i:=1 step 1 wmtil n do p(i,1):=kxdelta;
for i:=1 step 1 wntil n do g(i,J):=(p(i,1)-b(1i))/h;
end Jj3
if -,inverse(n,q,p) then goto STEEPEST else
begin
comment if the inverse of q exist,then the vector psi is
obtained by multiplying the inverse matrix with the gradient;
for 1:=1 step I wntil n do
begin
psi(i):=0; for j:=1 step 1 until n do
psi(i) s=psi(i)+p(1,3)x0(3) ;
end;
end;
if inmerproduct(n,psi,b)<=0 then goto STEEPEST else
goto KONSTANT;
comment if innerproduct(n,psi,b)<=0 then we can not be sure to
find a point with smeller functionvelue in the direction psi,
and therefore psi can not be used.If the innerproduct is >0

then psi is the new direction;

STEEPEST:
equal(n,b,psi); goto KONSTANT;
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comment the gradient is used as the new direction;

END:

3 comment the present value of the relevant quantities are stored
in the return parameters; |

for i:=1 step 1 until n do b(i):=delta;

minimm:=F; eps:=norm(n,b);

for 1:=1 step 1 wtil n do point(i):=x(i);

end;

ends
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pzero(order, coef, root)

. function and parameters

pzero calculates all roots (complex or real) of 2nd, 3rd and 4th order
polynomials with real coefficients.

Call: pzero(order, coef, roo:)

PZEYc is a boolean procedure which is false if order > U4t or order < 2
or coef(order) = 0, In this case no computations are made,
otherwise pzero is true.

‘ order (call value, integer)
specifies the order of the polynomial.

coef (cal1 value, array) minimum bounds(o:order)

specifies the coefficients of the polynomial
p(z) 1= SUM(coef(i)xzxx1), 1:= 0, 1, ... , order.

00t (return value, array) minimum bounds(1:order, 1:2)

If pzero is true then root specifies the calculated roots
zi, it= 1, 2, ¢es , Order so that

Re zi = root(i, 1) and

Im zi = root(i, 2).

‘ 2. Method

2.1s General

Extremely large or small roots are detected at the first sfage of com-
putation, and further computations are executed on the quotient poly-
mial, where quotient polynomial everywhere in this description

means p(z) / PRODUCT(z - zi)

where zi are the roots allready found by pzero.

The (quotient) polynomial is now normalized so that coef(order)

equals 1,
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2.2, Second order polynomials: p(z) = zXx2 + bxz + ¢

The gquantity d:= b>XX2 - Uxc determines whether the roots are complex

(¢ <0) or zeal (a¢ > 0),

{ the roots arse real then the numerically largest root is calculated
from

z1t= (-b - san(b)xsqrt(da))/2
ard the remaining root from

z2:= if z1 = 0 then O else c/z1

otherwise the roots are calculated from
(-b + ixsqrt(-4))/2

=1
and
z2:= (b - ixsqrt(-d))/2

where 1 is the imaginary unit,

2.3, Third order polynomials: p(z) = zXX3+axzXx2+bXz+c

If there are multiple roots then all of the roots are calculated di-
rectly from the coefficients a,b and ¢, otherwise one real roct is
determined by a Newton Iteration whereafter the remaining two roots
are calculated from the quotient second order polynomial (see 2.2).

Analysis and iteration starting point:

The transformation w = z + a/3 ylelds

p(z) =0 <= g(w) = w3 + d&xw + e =0,
Define

ri= 2TXexX2 + 4xdaxx3.

a) 1 real and 2 complex conjugate roots:

are called 2%k, -k + iXm and -k - iXm
where 1 is the Imaginary unit.
a(w) = woB + (WO - 3x00R)Xw - 2XkX(kxx2 + mxx2)

implies

r = [2ax(mo@ + 9xo) 102 > 0
and defining

f(m) =L x le| = Bx[kx(loo@ + mxx2) | > B8]k [>x3
yields

(4x]e[)>x(1/3) > 2x|k|
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arc called kX, m and -k - m where k is the numerically largest root.
a(w) = wxxz - (kx<2 + mxx 2 + kxm)Xw + k><m><(k + m)
implies
r=-[(k - m)x(2xx + m)x(k + 2@) ]2 < 0 (xx)
and defining
(m) = bx{d|;/3 = X[k + mx2 + kxul/3
yields
min f(m) = £(-a/2) = kxx2
S0
2 x sqrt(|aj/3) > k|

From (X) and (Xx) we see that
r < 0 = real roots
r = 0 = mudtiple roots
r > 0 = complex rcots
and iteration starting point s is chosen to be
s 1= 2xsqrt(|d]/3) if r <O
(bx|e|)xx(1/3) if r > 0.

The quotient second order polynomial:

is calculated from
(zxx2 + pxz + q)X(z - 21) = 2XX3 + axaxXX2 + bxz + ¢
where z1 is the real root obtained by iteration.

If |a+ z1| > |a|/8 then p is calculated from

pi=a + z1
and
Q:=Db + pXz1 1if |[b + pxz1| > [v]/8
- c/z1 if |b + pxz1| < [b]/8
otherwise
q:= -c/z1
and

p:= (q - v)/21.
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2.4, Fourth order polimomials: p(z) = =0 + axxzxxZ + bXzXX2 + cXz + d

I: A linear trancfermation w = z + a/l ylelds
p(z) =0 <= g(v) = woh + 102 + mxw + n = 0.

now the sum of the transformed roots equals zero.
II: The transformed roots are calculated using the method of Descartes.
This method involves the solution of a third order equation, and

this 1s performed as described in 2,3,

III: The roots are ncw accepted if |Re zi| > la]/32 so at least one root
rust be accepted unless they all equal zero, .

IV a) if one root is accepted by III

then the reciprocal roots are calculated from
AXzxXXl + eXzXX3 4+ bXzXX2 + aXz + 1 =0
as described in 2,h-I, II and III.

I# one of the reciprocal roots is accepted then we have two accep-
ted roots, so the remaining two roots are calculated as described
in IV b, otherwise the former accepted root is not used. The number
of accepted reciprocal roots then determines whether further calcu-

lations are performed as described in IV, b, c or d. .

b) if two roots are accepted by IIT (or IV)

then the quotient second order polynomial is calculated and solved
as described in 2.2,

¢) 1f three roots are accepted by III (or IV)

then the remaining real root is calculated using the fact that the
product of the roots equals d.

d) if four roots are accepted by III (or V)

then no further calculations are performed by pzero.
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se Acruracy, time- and storege requirements

C«1e Accuracy

If an actual equation ic ill-conditioned and you want the roots to a
specified degree of accuracy a rmecn greater accuracy may be necessary
in the intermediate calculations. On the cther hand a user is not sup-
posed to know anything about the conditioning of the actual equation,
so standard input to RCHOOO of 4B8-bits reals is used.

5.2, Time- and storage requirements

Approximate cpu-time used by pzerc: (order - 1)x0.02 sec,
Codelength: 12 segments
Typographical length: 223 lines incl. last comment,

Test and discussion:

pzero has been tested on the RCHO00 computer with a testprogram which
performs

1) generation of order and coefficients

2) call of pzero

3) calculation of root generated coefficients of the polynomial
p(z) := PRODUCT(z - zi), 1:=1, 2, ... , order

4) calculation of relative differences between the original and the

root generated coefficients,

Now the smallness of the differences is chosen as a measure of the
goodness of pzero,

pzero has been tested with a large number of both prepared ill-condi-
tioned coefficients and random coefficients input and iﬁ both cases
with satisfying results.

Some test examples (the check column describes the relative differen-

ces):



Math/Stat
Library

Page 156

example number 1

civen equation
coef(l)= 1,000C000000;
ccef(3)= 1.0000000000;
coef(2)= 1.0000000000y,
coef(1)= 1.0000000000;
coef(0)= 1.0000000000,,

calculated roots

check

-5.82,-11
-5.82p-11
-5.90y -4
0.00, O

545180794434,  «1+7.203L175772,, -1
5.518079443k,  ~1-T7,2034175772, -1
-8.518079ML22,  -149.1129212536;,, -1
=8.5180794L22, =1-9,1129213536,, -1

example number 2

given equation
coef(4)= 1.0000000000;
coef(3)=-6.8619274672,
coef(2)=-8,8228487860,
coef(1)= 6.8619274672y
coef(0)==1.1771512141y

calculated roots
3.4309637339, =1
1.0000000000y 0
3.4300637335;, -1
-1.0000000000y, 0

example number 3
given equation
coef(l4)= 1.,0000000000y
coef(3)=-1.4215286873,
coef(2)= T7.1429889252,
coef(1)=-1.4369489911,,
coef(0)= 8.5480296736y,
calculated roots
4 . k050104852,
L bos14696k0,, O
L.bos129k2k2, O

9499999999565 -1

- ) = = O

check

0.00, O
-6.605-11
0,00, O
0.00, O

check

0.00y O
1.04y =10
3,63, =10
6-97m -10



example number U4

ziven equation check

coef(L4)= 1.0000000000,, O

coef(3)=-2.4628%0kL22, 0O 032y =11
coef(2)= 2,7192600981, € 0,00y O
coef(1)=-1,2204258L58;, 0 L.,77, -11

coef(0)= 2,0540067855, -1  1.42; =10
calculated roots

6.,7204851918;  -1+1.15593k0115, -2

6.7204851918  -1-1.1559340115, -3

6.TH37120188,  ~1+1,1667236046, -3

647437120188,  -1-1,1667236046, -3

example number 5

gliven equation check
coef(4)= 1.0000000000,, O
coef(3)=-5,9418329952, O 0,00, O
coef(2)= 1.3239517255, 1 0.00y O
coef(1)=-1.311116674y 1 To10p =11
coef(0)= 4.8690226978, O 2.39, =10

calculated roots
1.4854582489,, ©
1.48L4816864, O
1.4859L465301, 0+8.L4572793336, -4
1.4850465301,  0-8.4572793336,, b

6. Complete algol text:

pzero=set 12

pzero=algol

external »

message pzero,version 22/5-70,RCSL 53-Mi;
boolean procedure pzero(order,co=f,root);
value orders;

integer order;

array coef,root;
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xi
xXi
x1
xi

X1
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begin

array ar-(0:lh);
integer accept,i;
real x,push,a,b,c,d;

boolean ok}

orocedure orderh;
begin |
real a,b,c,d,x,push;
integer i3
push:=arr(3) /b4 ;
c:=((-3xpushixxc+arr(2) ) xpush-arr(1) ) xpush+arr(C) ;
b =(pushxarr(3) -arr(2) ) xexpush+arr(1) ;
at==3xXarr(3)xx2/8+arr(2) ;
if b<C then
begin
order3(2xa, axx2-Uxc, ~bXx2) 3
for i:=0,1+i while root(i,2)<0 or root(i,1)<D do;
x:=root(i,1);
d:=b;
bi=atx;
as=sqrt(x) ;
x:=d/a;
if abs(b-x)>abs(b+x) then hi=b-x else
begin
bi=b+x;
as=-a
end;
bi=b/2
end else
if axxa<lixe then
begin
be=sqrt(c);
as=sqrt(2xb-a)
end else
begin
b:=at+sgn(a)xsqrt(axe-kxce)/2;
a:=0
end;
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order2(z,uv,1) ;

order2(-z,if b=0 then O else c¢/b,3);

xi=abs push/8;

for 1:=1,2,3,4 do

if aba{root(i,1)~pust)>x then

begin
accepti=l+accert;
roct(accept, 1) t=roct(d, 1) -puzh;
roct(accept, 2) s =root{i, 2 A

enc.s

axite

end orderh;

rozedure crder3(a,t,c);
value a,b,¢;
reel a,b,c;
begin
real puzh,p,G,T:
pushi=-a/3;
Pr=exXX2=-3%b §
q:=( -2xXpushxx2+b) ¥push+c 3
ri=( 27xc-ax( 18xXb-lxaxx2) ) xc+bxx2x( bxb -ax:2) 3
if abs r<=((27xabs c+abs ax{18xabs b+hxaxx2))xabs ¢
+bX@X(bxebs btaxx@) ) X3,-11
then
begin
d:=(2>X2+3x%abs b)X3.-113
if p+d<0 then goto nawton;
a:=if p-d<0 then C elcte sgn(@)xaqrt(p)/j;
root(1,1) :=roct(2, 1) :=push+q;
root(3, 1) :=push-2xq;
root(1,2) :=roct(2,2) s=root! 3, 2) :=0;
goto exit

end;
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nevton:

ri=push-szn(q)X(if 0 and p>=0 then 2xegrt(p) /3 else(lxabs a)>xx(1/3));

for pi=((r+a)xroe-c) /((3xr+2ve) xr+b) ,
({2xr+a) xrxxa-c) /({ 3xr+oxa) <x+b)
while abs(p-push)<abs(r-push) dc ri=p;
reot(1,1) i1=r;
root(1,2) :=0;
Dpi=atr;

G:=b+pXr;

q:=if abs p<abs 8/ or abs gq<abs b/3 then -c/r else q;

p:=if abs p<ebs a/8 then (g-b)/r else p;
order2(p,q, 2} ;
exit:

end order?;

procedure crder2(b,c,first);
value b,c,first;
real b,c;

integer first;

begin
real 4;
d:=txo@-Uxc;
d:=sgn(d)xsqri(abs a);
if 4<0 then
begin
roct(first, 1) s=root(1+first,1) 1=-b/2;
root(first,2) :=4/2;
root(1+first,2) 1=-4/2
end else
begin
d:=root(first,1) :=(~b-sgn(b)xd)/2;
root(1+£irst,1) :=tf d=0 then 0 else c¢/d;
root(first,2) :=rcot(1+first,2) ;a0
end
end order2;

accepti=0;

ok:=pzero:=order>] and order<5 ard coef(order)<>0;

- 10 =



if -,0k then goto finis;
Tor ii=order step -1 until 0 do arr{:):i=ccef(1);
lowe
=r{1);
.

-

x:=if arv(1)=0 then 2rr(0) else -arr(0}/a
(
\

for 1:=0,1+i while arr(i)-arr{1+1i)>y=arx{i)

R

O

if i=crder-i ther
begin
for 1:=0 step 1 until ordevr-1 do arr(i) :=arr(1+i);
goto 2orb |
end;
xi==zxr(order-1) /err{order) ;
for 1:=0,1+1i while ar»(i)xx-arr(i-1)=nrr(i)xx do
. if i=order-1 then goto combj
goto normal;
comb ¢
rcot(crder,1) s=x;
ruot(order,2) :=0;
orderi=order-1;
if order>1 then zotc low;
root(1,1) s=-arr(0) /arr(1) ;
root(1,2):=0;
gote finisg
normal:
x:=arr(order) ;
. fcr i:=order step -1 until C do arr(i):=srr(i)/x;
case order-1 of
begin
order2(arr(1),arr(0),1);
order3(arr(2),arr(1),arr(0));
begin
orderl;
select: case accept of
begin
begin
arr(4) :=root(1,1);
x:=coef(0) 3
for 1:=0,1,2,3 do arr(1):=ccef(l-1)/x;
. accept:=0;

Math/Stat
Library

Page 161

- 11 -



Math/Stat
Library

Page 162
- 12 -

orderiy
if accept>1 then
bezin
for 1:=1,1+1 while i<=accept and 1<5 do
1f rcot(i,2)=C then root(i,1):=1/root(1,1)
else
begin
x:=root(i, 1)>xxC+root(1,2)xx2;
root(1,1) s=rcot(1+1,1) :=root(1,1) /x;
root(1,2) :=root(1,2) /x;
root(1+1,2) s=-root(1,2);
1:=1+1
erd;
end else
begin
root(2,1) :=1/root(1,1);
root(1,1) s=arr(h);
accept:=2
end;
x:=coef(4);
for 1:=0,1,2,3 do arr(i):=coef(1)/x;
goto select

end;

begin
d:=-root(1,1)-root(2,1);
c:=root(1,1)xroot(2,1)-root(1,2)xroot(2,2) ;
be=arr(0)/c;
a:=1if abs (arr(1)/bv-d)<abs (arr(3)-4)
then arr(3)-4
else (arr(1)-bxd)/c;
order2(a,b, 3)

end;
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teozin
ar=if root(1,2)=0
then roctf{1,1)x(roct(2, 1) xroot(3,1)-root(2,2)xroot(3,2))
else root(?,1)x(roct{1,1)xx2+root(i,2)xx2);
roct(l, 1) s=axrr(C) /a;
rect(h,2):=0

end;;;

end pzero;

comments:
pzero(order, coef,root) calculates real and ecmplex roots
of 2nd, 3rd and 4kth order polyncrials with real coefficients:
7(z)= coef(order)xzxxordert,, .4 ccef( 1) xz+coef(0).

prero is false if order>W or order<? or coef(order)#D,

otherwise pzero is true.

order (call value,integer) specifies the order of the
polynrmial,
coef (call value,array) svecifies the coefficients of
the polynomial.
root (return value,array).
If vzerc 1s true then root specifies the roots of
the polyromial: zi, i=1,2,...,0rder so that
Re zi = root(i,1)
Im zi = root(1,2);

end;
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1. FUNCTION and PARAMETERS,

Ruige_kutta solves a system of first order crdinary differential
equations on the form

dx(j)/at = fj(t, x(1), x(2), von , x(0)); 3 =1, 2, ces, n
with given initial values using the parzmeter t as integration variable,
The procedure heading is:

boolean procedure runge kutta(f, x, t, eps, dts, max, fstop);

Tralue eps;

integer max;

real t, eps, dts, fstop;
procedure T3

array X3

Call parameter:
eps: A real variable,
The tolerance for the relative error. The procedure
tries to éontrol the steplength such that the accum-
lated relative error does not exceed eps*(b-a) where
b-a is the length of the integration interval. eps must

be positive and should b« chosen between _.-1 and 10-11

10
depending on the accurscy wanted. It is recommended to

choose eps > __-8 because with smaller eps the proce-

=10
dure may often use an excessive amount of work for on-

ly a slight improvemerits of the resulis.

Call/Return parameters:

x: a real array, declared as: array x(1:n). The index
bounds must be 1 and n = the number of equations, re-
spectively.

On entry, x contains the initial values of the depen-
dent variables,

On exit, x contains the result, i.e. the values of
these variables at the point where the stop condition
1s fulfilled. |

If the lower index bound of x is not 1, the run is

tarminated with the aliarm message <irungekut:>.
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t: a real variable.
Cn entry, t contains the initial value of the indepen-
dent variable.
On exit, t contains the final value at the point where
the stop condition is fulfilled.

mex: an integer variable.
On entry, max denotes the maximum number of Integration
steps to be performed by the procedure,
On exit, mex contains the number of steps actually per-
formed counting accepted as well as rejected steps.

dts: - a real variable,
On entry, dts contains the initial step size. The pro-
cedure integrates in the t-direction given by the sign .
of dts. If dts = 0, the entire length of the interval,
fstop-t, is used as first guess on the step size. On
exit, dts contains the estimated size of the next step.
This is useful if integration 1s continued by repeated
calls of the procedure.

Return parameter:
runge kutta: On exit, <the boolean procedure is true when the integra-
tion was succesful, i.e., the max rumber of steps was
sufficient, If the mex number of steps was used before
reaching the stop criterion the procedure returns with
the value false, the parameters t and x containing the .

current values.

Other parameters:
f: A procedure with 3 parameters, declared with the hea-
ding:
procedure f(x, t, dxdt);
real t;
array x, dxdt;
The call
f(x, t, k)
where the array x contains the values of the dependent
varisbles and t the value of the integration variable,
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must assisn to k the function values, i.e.
k(3) = fi(t’ (1), ooy x(0)); J = 1,eee,n.
Neither x nor t may te changed by the procedure.

fstop: A real expression used as stop criterion:
If fstop is constant, integration continues until
t = fstop, i.e.,‘fstop is simply the final t-value.
If the value of fstop changes during the integration,
the procedure terminates when fstop = O,
Thz parameter fstop iz called once initislly and once
ver azcepted step; the initial value may be zero with-
out terminating the integration.

2. METHOD.

2.1. Mathematical formulae

Thne f£ifth order Runge Kutta formulae used are derived by Zonneveld
[1]. Tney use 6 intermediate points in each interval and one additicnal
point for the error and step control, thus requiring 7 calls per step of
the procedure f. ,

The formulae are exact up to and including the fifth order term of
the Taylor expansion and gives an estimate of this last term, which is
used to determine whether the step should be ancepted or not; at the -
same time it 1s used to estimate the size cf the next step as explained

belovw.

2.2, Termination.

The procedure may be terminated in four ways:

a) 7hen t = fstop. This is used when integrating over a fixed interval,
say a to t; the procedure should be called with b as the last parame-
ter, and with max sufficiently large.

b) When fstop = 0. If the value of fstop is not constant, integration
continues until fstop changes sign; then a zero-finding algorithm is
entered to find the point where fstop = 0. The algorithm is an adap-
tively adjusted welghting between regula falsi and bisection; it ite-
rates until the length of the root enclosing interval is smaller than

Jrevens
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1O-B*mu where mu 1s the smaller of the 2 last accepted regular steps.

For details see comment 8 and 9 to the algorithm.

¢) If the nurber of steps permitted (max) is exceeded. The return para-
meters of the preccedure allow continued integration and this feature
may be used tc monitor the integration of tricky functions: If you
call the procedure repeatedly with a small velue of max, the calling
program gets a chance to react on intermediary values, if necessary.
This exit is also used to prevent the prccedure from cyeling:
There is no lower limit on the adaptive step length, hence you may
- unintentionally - call the procedure with parameters causing a very
lengthy integration with extremely small steps. The value of the pro-
cedure being false shows this to be the exit cause, and the parameters

t and x always contain the actually achieved values.

d) If the procedure 1s called with a second parameter X which is not an

array with lover index bourd 1, the procedure immediately terminates
the run with the alarm message 'rungekut'.

2.3. Error Control.

Accumilated error estimate.

Tae error control algorithm tries to distribute the total error in
proportion to the total variation of the sought function x. It may be
shown that a suitable way is to adapt the step length dt such that

(2.1) [local error| s epsxdt*(variation(x) + eps*|x]|);

Under certain hypctheses on the function x(t) this leads to an accumula-
ted error over the interval (a, b) which approximately satisfies

(2.2) acc, error l

~garlatisncay| * eps * b - s

If the length of the integration interval |b-a| always were known at
call time, this factor might be included in the step length algorithm.
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But |b-aj is not known when integrating with 2 variable fstop parameter,
and as a consequence the procedure always works in accordance with (2.1)
and (2.2).

When integrating =z system of equaticns, say n equations, expressions
(2.1) enc (2.2) are substituted by

. local error _
(2.3)  wmex |ossssiranrsyrapsaryy! == eps * at
and
(2,&) ' acc, errcr !

MEX |m=erespc—poyee=
n

The formula In [1] doesn't give the loecal error, but estimastes the 5th
order term in the Taylor series by

5th order term = (kO0%21 - k2#162 + k3x22L - kh«125 + k5*42) /14
but since the formula for y is exact'up tc and including this 5th term
it is reasonable to use the estimate

iocal error = 5th order term * dt
and hence (2.3) becomes

(2.5) mgx [gpagliidrier tem a1

Accept eriterion

For each eguation the procedure calculates, in every step,
s = (variation(x) + eps*abs(x)) * eps
f = abs( 5th_order term)/s
and
sft = max(f), max over all equations.

In accordance with (2.5) the step is accepted if sft <= 1, and rejected
otherwise. In the extrapolation algorithm for the length of the next
step the procedure tries continuously to keep sft slightly smaller than
1, thus safely fulfilling (2.5).
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Step estimation after reject (sft > 1),

In sft the denominator s mey be considered locally constant and
hence we have appr.
sft = some constant % h¥x5

Therefore the new, optimal step length should be

(2.6) hnew =h * ﬁxll/sft

but because of slightly easier calculation and in order to introduce a
safety margin the following formula is used instead:

‘l
hnew = 0,95 * h * “-‘/ 1/sf% .

Remark: Because the procedure is especially suited to integrate tricky
equations the formula is deliberately chosen so that the step length may
tecome arbitrarily small,

Step extrapolation after accept (sft <= 1).

The optimal new step length is again given by (2.6), btut since sft
may become arbitrarily small - or even equal to zerc - this extrapolation
is replaced by a formula giving a reasonable limited maximm growth of
h and behaving like (2.6) in the neighbouvhood of sft = 1. Following
Zonneveld [1] we approximate 5W11/sft by
(2.7) mu=1/(1 + sft) + 045
with the range 0.95 to 1.45 instead of 1 to infinity, and mcdify this by
using a one step memory in the algoritim: the last accepted values of mu
and h are kept and used in the final extrapolation
(2.8) 'tmew =h * (h/h oldm + mu - m_old) .

The effect of equation (2.8) is to introduce an 'overrelaxation' based
on the development of h and mu over the last two steps: If h old < h and
mi_0ld < m, then hnew will become larger than estimated by (2.6) or
(2.7): if e.g. sft = 0 over several steps, then h will grow approximate-
ly as 1, 2, 5, 18, 97, ... If, on the other hand, sft = 1 over several
steps, equation (2.8) ceutiously makes h smaller slowiy: mi is 0.95 stea-
dily and h will diminish approximately as 1, 0.8, C.6, 0.45, ...
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2.4. Round-off exrrors.

It may be shown that even when all arithmetic operations are per-
formed with correct rounding, as in RCLO0O, the accumulated round-off
errors in the summation of x-values are reduced considerably by using
quasi-double precision; see Msller [2]. Therefore the summation of t and
X 1s done using quasi-double precision.

Since this works equally well in 36-tits and in 33-bits arithmetic,
the procedure gives almost identical results when working in the low and
in the high precision rmode of RCHO0O: When working with large values of
eps, eps >= 10'7, the results from the tests are identical in low and in
high precision; with eps < 10-7, the procedure often uses more steps in
the low precision mode, but the resulting errors are in many cases the

same as in the high precisicn mode.

3. TIME and STORAGE REQUIREMENT

The procedure uses 60 + 12 * N local variables (reals) and 1 local
procedure with no parameters. The translated procedure has a length of 6
segments,

The execution time for the prccedure Z-self is approximately 4 + TN
msec per step where N is the number of equations., The figure includes
call of the f-procedure tut the time for executing the body of this pro-

cedure must be added (it is called 7 times per Runge-Kutta step).

4, EXAMPLES of USE.

Problem 1: Solve two differential equations, say,
y' =t + sin(y-z)
2! = t/fy
over the interval 0.5 < t < 3.5 with initial values y(0.5) =1,
z(0.5) = 2, and with a relative error smaller than 1 promille. The solu-
tion is wanted for t = 4.5 only.
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Solution 1: The program structure of the solution is as follows:
1) In the program block head is declared:
integer Max;
real t, dt;
array YZ(1:2);
procedure Fi(x, t, dx);
array x, dx; real t;
begin
ax(1) :=1t + sin(x(1) - x(2));
ax(2) :=t/x(1);
end;
2) The procedure is then called:
t:= 0,5; dt:= __-2; Max:= 600; '

YZ(1):= 1; v2(2Y:= 2;
if -,rungekutta(F1, YZ, t
then begin

s 10-2» dt, Mex, 3.5)

comment: error action;
end;

After this call YZ(1:2) contain the solutions y(3.5) and z(3.5), Max
contains the number of steps used, and dt the last estimated step size.

Problem 2: The solution to problem 1 is wanted printed out for t =1,
145 2, eos 4 3.5.

Solution 2: With the same declarations as above the procedure is now
called inside g loop:

ti=0.5; dt:= __-2; .
YZ(1) 2= 1; Y2(3Y:= 2;
for tslut:= 1, 1.5, 2, 2.5, 3, 3.5 do
begin
Max:= 100;
if -, rungekutta(F1, YZ, t
then begin

’ 10-3, dt, Max, tslut)

comment: error action;
end; '
write(.ooy YZ(1), YZ2(2), ...);
end;

Problem 3: The solution to problem 1 1s wanted at the point where y has
a minimum, :.e., where y' =0,
Solution 3: With the same declarations and initialization as in solution

1, the procedure is called with the same parameters except for the last .
one:
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if -, rungekutta(F1, ..., t + sin(YZ(1) - YZ(2))) then --- ;

Problem 4: In order to analyze the behaviour of the procedure on the
differential equations of problem 1, a printout is wanted for every 10
steps of integration.

Solution 4: With the same declarations as above the procedure is called as

follows:
t:= 0.5 dt:= -2
Yz(1):= 1; YZ(§9:= 23
for t:= t while t <€ 3.5 do
begin

Max:= 10;

rungekutta(F1, YZ, t, ..-3, dt, Max, 3.5);

write(out, ...,y t, vz(19, vz(2), ...);
end;



Math/Stat
Library

Page 176

- 10 -

5, TEST

Test

The procedure was tested on several exsmples among which were:
1: The three equations
yit =y2 , y2! =y3,
y3' =2 % (y1#y3 + y2xx2)
over the interval O <t <15 with the initisl wvalues
y1i=0,y2=1,y5=0.
The solution is y1(t) = tg(t), which tends to infinity. At t = 1.5
the values are appr. yl = 14, y2 = 184, y3 = 5000.

Test

6: The two equations
Yyt = y2 % yisx2
y2' = - 1/7

over the interval 0 < t < 4 with initial values y1 = y2 = 1. The
solution is

y2(t) = cosh(t) - sinh(t) = exp(-t)

y1(t) = 1/y2(t) = exp(t)
As cosh(t) and sinh(t) approach each other, y2 grows rapidly and y1
disappears. At t = 4 their values are y1 =55 and y2 = 0.02 ,

Test

3¢ One equation

y! = txap * (1-t)%%q
over the interval O < t <1, where p and q are given integers, and
with the initial value y = 0. The solution 1s the betefunction with
y(1) = B(p+1, g+1). The test was run with p = q = 4 and with p = 24,
q = L9, The solution y(t) has extremely small variation, in the
-21, but the

first case appr. -3 and in the second case appr. 1

10
higher derivatives vary much more.

0

Test 5: The Volterra equations

y1' = axyl - bxyl*y2

y2'! = cxyixy2 - dxy2
over some Interval 0 < t < T, where a, b, c, and 4 are given con-
stants, and with given initial values. The solution is periocdically
oscillating in both variables representing the growth of two con-
flicting populations.
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The tests were mainly concentrated on the following points of in-

terest:

Step-correction algorithm: Several elgorithms were tried, including the
one proposed by Zonneveld [ref. 1] and the one used in the Gier Algol

procedure [ref. 3]. Firally the present one was selected as the best in
the sense of minimizing the number of steps required to obtain a certain

accuracy.

Eps and the resulting error: As developped in chapter 2 above it is ex-

pected that the parameter eps and the resulting error are related appr.
as follows

Error = C % eps * variation(y) * (b-a);
In all the tests except Test 3 this linear relationship was confirmed,
and with a constant C between 0.1 and 0.02. Test 6 was the only case with
C> 1, namely C = 100. Test 3 with p = 24 and q = 49 showed a more irre-
gular relationship between Error and eps but still the accumulated error
fell below the expected value with C = 1.

Precision of the arithmetic: Several tests were carried out both with the
normal 36-bits precision floating-point arithmetic and with 33 bits pre-
cision, The results were almost identical but for small values of eps,
10-8 and 10-9, the procedure used more steps in the 33 bits mode. This

may be explained as follows: The results are almost the same because the
quasi-double precision works equally well in 36 bits and in 33 bits mode
and, in fact, makes both of them look like a (40-50)-bits mode. But in
the error control the calculation of the local error estimate is distur-
bed considerably by the rounding to 33 bits mantissa.

ng@arison with other methods: The criterion used for comparison is the
number of function evaluations (= calls of the f-procedure) plotted
against the sccumulated errcr (relative or absolute).

For nice, smooth solutions it uses almost twice as many function

evaluations as a good version of the Hamming predictor-corrector proce-
dure. In more 'difficult' cases (e.g., large higher derivatives) they

perform equally well, by and large, but the predictor-corrector 1ls more
dependant on a judiclous choice of initial step length; the Runge-Kutta

procedure gives almost identical results for a wide range of initial step
lengths,
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In [4] a number of methods were compared and one of the test pro-
blems were Test 6. For large values of the error (> 510—3) the present
procedure performs very much like the extrapolated Runge-Kutta Arromx of
[4]. For smaller errors it works considerably much better than any of the
cited procedures but this may be due to a better floating-point arithme-

tic: 36-bits and quasi-double mode compared with the 28-bits precision of
(4],

6. References,

[1] J.A. Zonneveld: Automatic Numerical Integration.
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[2] 0. Mgller: Quasi Double Precision in Floating Addition.
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Gier System Library No. 522. A/S Regnecentralen 1969.
[4] Phyllis Fox: A Comparative Study of Computer Programs for integra-
ting Differential Equations.
Comm. ACM 15 (Nov. 1972), 941-948,
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7. THE ALGORITHM

runge kutta=set 6
runge_kutta=algol index.no
external

boolean procedure runge kutta(fx,x,t,eps,dts,max,fstop);
value eps; -

integer max;

real t,dts,fstop,eps;

procedure fx;

array X;

begin integer nj;
if system(3,n,x)<>1 then system(9,0,<:<i1O>rungekut:>);

begin integer i,nt;
boolean tstop,first;
real cO,cl,e0,e2,e3,el,e5,4t0,dt,h0,
h,mo0,m,b,sft,t1,qt,d4,f,q,w,s;
array a(0:27),dv(0:6),qx,x1,dx,11,ul(1:n),k(0:6,1:n);

procedure evaluate;
begin integer ic,it,i,to;
real v;
boolean last;
1t:=0;
vi=ti;
for to:=0 step 1 until 6 do
begin fx(x,v,dx);
last:=to>5;
its=it+to;
for 1:=n step -1 until 1 do
begin k(to,1):=dx(1)*dt; - .
ve=0; -
for ic:i=to step -1 until 0 do
vi=k(ic,1)*a(it+ic)+v;
if last then dx(i):=vi=v+qgx(i);
x(1) s=x1(1)+v
end;
ve=dv(to) ¥dt+qt+t1
end;
ti=v
end evaluate;
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comment 1: initialize;

for i:=0 step 1 until 27 do
a(1) i=case i+1 of (2/9,
1/12 L1/4 ,

1/8 ,0 y3/8

53/125 ,-27/25 ,126/125 ,56/125

19/24  ,-9/ 25/14 ,é ,25/168

'9/"L 927/)4 '9/7 = 25/“4 s0 ’
35/336 ,0 81/168 ,0 ,125/596 0 ,1/24) 3

for i:=0 step 1 until 6 do
dv(i):=case i+1 of (2/9,1/3,1/2,4/5,1,1,1);
e0:=3/2; e2:=-81/7; e3: -16 eh: -125/1&; e5-=3,
for i:=n step -1 until 1 do
begin ax(i):=0;
11(1): -ul(i) =x1(1) :=x(1)
end;
nti:=max;
cli=cO:=fstop;
t1:=t;
GtO:=dts=if dts=0 then (cO-t1) else dts;
tstopi=true;
runge kuttai=true;
mu:=1,05;
qt:=0;

for nt:=nt-1 while nt>0 do
begin comment 2: main loop;
evaluate;

comment 5: error estimate;

sft:= -10,
for i]-n step -1 until 1 do
begin s:=x(1i);
if s>ul£i) then ulgi):=s else
if s<11(i) then 11(i):=s;
s:=(ul(1)-11(1i) +eps*abs s+ .-500)*eps;
fi= (abs(k(o,1)*eo+k(2,i)*é9+k(3 1)*e5+k(u i) »eli+k(5,1) *e5)) /s ;
1f £>sft then sfti=f;
end;
if sft<=1 then

begin comment U4: accept;

cl:=fstop;
if tstop then
begin tstopi=cO=c1l;
if tstop and (ci=t or dt*dt0<=0) then goto slut
end
else if cO*c1<0 then goto slut;
cO:= c13 .
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comment 5: new dt;

m0:=mu;
miz=1/(1+sft)+0.45;
b:=dt/dto;

s:=dt0;

dtO:=dt;

dts =(b*m+mi-m0) *dt ;

comment 6;

qt:=dt0o+qt-(t-t1);
tis=t;
if tstop and (c1-t-qt)/dt<l then dt:=cl-t-qt;
for i:=n step -1 until 1 do
begin
ax(1) s=ax(1)-(x(1)-x1(1));

. en§1(i) s=x(1)

end accept
else

begin comment 7: reject;

for i:=n step-1 until 1 do x(i):=x1(1);
q:=sqrt(sqrt(sft));
first:=dt0=dt;
dt:=dt*0.95/q;
muz=mi*2xq/(q+1) 3
1f first then 4tO:=dt;
end reject
end main loop;
rmge_kut‘ba: =false;

slut:
max:=max-nt ;
. dts:=dt0;
if cO¥c1<0 then

begin comment 8: terminating step;

d:=g:=wi=b:=0,99;

f:=hO:=0;

h:=dt:=dt0;

mu:=abs(if s/h<1 then s else h);

for s:=h-h0 while abs s>(abs dt+mu)*1 0‘8 do

begin comment 9: zero determination;

fi=b;

bi=cO+cl;

for 1:=n step-1 until 1 do x(1):=x1(1);
if f¥b<O then begin wi=q; qi:=d end;
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d:=b/(c0-c1);
dt:=(a»w-1)*s/2+h;
evaluate;
f:=fstop;
1f £=0 then hi=dt;
if cOxf<® then
begin c1:=f; h:=dt end else
begin ¢0:=f; hO:=dt end;
d:=w:=((1f b*f>0 then 1-w else -0.8)*0.0%abs d+1)*w
end zero determination;
if cO*f>0 then
begin dt:=h;
for 1:=n step-1 until 1 do x(i):=x1(1);
evaluate;
end
end terminating step
end inner block
end rungekutta;
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The main variables of the procedure are:
A(0:27), DV(0:6), €0, e2, e3, el, e5: Coefficients from the Runge-Kutta

x1(1:n):
dx(1:n):
aqx(1:n):
11, wi(1:n):

forrmulae;
18 values of x;
Actual increments of x, such that x(i) = x1(i) + dx(i);
Accurmulated rounding errors of x;
Lower and upper limits of x since entry, hence
ul(i) - 11(i) is the variation of x(1);

dt: New step length estimate;

dto: Last accepted step size;

t1: Last value of t, the integration variable; i.e., t1 is
the endpoint of the last accepted step and t is the end-
point of the step being tested;

qgt: Accumulated rounding error of t;

sft: Step accept criterion;

m, muO: New and old value of step size relaxaticn factor;

cl, c0: New and 0ld value of the stop criterion fstop;

tstop: true if fstop = constant, false otherwise.

comment 1: The array A is initialized with the coefficients of the Runge-
Kutta formulae for k(1), k(2), ... of [1]. (Note that coefficients
for k(6) precede those for k(5).; DV is initialized with the fac-
tors on h corresponding to the k-s. €0 to e5 contain the coeffi-
cients of the errcr estimate formula, The accumulators gqx(i) and
gt for the quasi double precision errors are reset. The lower and
upper limits of variation 11(i) and ul(i) and the 'old' value of x
x1(1) are all reset to the initial values x(i). The present and the
0ld step length estimate, dt and dtO, are set equal the entry value
of the parameter dts; if this is zero the total length of the inte-
gration interval is used as first guess.

comment 2, Main loop: Here starts the main loop with one cycle per step.

The loop consists of
- function evaluation,
- local error estimate,

- actions when a step is accepted or actions when a step is rejected.
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comment 3, Error estimate: For each component x(i) the lower and upper

1imit is updated, the runge-Kutta error estimate f is calculated in
accordance with (2.5). The maximum over all components x(i) is de-
noted sft,

comment h, Accept: The new step dt is accepted, x(1i) contain the corre-

sponding new x-values., The first action is to check the stop crite-
rion: If fstop = constant, tstop is true and integration continues
until t = fstop; the double if-statement ensures the correct setting
of tstop in the first step; the condition dt*dto < 0 ensures exit if
the procedure is called with a dts much larger than the integration
interval or if the step length extrapolation yilelds a crazy result.
If fstop is not constant, exit is made when its sign changes

(cO*e1 < 0).

coment 5, New dt: The size of the step just accepted is stored as 4tO,

and a guess for the next step is calculated sccording to (2.8).
Wnile the very last step dt may be very small in order to 'hit!
exactly t = fstop, dt0 always contains the last, normally calculated
and accepted step lenzth. Therefore dt0 is used to set the return
value of dts after the last step.

comment 6: The following statements perform the quasi double precision

arithmetic on t, using qt as errcr accumlator, and on x(1) using
gx(i) as error accuwmilators. If the estimated new step length dt
overshoots the goal t = c1, dt is regulated accordingly. Finally t1
and x1(i) are updated.

comment 7: The step is rejected, x(i) are reset to the old values x1(1)
and a smaller step length dt is calculated according to section
2.3. Furthermore mu, which in the next accepted step will be used
as 'old value' muO, is increased a little; this will meke the dt-
extrapolation after the first accepted step a little more cautious.

In case the very first step is much too large and hence rejected,
dt0 has to be re-initialized; this 1s done in the last statement of
the loop, where 4t0 = dt is used to indicate the first step.
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corment 8, Terminating step: This sectlon is entered only for variable

fstop, in order to interpoclate over the last accepted step to find

the t-value and corresponding x(i)-s for which fstop = O, The va-

riables have the following contents (snapshot values) just before

entering the

1, x1(1):

interpolation itself (the statement: for s:= ...)

014 accepted values where fstop still had the origi-
nal sign, say fstop = cO > 0.

t, x(1): Newest calculated point, where fstop = c1 < O,
h = dt0 = distance from t1 to t.
d, q, w, b: Contain initial values for different weights and
coefficients used in the interpolation.
‘ cormment 9, Zero determination: t1 is used as the fixed base point. The

end points of the newest! root-containing interval are t1 + hO and
t1 + h where fstop has the values cO and ¢1; 8 = h - hO is the
length of this interval. The next point tested for fstop =0 is

t1 + dt, where dt is a weighted mixture of a bisection dt =h - s/2
and a slightly modified regula falsi dt = h + (cO + ¢1)/(cO - s1)

* 8/2,
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The procedures decompose and solve, RCSL llo, 53-MT13

must be present in RCUOIT before thz sclineq tape is input

oy the commend I tre,

Program call:

The prozram is called by the commerd sclineg dstascurce ,
e.g. solineq tre. Output will appear on current out. Data is
tested by the program.

Dava:
n nurter of eguaticns
m number of right-hend sijes

coefficients of the equations
right-hand sides

a(1:n,1:n)
b(1:n,1:m)

se 80 oo oo

output trim ¢ - (mirus) => standard trim is used,
which: means output of input data
snd solutions with max 70 lines
per page, max SC characters per
line and 7 digits per number
or
4 numbers: irnputout
lines per page
characters per line
digits printed in output.
inputout=0: input data is not printed
inputout=1: input data is printed
20<=lines per page<=100
Lho<=characters per line<=130
<=digits in output<=i1l.
Standard trim is 1,70,80,7
Examples:
data set:
21
Tl bt
1.8 2.3
8.1 17
program call:
o tpf
soling trf

punch output:

Data:

22 matrix

a 1,1= 7.,100000; O a 1,2= L4,0000004 O
a 2,1= 1.8000004 O a 2,2= 2,300000;, 0

right-hand sides:

bi= 8.100000+ O b2= 1.700000w 1
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SCLUTIOCNS3 ‘l'
x1==5,4074L5, 0 X2= 1,162322; 1

data set:
n=>

m=3

a.
146785
T4h5955
8475902
hsea239
341718
856L4Lgg
b:
123456
23Lhs67
987654 "'
0 4o 60 3

program call:
soldate=set 5
soldata=edit trf
f

o 1lp
solineq soldata

printer output:

set no 1 .

X1= 2.9513-] X2= 2077]0 0 «’3=“} osl"'m 0 XL|-=-1.3,+30-1
x5= 1.46,-2 x6==6,39 ;-2

set no 2
X1= 2.17yp~1 xX2= 2,51 O x352=T (Ol -1 xb=-1,054-2
X5==3,08-1 x%6=-1.87p-1

set no 3

X1= 1.39p-1 x2= 2,24, 0 x3==L,80,-2 x4= 1,13p-1
X5=—6.30m-1 X6=‘501Om-1
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Program listing:

(clear solineq
solineg=set 30
solineq=algol

end)

begin
comment program for solving a system of linear equations by
means of two standard procsdures : decompose + solve,;

integer n,i, j,m,M,k,k1,k2,k>,digits, sp?,
linesperpage,charperline,linespergrour,ncsperiine,linesleft,blines;
real r,rn,rm,rr,lay,layl,lay2;

boolean first,consolinput,inputout,error,bl,biga,blgh,sp;

array arr(lzes;

procedure changepage(left,wanted); intecer left,wanted;
begin
if left<wanted then
begin
linesleft:i:=linesperpage;
write(out,<:<12>:>);
end
end changepage;

procedure alarm(r,s); reel r; string s;
begin integer i; ‘
ii=r;
write(out,<:10>:>);
if i=r then write(out,i) else write(out,r);
write(out,s,<:<10>:>) ;
errori:=true
end alarm;

procedure notused;
begin boolean first;
integer 1,J;
firsti:=true;
repeatchar(in) ;
rep:
i:=readchar(in, j);
if -,consolinput and j<25 or consolinput and j<10 then
begin
if first then
begin :
if j=10 or j=32 then goto rep
else write(out,<:<10>Following was not input: :>)
end;
firsti=false;
write(out,false add j,1)3goto rep
end
end notused;
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procedure testnandm;
vegin
ni=rn;
if m<n or n<l or n>200 then
alarm(rn,<: is not an acceptable value of ni>);
Mi=rm;
if M<1 or M>100 or M<rm then
alarm(rm,<: is not an acceptable value of m:>);
if errcr then goto STOP;
system(2,1i,arr);
J : =X+ xrodt bxnxn+200 3
i1f j>i then
begin
write(out,<:<10>A dataset of n= :>,<<d>,n);
write(out,<: and m= :>,<<d>,M);
write(out,<:

is too big for this process and will result in a stack message.
In this case you should increase your process by approx.<i0> :>,

<<&>, 100xround( ( j-1) /100),
<: bytes or preferable more<iO>:>);
end;
end testrandm;

procedure testmatrix(c,n,m,k,name,big);
array c¢; integer n,m,k; string name; boolean big;
begin integer i,Jj; boolean first;
firsti=true;
tigi=false;
for i:=1 step 1 until n do
for j:=1 step 1 until m do
if c%i,j)>m616 and ixj<=k then
begin
1f first then write(out,<:<10>Dataerror in matrix:>,

name,<:<10>Illegal number in element::>);

write(out,<<dd>,<:<10>:>,1,<:,:>,3) 3
error:=true;
first:=false;
end
else if c(i,3)>9.99,9 then big:=true;
if -,first then
begin
write(out,<:<10><10>:>); setposition(out,0,0);
end;
end testmatrix;

begin integer array ie(1:20);
getzone(in,ia);
ri=r shift 24 add 1a(2) shift 24 add 1a(3);
consolinput:=r=real<:conso:> add 108 or
rareal<itermi:> add 110;
end;

error:=false;
i:=read(in,rn,rm);
if 12 then
begin
write(out,<:<10>empty resder<iO>:>);
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begin
. n:=rn;
write(out,<:n=:>);
if n=rn then write(out,rn) else write(out,rn);
write(out,<:<i0>no input to m:>);
end;
goto STOP
end;

testnandm;

begin array b(1:n),a(1:n,1:n),bom(1:n,7i:M);
integer array p(1:n);

inputouti=true;
iinesperpage:=70;
charperline:=80;
digits:=T73;

sp:=false add 32;
. k:=read(in,a);
k1:=read(in,bm) ;
ri=4100;
k2:=read(in,r) ;
if k2=1 and r<;,616 then k3:=read(in,rn,rm,rr) else k3:=0;
notused;

if k<nn then
begin
write(out,<:<10>:>,<<dd>,k,<: elements input tc matrix,
should be mxn=:>,nxn);
error:=true;
end;

testmatrix(a,n,n,k,<: a:>,biga);

if k1<nXM then
begin
write(out,<:<10>:>,<<dd>, k1,
‘ <: elements input to right-hand sides,
should be nxm=:>,nxM);
error:=true;
end;

testmatrix(bm,n,M,k1,<: b:>,bigh);

1f k3=1 or k%=2 then write(out,<:
output trim should be O or 4 and not:>,<<-@>,k3+1,<: numbers:>);
1f k2=1 and r<y616 then
begin
if r>0 and r<>1 then
begin
ii=r;
write(out,<:<10>inputout rmust be either O or 1 and not:>);
if i=r then write(out,i) else write(out,r);
end
elses inputout:i:=r=1;

)
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if k3>0 then
tegin
i:i=rn;
if i< or i<20 or i>100 then
begin
write(cut,<:<10>:>) 3
if i=rn then write(out,i) else write(out,m);
write(out,<: is not acceptabls as lines per page:>);
end
else linesperpage:=i}
end;
if k3>1 then
begin
ii=rm;
if i<rm or i<lC or 1130 then
begin
write(out,<:<10>:>);
if i=rm then write(out,i) else write(out,rm);
write(out,<: is nct acceptable as characters per line:>);
end
else chsrperline:=i;
end;
if k3=3 then
begin
it=rr;
if i<rr or 1<3 or i>17 then
begin
write(out,<:<10>:>);
if i=rr then write(out,i) else write(out,rr);
write(out,<: 1s not acceptable as digits in output:>);
end
else digits:=i;
end;

if error then goto STOP;

k1:=if n>9 then 1 else O3
i:=dlgits+k1+(1if biga then 12 else 11);
charperline:=cherperline-i;
nosperline:=charperline//(i+1)+1;
if nosperline>n then nosperline:i:=n;
sp1:=(charperline+i-nosperlinexi)//(nosperline-1)-1;
if sp1<0 then spl1:=0 else
if spi>h then spi:=l;
linespergrou :=?n//nosperline)+

(if n mod nosperline =0 then 1 else 2);
blines:=3+1X(1linespergroup+(if M>1 then L else 0));
linesleft:=linesperpage;

layl:=real( case digits-2 of(
<<wd ddy-a>, <<=d . dddy-a>, <<=d.dddd-d>,
<<-d.3ddddy-d>,<<-d.dddddd-a>, <<-d.ddddddd,-3>,
<<-d,dddddddd,-a>, <<-d,ddddddddd, -d>, <<-d.dddddddddd,y-a>) ) ;
lay2:=real(case digits-2 of(
<<~d,ddy-dd>, <<-d.dddy-dd>, <<~-d.dddd,-dd>,
<<-d,dddddy-dd>, <<-d.dddddd,-dd>, <<-d.ddddddd,-dd>,
<<-d,ddd3dddd,-dd>, <<-d.ddddddddd,-dd>,
<<~d.dddddddddd,~dd>) ) ;



13 -7 -
solineq - 7 Math/Stat

Library
if inputout then Page 195
begin
. begin
write(out,<:<12<10>

Data:<10><10>:>,<<&>,n,<iX:>,n,<: matrix:>);
linesleft:=linesleft-4;
lay:=if biga then lzy2 else lay’;
for i:=1 step | until n do
begin
write(out,<:<zo>:>);
for j:=1 step 1 wntil n do
wrltu(ou,,*z J mcd nosperline=; then <i<i0>:> else <ii>,
8p,if } mod nosperline=i then J else spi+1,<tai>,
<KAd>,1,<:, 1>,<<d>, §,1if 1>0 and j<i0 then <& =i> else <i=i>,
string lzy,a(1,]));
linesiefti=linesleft-linespergroup;
changepage(linesleft,linespersroup; ;
end;
if blines<=linesperpage then chang enwge(linesleft,blines);
changepage( linesleft,linesperzroup) ;
if M>1 then linespergroup:=linespergroupth;
. write(out <:<10><10><10>right-hard sides:>);
linesleft:=linesleft-3;
lay:=if bigb then lay2 else layi;
for j:=1 step 1 until M do
begin
if M>1 then write(out,<:<10><1C><10>set noi>, ,<:<10>:>);
write(out,<:<10>:>);
for i:=1 step 1 vntil n déoc
write(out,if i mocd nosperline=1 then <:<i0>:> else <::>,
sp,if 1 mod nosperline=1 then 3 else spi-i+(if -,biga and bigb
then 3 else if biga and -,bigb then k4 else 5),
<:bi>,<Ld>,1,if >0 and i<17 then <: =i> else <i=i>,
string ley,bm(i,J));
linesleft:=linesleft-linespergroun;
changepage(linesleft s linespergroup )3
end;
write(out,<:<10>:>);
lineslefti=1linesleft-1;
if M>1 then linespergroup:=linespergroup-k;
‘ end;
end;

b1i=true;

if -,decompose(sa,p,1) then

begin
write(out,<:<10>The given matrix is singuler<io>:>);
goto STOP

end;

if M>1 then linespergroup:=linespergroup+h;

for m:=1 step 1 until M do

begin
for 1:=1 step 1 until n do b(i):=bm(i,m);
solve(a,p,1,b);
bigbi=false; for 1:=1 step 1 until n do if b(1)>0.9,9 then bigb:=true;
lay:=1if bigb then lay2 else layi;
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if b1 then
begin .
if -,inputout then write(out,<:<12>:>);

if blines<=linesperpace then chancepace(linesleft,blines);
changepace(linesleft, linespersroup, ;
write(out,<:< 0><10><10>:>,false add 32,
nosperlinex(12+spi+digite),/2-8,<:3 JLUT I O 8:>);
lineslefti=lineslieft->;
end;
if M1 then write(out,<:<10><10><1C>set noi>,m,
<:1<10>1>) else write(out,<:<10>:>);
for i:=1 step 1 until n do
write(out,if i mod nosperline=! tnen <:i<13>:> else <i:i>,
sp,if i mod nosperline=i then 3 else spi-1+(if -,bica
and bigb then 3 else if biga and -,bigb then 4 else 5),
<ixi>,<<>, 1,
1f 10 and i<i0 ther <! =:> else <=2,
string lay,o(i));
linesleft:=linesleft-linespergroup;
changepage(1inesieft, linespergrour;

1 e
)
bil:=false; .
end m;

write(out,<:<10><10><12>1>) ;
end of block;

STOP:

end
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boolean procedure solvesym(n, m, A, X);

1. Function and parameters,

The procedure solves the generalized linrear algebraic equation
MXX=B

where M 1is a symmetrical n X n matrix of coefficients, B is a given n X m
matrix and X is the unknown n X m matrix.

In this prccedure X and B are stored in the same array X, B on entry
and X at return,

The lover half of M(1:n, 1:n) 1is stored in an array A such that
M(s, r) = M(r, s) = A(rx(r-1)//2 + 8). s <=,

If M is singular then the procedure will come out with the value
false., For each degree of degeneration one of the diagonal elements in
M, say A(sx(s+1)//2), is zero, and the corresponding elements of X,
X(s, k), k =1, 2, ¢u., m, Must be zero or very small if the given equa-
tion M X X = B has a solution,

Procedure heading:

boolean procedure solvesym(n, m, A, X);
value n, mj

integer n, m;

array A, X;

Call garame‘bers:

:_I.nteger n The number of equations.

integer m the number of right sides,

real array A(1:mx(n+1)//2) the lower half of the coefficlent matrix
Mr, s) = M(s, r) = A(rx(r-1)//2 + s), s <=r,

Call and Return parameter:
real array X(1:n, 1:m) is the right sides at call and the solutions at
return.

Return “_prarame'ber:
booclean solvesym. false if A is singular, true if A is nonsingular.
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2. Mathematical method.

The method is the usual Gauss reduction with diagonal pivoting. The
pivoting criterion is the following:

In each step a new pivot index r is selected among the not used in-
dices so that

abs M(r, r) / max abs M(r, s)
attains its maximum; and the reduction is carried out in the usual way
by making the r’th columm = O under the diagonel, However, 1f all pos-
sible diagonal elements are zero this can not be done, In that case an
index r is found so that
max abs M(r, s)
s #r .
attains 1its minimum,

If this minimum is zero then the whole row is zero and the matrix is
singular. In this case the procedure value is set to false and the corre-
sponding r is set to ’has been pivot element’, and the search for another
r is continued, However, if the minimum is > O then row k is replaced by
(row k) + (row r) x M(k, r) for all k which have not been pivot index.
This will make at least one diagonal element # O and the pivot index may
be selected es above, The process can now go on until there are zeros un-
der the whole diasgonal of M and the solution obtained by simple backward
elimination,

If M is singular some of the disgonal elements M(r, r) are zero. Du-
ring the backward reduction the division by such a diagonal element is
skipped., Moreover, the corresponding elements in the r’th row of X(r, k) .
= B(r, k) will have to be zero (or very small compared to the original
values) in case the given equation has a solution,

3, Accuracy, time and storage Requirement.

Accuracy.

In practice the relative error measured as ||AxX - B||/||X|| has
been found to be sbout p-10. This is not an errorbound, the errorbound
has been discussed in detail in literature see e.g. Forsythe og Moler.
(ref).
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Storagre requirement.

The procedure Is 4 segments long on backing-store. It uses 70 + 3.5 X

n words in stack.

Typographical length: 103 lines, 4 segments.

L, Test and discussion

The procedure is intended for use in such cases where the total ma-
trix M is too blg for the available store. A program using decompose and
solve will be faster than a program using solve sym, even if the program
must generate the matrix M from the half matrix A,

The procedure has been tested by some equations with coefficients
chosen at random and by a representative set of singular equations,

The following program will read n, m, A, B, solve the linear alge-
braic equation A X X = B and write out the X:

Input, solution and output of a symmetrical set of linear algebraic equa-
tions
begin integer n, m, i, j, k, 13 boolean s;
read(in, n, m);
begin array A(1:(nx(n+1)) shift (-1)), B(1:n, 1:m);
read (in, A, B);
st= -, solvesym(n, m, A, B);
if s then write(out, <:<10> A is singular:>);
write(out, <:<10>:>);
for i:= 1 step 5 until m do
begin
Je=1f i+h < m then 1 + 4 else mj
for ki= 1 step 1 wntil j do write(out, << dda>, k);
for ki= 1 step 1 until n do
begin 7
write(out, <:<10>:>, <<ddd>, k, if s then (if A((kx(k+1)) shift (-1))=0
then <:X_:> else <:__:>) else <:__:>);
for 1 := 1 step 1 until j do
write(out, <<_-d.ddddddy-dd>, B(k, 1))
end k;
write(out, <:<12><10>:>)
end 1
end A

end prosram:?
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5. Reference

George Forsythe and Cleve B, Moler: Computer Solution of Linear

Algebraic Systems., Prentice-Hall, Inc. (1967).

6. Procedure text.

solvesym = set U4
solvesym = algol
external

boolean procedure solve sym(n,m,A,X);
message solve sym, version 18 11 69, RCSL 53-Mb;
value n,m; integer n,m; array A,X;
begin integer i,j,k,r,s,t;
reel ai,sk,ar,mi;
array M(1:n); integer array R(1:n); boolean array B(1:n);

for 1:=1 step 1 until n do
begin
mi:=0;
for ki=i-1 step -1 until 1 do R TR
begin | .
if abs A(k+j)> mi then mi:=abs A(k+J); o
1f abs A(k+3)>M(k) then M(k):=abs A(k+J) SR
end k3
M(1):=mi; B(1):=true; ji=j+i;
end 1;
s:=1;
for t:= 1 step 1 until n do
begin
mis=gki==1;

|
|
\
\
\
|
|
js=03 solve sym:=true;
for i:= 1 step 1 until n do if B(1) then
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aii=abs A((ix(i+1))snhift(-1));
if M(i)>0 then
bezin
if mixM{1)<ai then
begin
if ai<>C then
begin
mis=ai/M(i); s:=i
end else if M(i)xok<l then
tegin
=1/M(1); s:=1
end
end
end (1) > 0 else
begin
R(t):=1; B(i):=false; ti=t+1;
if ai=0 then solve_sym t= false
end M(i)<0
end i;
if B(s) then
begin
ri={sX(s-1))shift(-1); ar:i= A(r+s);
if ar=0 then begin ar:i=-1; t:=t-1 end else R(t):=s;
B(s):= false;
for i:= 1 step 1 until n do if B(i) then
begin
Je=(1x(1-1))shift(-1);
ai:=A(if i<s then r+i else j+s)/ar; mi:=-1;
for ki:= 1 step -1 until 1 do if B(k) then
begin
:= A(J+k) :=A(5+k)
-aiXA(1f k<s then r+k else (kX(k-1))shift(-1)+s);
1f abs ak>ml then
begin
if i=k then goto L1}
mis=gbs gk
end;
if abs ak>M(k) then M(k):=abs ak;
L1: end kj
M(i):=mi;
for k:=1 step 1 until m do X(i,k):=X(1i,k)-aixX(s,k)

end ij;
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|
for k:=1 step 1 wntil n do if B(k) then
begin
ak:=zbs A(if k<s then r+k else (kx(k-1))shift(-1)+s);
if ak>mi then mii=zk;
if ak>M(k) then M(k) :=ak;
end k;
B(s):= true
end A(r+s)=0
end B(s);
end t; |
for t:=n step -1 until 1 do |
begin ‘.'b
s:=R(t); r:=(sx(s-1))shift(-1);
for 1 := t+1 step 1 until n do
begin
J:=R(1); ai:=A(if j<s then r+j else (Jx(j-1))shift(-1)+s);
for k:=1 step 1 until m do X(s,k):= X(s,k)-aixx(Jj,k)
end 1;
al:= A(r+s);
if ai<> O then for ki= 1 step 1 until m do X(s,k):=X(s,k)/al
end t

end solve sym;
comment

Call parameters:

integer n the number of equations.

integer m the number of right sides.

real array A(1:mx(n+1)//2) the lower half of the coefficient matrix,
M(r, s) = M(s, r) = A(rx(r-1)//2 + s)

Call and Return parameter:
real array X(1:n, 1:m) is the right sides at call and the solutions at

return,
Return parsmeter:
boolean solvesym. false is A is singular, true if A is nonsingular;
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zerol(x, F, a, b, eps)

zerol(x, F, a, b, eps)
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1. Function and Parameters,

1: Function:

The boolean procedure evaluates one zero of the function F(x) within
the interval a <= x <= b, The method is based on regula falsi and
bisection combined with an adasptive parameter giving the weights of
regula falsi snd bisection.

Call parameters:

a, b:

eps:

Return parasmeters:

real value parameters specifying the end points
of the interval within which the zero is calcu-
lated. This interval is a <= x <=b if a < b,
otherwise a <= x <= b,

A real name Apara.meter giving the accuracy with
vhich the zero is determined,

Relative accuracy may be specified by substitu-
ting an expression like delta X x for eps.

If eps specifies an accuracy that is not obtain-

able calculations are stopped with the obtainable
accuracy.

& real name parameter being the independent va-
riable in the expression giving F.

On exit the 2z e r 0 determined by zeroil,

Need not be initialized.
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zerol: The boolean procedure neme is set to false if
F(a) > 0 and F(b) > 0 or F(a) < 0 and
F(b) < 0, otherwise zerol is true.
Other parameters:
F: a real name parameter specifying the function for
which the zero is to be evaluated.
F must be supplied as an expression depending
on X,
2. Method ®

The procedure calculates for each iteration a new value as a weighted
mean between a regula falsl and a bisection value:

a<x< b being the intervael in which the zerc is to be evaluated, with
fa = F(a) > 0 and fb = F(b) < 0, the following algorithm is used:

xr=a-faXxX(b-a)/ (b - fa)
(i.e. x value obtained by regula falsi)

xb=(b+a) /2
(i.e. x value obtained by bisection). .

The new value of x is now calculated as

x=xr+ (xd-xxr) Xvb

vhere the welght factor, vb satisfies 0 < vb < 1.
And the velue of vb 1s calculated as

vb = if a < xr and xxr < b then vb X vb / 2 else 1;
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i.e, if xr, the x value calculated by regula falsi method, is inside the
new interval then regula falsi might be better than the x just calculated
and more weight are given to regula falsi in the next iteration (1.e.

smaller vb), otherwise the next iteration is pure bisection (v = 1).

£ = sg X F(x) is evaluated for the new x value and a new interval (alb)
is determined as:

1f £ > 0 then begin b := x; fb := £ end
else begin b := x; fa = f end;

The factor sg is £ = sg X F(x) is introduced in order to give a simple
algorithm inside the iteration loop.

Before starting iteration sg is initialized as
sg := id fa > O then 1 else =-1;
and all values of F sre multiplied by sg, (1.e. fa > 0 and fb <O0).

If the parameters specifying a and b gives b < & then a interchange of
these two parameters are made in the start of the program.

However if F(b) and F(a) are both either greater than or less than O then

the method does not work and the boolean name zerol 1s set to false indi-
cating thet no zero is evaluated, otherwise zerol is true.

3. Accuracy and storage requirement.

3,1, The accuracy is determined by the input perameter eps giving the
absolute precision of the zero. If however an expression giving eps
includes the factor x (the independent variable) then relative pre-
cision is automatically used.
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P I
If an accuracy higher, than tie one obtainable in RC 4000, is spe-
cified then a result with the highest obtainable precision is deliv-
ered,

3.2+ Storage requirements:

1 segment + 9 real varisgbles

L, Test and discussion.,

zerol is tested by use of the 6 functions used in ref, 1 for test of Gier
procedures,

Results of this test using testprogram as given in section 7 are:

Textexamples for : external boolean procedure zeroi(x,F,e,b,eps)

F(x) a b eps x iter
5433+2,6%x 9.9 2.1 *-6 -2,05° +0 8
in(x/0.7) 0.1 2 ’.8 7.00° -1 12
exp(x) -0, 4 -5 1 %< =T -9.16’ -1 12
sin(x)-sin(1.55) -3 1,59 ’-5 1.59° +0 1
03 + X 0,5 2 ? B+abs(x)x’ -6 1.93% =15 9
200K5 -1 2 ' .6 6.96° -7 24

x = the zero calculated by zerol
iter = the number of references to F

These result may be compared with results from ref. 1 showing that al-
though using & very simple strategy zerol is very fast.

5. References.

Bo Munch-Andersen: Zero, Algol procedure, Regnecentralen October 1965,
Gier System Library, Order No, 409,



6. Algol program

zerol=mset, 1
zerol=algol
external

boolean procedure zeroi(x,F,a,b,eps);
value a,b; real x,F,a,b,eps;
begin
real fa,fd,f,vb,sg,v,xr;
comment 1; :

zerol:= true;

if & > b then begin £ (= a; a :t=b; b := f end;
X = a@aj

f = F;

sg ¢= 1f £ > O then 1 else =1;

fa := sgxf;

if fa = O then goto out;

X $= Db}

fb = sgxXF;

if fH = 0 then goto out;

if £fb > 0 then begin zerol := false; goto out end;
vb = 1;

next:

v = beaj
= (b+a.)/2,
11‘ v < 2xabs(eps) or v < 1.2,-10xabs(x) then goto out;
comment 2;
xr := a-faxv/(fb-fa);
x = xr+(x-xr)xvb;
T = spF;
if £ = 0 then goto out else
if £ > 0 then begin a := x; fa := f end
else begin b = x; fb := £ end;
comment 3;
vb :mif a<xr and xr <b then vaVb/E else 1;
goto next;

Reference:

RCLOOO System Library

Order No. 55-Dik4

A/S Regnecentralen, July 1969
N. Schreiner Andersen
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Function:

The boclean procedure evaluates one zero of the function
F(x) within the interval a <= x <=b, The method is

based on regula falsi and bisection combined with an adap-
tive parameter giving the weights of regula falsi and
bisection.

Call parameters:

a,b : real value parameters specifying the end pcints
of the interval within which the zero is calcu-
lated. This interval is a<=x<=b if a<b
otherwise b <= x <= a,

eps: A real name parameter giving the accuracy fecr
which the zero is determined.

Relative accuracy is specified through an expres-
sion with factor x, i.e. xXp-7 gives a relative
accuracy of p-7.
If eps specifies an accuracy that is not obtein-
able within RCLOOO calculations are stopped with
the obtainable accuracy.

Return parameters:

X 3 a real name parameter being the independent
variable in the expression giving F,.

On exit the z e r o determined by zeroil.
zerol : The boolean procedure name is set to false if
F(a) >0 and F(b) >0 or F(a) <0 snd
F(b) < 0, otherwise zerol is true.
Other parameters:
F: a real name parsmeter specifying the function for

which the zero is to be evaluated.
Fmust be supplied with an expression depending on x.

2: In order to avoid that calculations can not stop because of too small
eps (below the precision obtainable on RC4LO0O) a security is put in here
causing stop on v < 1.2yx-10Xabs(x).

5: A new weight, vb 1s calculated before next iteration;

end zerol;
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7. Testprogram
A/S Regnecentralen
Testprogram for procedure zerol
NSA, 1.09.69.
begin
real procedure F(n);
integer n;
begin
1 :=14+1;
:= case n of (5.33+2.6xx,1n{x/0.7),exp(x)-0.4,s1in(x)-sin(1.55),
X3 + X, 00K5) 3 '
end F;
real x; integer 1;
write(out,<:
Testexamples for : external boolean procedure zerol(x,F,a,b,eps)
>);
- write(out,<:
F(x) a b eps x iter
)3
1 :. 0; zeI‘O1(x,F(1),-9.9,2-1,»-6);
write(out,<:
5033"‘206)« -9 .9 2.1 n-é :>,<< "d.ddn"'db, x,<< -dd>, i) H
:= 0; zeroi(x,F(2),0.1,2,4-8);
write(out,<:
In(x/0.7) 0.1 2 o=-8 $>,<<  -d.ddpHdd>, x,<<  -dd>,1);
1 := 0; zeroi(x,F(3),-5,1,%%p=T);
write(out,<:
exP(x)'oon -5 1 XXyp=T >,4<  -d.ddp+dd>,x,<<  -dd>,1);
1 := 0; zerol(x,F(4),3,1.59,5-5);
write(out,<:
sin(x)-sin(1.55) =3  1.59 =5 >,<<  -d.ddp+dd>,x,<< -dd>,1);
:= 0; zerol(x,F(5),-0.5,2, y~B+abs(x)Xp=6) ;
write(out,<:
003 + X 0.5 2 p-8+abs(x)Xp-6:>,<< -d.ddy+dd>,x,<< -dd>,1);
:= 03 zerol(x,F(6),-1,2,p=6);
write(out,<:

write(out,<:<10><10><10>
x s the zero calculated by zerol
) iter = the number of references to F
>);
end testprogrem;
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1. CTATISTICAL THEORY,

It ic assumed, that the observations (cf the same variable) are
stochastically independent and identically distributed with a distribu-
tion having centrsl mcments of order <=L,

(e.2. EX < 00 and E{X - EX)xxj) < oo for j =2, 3, 4).

If we put mean =ml = sum(1 <= 1 <=n) (X(i)) / n and
2(3) = sun(1 <= 1 <= n)((X(i) - m1)xxj) for § =2, 3, 4, the program

computes:

r2 = variance = §(2) / (n - 1)

std.dev. = sqrt({m2) ‘
m> = skewness = 3(3) / (s(2)xx1.5)
kurtosis = S(4) / (s(2)xxe)

Students’ ¢ mi/ (std.dev. / sqrt(n)).
The 95 pct. confidence interval for mean is defined as:
mi-1.96Xstd.dev./sart(n) < mean < m1+1.96xstd.dev./sqrt(n).

mit

The histograms are made in such a way, that the colummn heigth (and

not as usual the column area) is proportional to the group density.

The chi square distribution test is based on
chi square = sum(1<=1<=k)((obs(i) - nxp(i))>x2/(nxp(1)))
= -n + sum(1<=i<=k)(obs(1)x2/(nxp(i))), .

" with n = number of observations, k = number of groups, hxp(i) = the ex-

pected and obs(i) = the observed number of observations in the i-th

group. For nxp(i) -> oo chi square is approximately chi square distribu- ’

ted with k-3 degrees of freedom, but the adaption is only acceptable when

min(1<=i<=k) (nxp(1)) > 5.C, and the program therefore unites groups (by

deleting some of the grouplimits) in order to let this condition be true.
The program use the following apprroximations of the normal distri-
bution cumulative function phi(y) (see ref (4)):

(1) poi(y) eq. exp(-yxx2/2)X.3989Lx((.9372980xp-.1201676)xp + 4361836)xp
with p = 1/(abs(y)X.33267+1.0) for y <=0.
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(2) oai™(v) eq. -p+(2,30753+.27061%p) /( (0448 1xD+.99229) xp+1.0)
with p = sqri(in(y)x(-2.0)) for 0.0 <= y <= 0.5

which combined with phi(-y) = i- phi(y) for x real
and phi"1(y) = - phi'1(1-y) for 0 <= y <= 1 gives total approximations

of phi and phi”)

2.1. INPUT/OUTPUT SYSTEM,

For facilitating the problems about input/output, the two standard
zones in/out (connected to current input/output) are used for input/out-
put on character level. Output is made for format AW vertical and pro-
duced with 8 leading spaces on each line,

Besides the computed output, the output will contain small notes
about the different parts of input, and possibly also some error messages,

2,2. SYNTAX OF INPUT DATA.

The input file (= current input) must contein data in accordance
with the following syntax:

<input file> ::= <didentification><data set>§ <end>é EM

<lddentification> ::= < <legal character>:)1 <

<legal charscter> ::= <letter>|<digit>|+{-|Xx|/|=]|;1(])]’

<end> ::= e

<data set> ::= <variables>|<variables><specification>

<specification> ::= <groups>|<execute mark>]<transgenerations>]
<compute>|<subset>

<variables> ::= <experiment number>,<varisble number>,<number of cases>
3000
> <

.
.

o |5 INL|SP

<name> < <observation>
<hame> ::= <empty>|<letter><legal charactebgo <
<observstion> ::= <real>, |<observation><checksum> s
<groups> 1= g <groupl:!.mi‘t:>g8 <

<grouplimit> ::= <real bigger than preceding (if one)>,
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<eXxecute mark> i= <

<transgeneraticns> ::= t <trans. Spec.>? <

<trans, spec.> ii= <trans, type>,<constant 1>,<ccnstant 2>,
<trans, type> i:= 1)2|3

<compute> ::= ¢ <indicator normali>,<indicator exponential> <
<subset> i:= 5 <first case>,<last case> <

<constant> fi= <real>

<experiment mmber> ::= <integer>

<varizble number> ::= <integer>

<number of cases> ::= <integer>

<indicetor> ::= <dnteger>

<first cezse> = <dnteger>

<dast case> ::= dnteger>
Extra commas, spaces, and new line are allowed everywhere, and are

blind outside texts, Tape feed, all holes, FF, HT, and VI are blind
everywhere in <input file>.

2.5, OEMANTICS OF INPUT,

It appears from the definition of <dsta set>, that one set of ob-
servations might be object for several examinations with different
<specification>’s because every <execute mark> causes an examination in
accordance with the <specification>’s before the <execute mark>. Every
part of <specification> will be valid as long as it can be interpreted
correctly, or until 1t is actively altered by writing a new part of
<specification> of the same kind, The <specification>’s are always at-
tached to the preceding variable, and i1f several <specification>’s of
the same kind are specified without an <execute mark> between, the last
<specificatlion> of each kind will be valid at <execute merk>.

Check sums among observations may appear everywhere (and may be omit-
ted totally). The notion <indicator> has the following explanation: if
indicator > O the corresponding fractile diagram will appear in output,
ctherwise it will be suppressed. The program is initialized by ¢ 1, -1 <,
and the histograms can never be suppressed. If the <specification>’s do
not contain any <groups> (before a certain <execute mark>) s the corre-~
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spondins exarmination is performed with grouplimits computed by the pro-
sram (these zrcuplimits will be reasonable in the mcst cases).

If o <subset> has been specified, the corresponding examination
will of caurse cover all the observetions in the actual <data set>, and
it iz evident that the <data set>’s nct need to have the same number of

observations (cases).

By using <groups> it is important to notice, that the grouplimits
rmst be given in increasing order, whereas the groups not need to be
equal in length. The grouplimits and the groupdensities are printed in
output in order to obtain correct interpretation in case of groups not
equal in length,.

By using <transgenerations> it 1s very important to notice, that the

very observations not are stored separately, but are changed by transge-
nerations, and that all transgenerations are made successively., The pro-

oram gives possibilities of three kinds of transgenerations, and they are:

trans, type = 1 <= y:= In(y + constantl)xconstant2

trans, type = 2 <=> y:= (y + constantl)XXconstant2

trans, type = 3 <=> y:= (y + constantl)Xconstant2.

If you want to examine y:= ((1n(y + 3.5) + 4.2)xx2.1 this cen be
done by writing: t 1, 3.5, 1, 2, 4.2, 2.1 < before the actual
<execute mark>, which means y:= In(y + 3.5)X1; follcowed by
L ys= (y + ’4.2))0(2.1;

The syntax of input data is made in accordance with the syntax which

was valid in 1969 for the GIER programs on regression analysis developed
by Alex Jessen on A/S Regnecentralen.

2,4, ERROR MESSAGES,

The program can generate the following error messages:

(2) checksum error: computed sum = dddd check = dddd
means that the sum made by adding observations in <input file> does
not sgree with the <checksur> given in <input file>.
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(b)

(a)

(e)

cases on tape = ddd cases = ddd
neans that the number of cases actual found in <input file> does

not agree with the <number of cases> given in the variable head

but these are rejected
means that the limits in <groups> not has been given in increasing

order (if necessary the program will compute some suiteble limits).

a mizsing execute mark of end of data is generated
neans that <EM> is met before the sequence <e and this causes an ex-

tra examinaticn performed with the current <specificetion>’s

extra examiration (not specified in input)
means that two sets of <variables> has been given without any
<specification> between (not even an <execute mark>), and this

causes an extra examination with the current <specification>’'s

These error messages do not terminate the run, and as a general
rule, the run is continued with the information actually found in

<input file>.

minate the run with a suitable short error message followed by a copy of
250 characters of <input file> from the place where the error has been

The program can produce 7 other error messages, which all will ter-

detected.

(1
(2)
(3)
(%)
(5)
(6)
(7)

The essence of these error messages are:

error in art of information

error in subsets

error in number of constants in transgeneration information
error in art ofvtransgeneration

which has too many observations

error in number of grouplimits

identification not terminated by < .
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3. PROGRAM TAPE, STCRAGE REQUREMENTS,
CAPACITY AND RUNNING TIME,

The program data survey is written in ALGOL 5, and is available on 8
channel paper tape in the normal ISC form (with even parity).

Compilation of the program can be done with the following file pro-
cessor cormands (see ref (2))

datasurvey = set U4
datasurvey = algol tre

Reading and compilation of the program takes epprox. 27 seéonds and
the compilated program occupies Lk or L3 segments on backing storage
corresponding to compilation with index.yes or index.no.

Compilation requires a process on 12 k bytes, whereas rm requires
25 k bytes in order to 6bta:!n acceptable speed at running time, The ca-
pacity of the program is 3000 observaticns (exclusive checksums) in each
<data set>, L8 grouplimits in each part of <grous> and 48 mumbers in
each part of <transgenerations> (corresponding to 8 successive transge-
nerations). These maximel limits can easlly be altered by altering the
declaration cf the arrays intens, group, obs and trngen in the main pre-
gram block,

Because of the structure of RC 4LOOO the run time cannot be given
exactly, but as a rough guide it can be mentioned that:

reading and compiletion takes approx. 27 seconds,

computation of moments takes abou;:. 1000 observations/second,

transgeneration takes 500-3000 observations/second,

grouping takes about 800 observations/second, and

that printer output occupies approx. 60-80 pct. of the total run-

ning time (excl. compilation).,

L.1., PROGRAM STRUCTURE.

The program data survey has been made with extensive use of proce-
dures, end the greater part of these have no parameters, This implies
that the procedures often use global variables for sitoring results, In
oréder to get a clearer coding almost all variables are called by neomes
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which shows theii use. To obttain that the names also could be pronounced,

many of the identifiers are rather long.

The readinz part of the program is placed between the labels data:

and execute:, and is formed as a case statement.

In every case, the actual information is controlled as far as pos-

sible and a short message about the information is given in output. When
a hard error occurs, the program calls procedure error, which uses the
glchal integer inftyp, and returns to label exit program: .

The errors mentioned in part 2.4 ((a) to (e)) dc not terminate the

run but gives reasonable error messages and -reactions.

The output is made for format A4 vertical with 8 leading spaces in

each line, Pages and <execute mark>’s are in output counted 1, 2, and so

on, and every page in putput will contain examination number, page nume-

ber,

the text given in <identification>, <varisble number>, and <nzme>

In the actual <variables>.

’4'.20

METHOD,

(1)

The two central procedures in the program are

procedure grouping; .
the procedure groups the observations stored in array obs(first:last) .
according to the grouplimits placed in array group(1:groupnumber)

(with group(groupmmber):= oo) and place the result in the integer

array intens(1:groupnumber).

The automatical determination of grouplimits (controlled by the

boolean groups) is made according to the following rules:

grouplength is based on standard deviation/q with q:= if number of |
observetions < 100 then 2 else 3, This basic length 1s rounded ac- 1
cording to a logaritmic scale in this way |
basic length [1.25, 2,5 = grouplength:= 2,0, |
basic length [2.5, 6.0[ = grouplength:= 5.0 and
else grouplength:= 1.0 or 10 (according to the logarithmic scale). |
The groups are placed in mltipla of the grouplength, with at least .
one observation in the two outermost groups.,
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The basic grouping is performed in two steps:

a rough partitioning according to a division of the groups in three

f

isjoint parts
the exact grouping is then perfcrmed in the classes defined by
obs  class(i) <=> obs > group(i - 1) and obs <= group(i) (with

group(0) := ¢ co and group(groupnumber):= + cc)

procedure moments;
the computation of moments is done or the cbservetions stored in
obs(first:last). The results are placed in varisbles min, max, ml,

stdev, m2, m3, and mt., The following numerical algorithm is used:

t ni= last - first + 1 and S(J):=
sum( first<i<=last)(obs(i)-cbs(first))xxj/n for j =1, 2, 3 and L,
then we obtain (m3 and ml only for m2 > 0.0)

mhz= (S(4)-bxS(3)xS(1)+6x5(2)xS(1)xx2-3xS(1)><U) /m2xx2
m3:= (5(3)-2x8(2)x5(1) +2x5(1)%<3) /m2xxi . 5

m2:= 5(2)-S(1)xx2

mi:= S(1)+obs(first)

Finally we obtain
variance:= m2xn/(n-1) and stdevi= sqrt(m2)

If m2 = 0 the examination is terminated with an error message, and

the program returns to label new:.

REFERENCES,

(1)

(2)

(3)

Sgren Lauesen: ALGCL 5 Users Manual
A/S Regnecentralen Copenhagen July 1969.

Sgren Lauesen: Flle Processor Users Manual
A/S Regnecentralen Copenhagen April 1968.

A, Hald: Statistical Theory with Engineering Applications,
Wiley, London 1952.
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(L) Hendvook of Mathematiczl Functions,

iiational Bureau of Itandards. Chap. 26,2,

-

6., USER’5C EXAMPLE,

©ele Preparation of input tape.

we have measured the height of 74 soldiers in centimeters and want
to exsmine whether the observations can be described by a normal distri-
bution.

Besldes we want some different histograms according to different

methods cof zrouping the observations,
We shall make 2 examinations:

1 The automatical determination of grouplimits has to be tried, and we
want only fractile diagrsm in the normal distribution.

2:  Only normal fractile diagram with grouplimits = 160, 163, 166, 169,
172, 175, and 181 is wanted,

Because the program gives 8 leading spaces in each line we may let
every line in <identification> have 8 leading spaces (this will be nice,
but is not necessary).

These claims will give an input tape (file) like this:

< identification for testdata to
program: data survey april 1G70<
35, 1, T

heigth of soldiers 67/68 in centimeters.<

171,170,176,170,172, 168,169,167, 167,165, 165,179,
161,160, 183,175,178, 174,174,173, 169, 176,168,172,
172,172, 170,175,170,170,171,171,171,170, 169, 168,
168,165,162,173,178,174,173,172,169, 175,177,172,
177,173,173,172,171,170,171,173, 171, 168,167, 167,
164,164,173,166,177,180, 174,172,171, 168,165,176,
172, 178<<

c 1,0< g 160,163,166,169,172,175,178,181<<
end of <input file>,
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6.2, USER’S EXAMFLE
Cutput, interpretation, and run time.
The test run gave this ocutput (4 pages) on current output:
17 11 7C exanination number 1 page 1

sgh, data-survey

identification for testdata to
program: data survey april 1970

variabie number 1 heigth of soldiers 67/78 in centimeters.

input of observations: total T4 cases without checksum control
execute mark

number of cases ninimm maximim

Th 160.,0000 183,0000
mean variance stand,.dev, skewness kurtosis
171.1622  1939,800,-2 4, 4ok316 -0.04€365 3.234582

t-test for mean=0 is t = 334,307
which has 73 degrees of freedom.

95 pct. confidence interval is 170.1587 < mean < 172.1657
histogram: every x represents 1 observation

number of upper class-
cases limit

3 162,0000 XXX
2 164,0000 XX
4 166,0000 XXX
10 168,0000 XoCOCOOOXX
12 170.0000 XoO00OCO00OX
17 172,0000 X30000C000000000XK
11 174,0000 XX00O0O00OL
6 176,0000 X3000X
6 178.0000 XXCOOX
2 180.0000 XX
0 182,0000
1
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1711 70 examinaticn number 1 page 2
sgh, data-zurvey
Jdentificatior for tzstdata to
program: data survey april iS70
variable number 1 heigth of soldiers 67/78 in centimeters.
fractile diegram in the normal distribution
estimates of

fraction upper class- position parameter = 171.1622
in rct. limit scale parameter = L hokL3

=20 -1.0 0.0 1.0 2.0 .
4.05 162,0000 X
6.76 164,0000 X
12,16 166,0000 X
25.68 1€68.0000 X
1,89 170.0000 X
6L .86 172,0000 X
T0.73 174,0000 X
87.84 176.0000 X
95.95 178.0000 X .
98.65 180,0000 X
98,65 182,0000 X

chl square test for the normal distribution is chisq = 2.9918
which has 5 degrees of freedom. . _
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17 11 70 examination number 2 page 3
sgh, data-survey
identification for testdata to
program: dsta survey april 1970
variabie number 1 heigth of soldiers 67/78 in centimeters.
output speification: histograng fractile normal
group specification: Limits=

160.,0000 163,000 166.,0000 169 .,0000 172.0000

175.0000 178.0000 181.0000
exacute mark

number of cases minimum maximum
4 1€0.0000 183.0000
mean variance stand.dev, skewness kurtosis
171.1622  1939,800,-2 4, Lok316 -0.,0463%65 3.234582

t-test for mean=0 is ¢t = 334,307
which has 73 degrees of freedom,
95 pet. confidence interval is 170.1587 < mean < 172.1657

histogram: every x represents 1 observation

number of upper class-

cases limit

1 160,0000 X

2 163,0000 XX

6 166,0000 X000

15 169,0000 XOOOOO000CO0XKX
ok A= Te [0 O 0:0:0.0.0.0.0:0:0.0.0.0.0:0.0:0.0.0.0.0.0.09 4
i 175.,0000  300C00CO0000X

9 176,0000 X30000OXXK

2 181,0000 XX .

1 X

total
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17 11 70 examination nurber 2 page ,
sgh, dato-survey
identification fcr tesztiata to
program: data surve, =pril 1970
varisble number 1 heigth of soldiers £7/78 in centimeters.
fractile diagram in the normal distribution
estimates of
fracticn upper class- position parameter = 171.1622
in pct. limit ‘scale pzrameter = 4 Lhol3
-2,0 -1.0 0.0 1.0 2.0.
1.35 160,0000 X
k.05 163.002C X
12.16 166 .0000 X
32,43 169,0000 X
&k 86 172,0000 X
83,78 175.0000 X
G5.95 178.0000 X
98.65 181.2000 X

chi square test for the normal distribution is chisqg = 2.2205
which has 3 degrees of freedom.,
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The interpreration of this may be:

The height of soldi=rs is very nicely described by a normal distri-
bution with parameters (X, sigmag) = {171.16, (4.40)»xx2). The emperical
distrivution is nearly symmetric (skewness = -0,046), and the chi squére
Gistribution test 1s not significant even &t 50 pct. level, It is no-
ticed that the description seems a little better when using grouplimits
at 160 + 3xh instead of 160 + 2xv, but that might be because the group-
length 2 is too small when only having T4 ceses,

You might be interested in examining whether a log normal distribu-
tion can be used and this can be dore by adding t 1,0.0,1000 < just be-
fore end of <input file> (this means that y is substituted by
in(y) x 1000.03) If you only want to examine the exponential distribu-
tlon, you may write ¢ 9, 1 < and if you want to examine both distribu-

tlons, you may write ct,1<.
Running time for this example was approx.:

Program reading and compilation 27 sec,
Reading, computing, and output to printer 8 sec.

Total 55 sec.
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APPENDIX

Te

PROGRAM MANUSCRIPT IN AIGOL 5.

begin corment

sgren henckel. 20 Ot 70. data-survey (rc L0OO-edition)
an algol 5 translation of data-survey (gier-edition) of 301069
message data-survey, version 1, 200470, RCSL 53-31;

integer accno,cases,char,control,elem,em,first,last,
1limitnumber, groupnumber, inftyp, margin, maxnumber,
page,poiex, ps,varnu;

integer array intens(1:49), sub(1:2), table(0:127);
real date,layl,lay2,lay3,layl,max,min,m ,m2,m3,mk,stdev;

real array group(1:49), ident(1:19), name(1:8),
obs(1:3000), output(1:2), tre(1:24);

boolean cross,groups,head,means,no,ok,space,variab;

comment declaration of the procedures
error, expcum, expfrac, fracdiag, grouping, head new page,
nistogram, information, moments, nffrac, outtest; phi,
pstep, skip, Syntax_error, terminators, textline, and trngen;

procedure error;

begin
information(<:error detected in (or after) varisble nurmber:>);
write(out,string layl,varnu);
if inftyp=0 then inftyp:= 1;

textline(2,margin,case inftyp of (

<serror in art of information:i>,

<serror in subsets:i>,

<:error in number of constants in transgeneration information:>,
<serror in art of transgeneration:>,

<:which has too many observations:i>,

<serror in number of grouplimits:>,

<:identification not terminated by <60>:>));

if inftyp<h and inftyp<T then

textline(1,margin,<:or some syntactical error:>);-

textline(2,margin,

<:imumn on this data set is terminated. copy of input:<10><10>:>);

table(60) 1= em+35; char:= ps:= 0; repeatchar(in);

for ps:= pstep while ps<250 and char<>25 do

nesi:
readchar(in,char); write(out,no add char,1)
end copy max 250 characters or to end of medium;
goto exit program -7

snd error;
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real procedure expcum(obs); value obs; real obs;
expcum:= if obs>0.0 then 1.0-exp(-obs) else 0.0;

integer procedure expfrac(obs); value obs; real obs;
expfrac:= -1n(1.0-0bs)x10.0;

procedure fracdiag(fractile,cum,maxfrac,start,position,scale,text1,text2);

value maxfrac,start,position,scale;
integer procedure fractile;
real procedure cum;
real maxfrac,start,position,scale;
string textl,text2;
begin
integer df,1i,j,cummlative,relative;
real expect, frac,limit,maxcum,mincum, test;

procedure print axe;

begin -
write(out,<:<10>:>,space, 23) ;
for it= 1C step -1 until 0 do write(out,<: e:>)3
write(out,<:<10>:>)

end print_gxe;

head new page;

textTine(3,margin,<:fractile disgram in the :>);
write(out,textl,<: distribution:>);
textline(3,margin+30,<:estimates of:>);

textline(1,margin,

<:fraction upper class- position parameter =:>);
write(out, string lay3,position);

textline(1,margin,<:in pct. 1imit:>);

write(out,space, 16,<:scale parameter =:>,string lay3,scale,
<:<103<10>:>, space, if start=0.0 then 19 else 2k,<< -d.d&>,
start,start+1.o,start+2.o,start+5.o,start+h.o);

print axe;

curulative:= relative:= 03 mincum:= 0.0;

testi= -accno; 1= =33

for i:= 1 step 1 until limitnumber do
begin
j:= intens(1); cumlative:= cumlative+J;
limit:= group(i); frac:= cumlative/accno;
write(out,<:<10>:>,<< ddd.dd>,
fracx100.0,string lay3,limit);
if frac<maxfrac then
write(out,space,if frac>0.0 then fractile(frac)+1 else 1,<:<B8>:>);
relative:= relative+j; .
1imit:= (limit-position)/scale;
maxcum:= cum(limit) ;
expect:= (maxcum-mincum)Xaccno;
if expect>5.0 then
" begin
test:= relativeX<@/expect+test; t= d4f+1;
relative:= 0; mincum:= maxcum
end expect>5.0;3
1f groupnumber<?! then write(out,<:<10>:>)
end i-loop;
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print axe;

expecT:= (1.0-mincum)Xaccno;

if expect=0.0 then expect:= p-6;

relative:= intens(groupnumber)+relative;

if df>-1 then

outtest(text2, relativexx2/expect+test,df+1)

else

textline(2,margin,<:chi sgare test omitted because df=0.<10>:>)

end fracdiag;

procedure grouping;
begin

integer i, j,poll,poi2;
real exobs, groupl,group2,length;
if -, groups then
begin
length:= stdev/(if accno<i100 then 2.0 else 3.0);
length:= In{length)x.k3L20u482; ‘
poil:= entier lengthj Ilength:= length-poll;
lengthi= if lengtn<.0969100 then 1.0 else
if length<.3979400 then 2.0 else
if length<.7781513 then 5.0 else 10,0;
lengthi= 10.0XXpoilxXlength;
groupl := group(1):= 2entier(min/length)+1.0)xlength;
limitnumber:= entier((max-groupl)/length)+1.0;
limitnumber:= if limitnumber>48 then 48 else
if limitnumber<? then 2 else limitnumber;
for i:= 2 step 1 until limitnumber do
group(i):= groupl:= groupl+length;
groups := ok
end if -, groups, determining grouplimits;

groupnumber:= limitnumber+1;
poil:= groupnumber//3;
poi2:= (if groupnumber mod 3 = 1 then 1 else O) + poll + poil;
croupl:= groun(poil); group2:= group(poi2) ;
groun( zroupnumber) := max+10.0; .
for i:= groupnumber step -1 until 1 do intens(i):= O;
for i:= first step 1 until last do
begin

exobs:= obs(1);

ji= if exobs>grour2 then poi2 else

if excbs>groupl then poil else 0O;

for j:= j+1 while group(j)<exobs do;

intens(J):= intens%§)+1
end central grouping loop (i-loop)

end grouping;

procedure head new page;
begin

page:= page+l; psi=Cj;

write(out,<:<12>:>,<< -dd dd dd>,date,space, 18,

<sexamination number:>,string lay2,polex,space, 10,
<:page:>,page,<:i<10>:>,space,margin, ‘
<:sgh. data-survey<10><10>:>,string ident(pstep));
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textline(2,margin,<:ivaristle number:>); ps:= 0;
write(out,string layl,varnu,string name(pstep) ,<:<10>:>) 3
hezd:= no

end head_new_page H

procedure histogram;
begin
integer i,half,maxint,relative;
if 1imitnumber+control>26 then head new page; maxint:= 0;
for i:= croupnumber step -1 until 17 do ~
if intens(i)>maxint then maxint:= intens(1);
textline(2,margin,<:histogram: every X represents:>) ;
mexint:= (maxint-1)//45+1; half:= maxint//2;
write(out,string layl,maxint,<: observation:>,
if maxint>] then <:s:> else <::>);
textline?,margin,«number of  upper class-:>);
textline(1,10,<:cases 1imit<10><10>:>) 3
for i:= 1 step 1 until limitnumber do
begin
relative:= intenséi) s write(out,string layl,relative,
string ley3,group(i),<: >,
cross,relative//maxint,
1f relative mod maxint>half then <iX<10>:> else <:<10>:>)
end 1-loop;
relative:= intens(groupnumber) ;
write(out,string laylt,relative,space,15,cross, relative//maxint,
if relative mod maxint>half then <:iX<10>:i> else <:i<10>:>,
space, 11,<:total<10>:>,accno)
end histogram;

procedure information(text); string text;
begin

control:= control+l;

if head then head new page; textline(1,margin, text)
end information; - T

procedure moments;
begin
' integer i;
real deltal,delta2,exobs;
ml:= m2:= m3:= mhi= mins= max:i= 0.0;
exobs:= obs{first);
for i:= first+1 step 1 until last do

begin
deltal:= obs(i)-exobs; delta2:= deltalxXx2;
ml:= deltal+mi; m2:= deltal+m2;

m3:= delta2xdeltal+m3; mh:= delta2xx2+ml;
if deltal<min then min:= deltal else
if deltai>max then max:= deltal
end central surmation-(i)-loop;
acenos= last-first+i;
min:= min+exobs; max:= max+exobs;
m1/accno; := m2/accno;
m3/accno;  mis= mh/accno;
L, 0Xm1 X3+ XK2XE o OXm2-m1 Xx4x3 . O+mlk 5
~m1Xm2x3 ,0+m1XxX3x2,0+m3 ;

SEGE
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m2:i= -niXX2+m2; nli= ml+exobs;
if »2<=0.0 then
bezin
textline(Z,marzin,
<sexeminztion terminated because variance=0.:>);
zoto new
end variance=<0,0;
mj:= m3/sqrt(m2) /m2; mb:= mh/m2/m2;
:= m2xaceno/(aceno-1); stdevi= sqrt(m2); means:= ok
end procedure moments;

integer procedure nffrac(cbs); wvalue obs; real obs;
begin
real p;
p:= if obs<.5 then obs else 1.0-0bs;
p:= sart(In(p)x(-2.0));
pi= -(.27061xp+2.30753) /((.04LB81xp+.99229) Xp+1.0) +Pp;
nffrac:= (2.5+(if obs<.5 then -p else p))X10.0
end nffrac;

procedure outtest(text,test,df); wvalue test,df;
string text; real test; integer df;
begin
textline(2,margin, text) ;
write(out,<<-addd,ddo0>, test,<:<10> which has:>,
string layil,df,<: degree:>,
if df>1 then <:s:> else <::>,<: of freedom.<10>:>)
end outtest;

real procedure phi(obs); value obs; real obs;
begin
real p;
pi= 1.0/(2bs obsX,33267+1.0) 3
pi= exp(-obsxx2/2,0)X(( «9372980%p-.1201676) Xp+.14361836) xpx. 5089k ;
phi:= if obs<0.0 then p else 1.0-p
end phij

integer procedure pstep;
pstepi= psi= ps+1;

procedure skip;
begin

integer class;

repeatchar(in); for class:= readchar(in,char) while class<8 do
end skip;

boolean procedure syntax error(arr); real array arr; -
begin =
integer 1i;
boolean fault;
fault:= noj;
for i:= elem step -1 until 1 do fault:= arr(i)>,100 or fault;
syntax error:= fault
end proc Syntax error;

M
@)
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procedure terminators(new class); value new class; integer new class;
bezin - - -
Integer i3
for i:= 10,32,44 do table(i):= new class shift 12 + i
end terminators; -

procedure +textline(lines,place,text); value lines,place;
intezer lines,place; string text;
vrite(out,false add 10,lines,space,place,text);

procedure trngen;

bezin
integer 1i,J,kind;
real constl,const2;
inftyp:= U;
for j:= 1 step 3 until elem do
begin

kind:= trg(§); consti:= trg(j+1); const2:= trg(j+2);
if kind<1 or kind>3 then error;
textline(1,margin,<:y = :>); control:= control+i;
case kind of
begin
begin
for i:= maxnumber step -1 until 1 do
obs(1) := In(obs(i)+const1)xconst2;
write(out,<:1n:>)
end case 13
for i:= maxnumber step -1 until 1 do
obs(1):= (obs(i)+constl)xXconst2;
for 1i:= maxnumber step -1 until 1 do
obs(i):= (obs(i)+const1)Xconst2
end case;
write(out,<:(y+(:>,string lay3, consti,
case kind of (<:))x(:>,<:))xx(:>,<:))x(:>),
const2,<:) . :>)
end j-loop
end procedure trngenj

comment date is found by calling systime.
initializing part for variables;
systime(1,0,m1); date:= systime(2,m1,m2);
layl:= real<< -@>; lay2:= real<<-dddad>;
lay’:= real<<-ddddddd.d0o00>;
laylb:= real<< -dddaa>;
heads:= oks:= variab:= true; groups:= means:= no:= false;
cross:= no add 88; em:= 8 shift 12 + 25; space:= no add 32;
name€1):= real<: > add 323 name(2):= real<:no na:> add 109;
name(3) := real<:e yet:>;
elem:= first:= last:= maxnumber:= poiex:= 1;
controls= page:= varnu:= O0; margin:= 8;
output(1):= 1.0; output(2):= 0,0; inftyp:=T;
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comment chodsing alphabet;
for char:= 127 step -1 until 1 do
table(char) 1= case char of (

0, 9, 0, 0, 0, 0, 0, 0, 0, 6, o, 0, 0, 0, O, O, O, O, O, O,
g’ O’ O, O’ ?’ 7, O’ O’ O, O’ O’ 6’ 6’ o’ O} O, O, 6, 5, 6’
£, 6, 3, 6, s h’: 6: 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 6, 6, 8’
6, 6, 0, 0, 6, 6, 6, 6, 6, 6, 6,6, 6, 6, 6, 6, 6, 6, 6, 6,
6, 6, 6, 6, é: 6, 6, 6, 6, é: 6, 6, 6, 0, 0, O, 6, 6, 6, 6,
6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6,6, 6, 6, 6, 6,6, 6, 6, 6,
6, 6, &, 6, 6, 0, 0 ) shift 12 + char; table(char):= char;
tableindex:= 0; intable(table);

write(out,<:<15>:>);

comment start of input of data; readchar(in,char);

skip; readstring(in,ident,elem); skip;

iden‘t€19):= ident(195 shift (-margin) shift margin;

table(60) 1= em; .

data:

repeatchar(in); readchar(in,char); if char<>25 then error;
table(60) 1= em +35; terminators(0); inftyp:= readchar(in,char);
terminators(7); table(60):= em;
inftyp:= if inftyp<b then 5 else if char=60 then 1 else

if char=103 then 6 else if char=116 then > else

if char=115 then 2 else if char=99 +then T else

if char=101 or char=25 then L else O;
if inftyp=0 then error;

input:

case inftyp of
begin
begin
variabi= ok; information(<:execute mark:>); goto execute
end case 1 (execute mark);

bezin
elem:= read(in,sub); .
if elem<? or sub(1)<1 or sub(1)>=sub(2) or sub(2)>maxnumber then error;- .
reans:= sub(1)=first and sub(2)=last and means;
first:= sub(1); last:= sub(2);
information(<:subset specification: from case:>);
write(out,string layl,first,<: to case:>,last)
end case 2 (subsets);
begin
elem:= read(in,trg);
if syntax error(trg5 or elem mod 3 < 0 or elem<3 then error;
information(<:transgenerations (successive)::>);.
trngen; groups:= means:= variab:i= no
end cese 3 (transgenerations);
if variab then goto exit program
else =
begin
information(<:a missing execute mark at end of data is generated:>) 3
goto execute
end missing execute; .
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Aol

information(<:extra examination (not specified Ly execute mark):>);
[¥2
end varizbles too early;
' read(in,varnu,varnu,cases); ski
readchar(in,char); repeatchar
read strinc(in,name,2); skip;
sniFt (-€) shift 8;

aead ney naces
an)

~ 5
l.J
g

1l
]

e tobs= oy mli= 0,05 el

<2512{115) 1= enj elemi= reszd(in,zroup);

t201e(115) 1= em90; repeatchar(in); readchar(in,cizr);
if cher=115 then elem:= elem-1;

for first:= elem step -1 until 1 do mi:= group(first)+mi;
if pstelem>>000 then error else

<

for first:= 1 step 1 until elem do obs(pstep):= group(first);
if char=115 then

begin
1T abs(group(first)-mi1)>p-2 then
write(out,<:<10> checksum error: computed sum =:>,
strinz lay3,m1,<s check =:>,group(first));

means:= okj mnl:= 0,03 controli= control+l
end checksum;
if chor<s25 then goto more

1ise

t2ble(115):= 6 shift 12 + 1153

elens= lasti:= maxnumberi= ps; firsti=1;
if last<>cases then

vrite(out,<:<10> cases on tape =:>,
string layl,last,<: cases =:1>,cases);

if syntax error(obs) or elem<2 then error;
information(<:input of observations: total:>);
write(out,string layl,last,<: cases:>,
if means then <: with:> else <: without:>,
<: checksum control:>); means:= noj; control:= control+l
end case 5 (variables);
begin
elem:= read(in,group) ;
if syntax error(group) or elem>iB or elem<? then error;
limitnumber:= elem; groups:= ok;
for elem:= elem-1 step -1 until 1 do
groups:= zroup(elemt+1)>group(elem) and groups;
variab:= -, groups and variab; .
information(<:group specification: limits=:>);
for elem:= 1 step 1 until limitnumber do
write(out,if (elem - 1) mod 5 = O then <:<10> > else <::>,
string lay3,eroup(elem)); control:= (1imitnumber+h) //S+control;
if -, groups then
textline(1,margin,<sbut these limits are rejected:>)
end case 6 (given grouplimits);
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begin
read(in,output); skip;
information(<:output speification: histogram:>);

- 2l

+

write(out,if output§1)>0.0 then <:, fractile normal:> else <::>,

if output
end case 7 (output specification)
end case;

goto data;

execute:
if first>1 or last<maxnumber then
begin
textline(2,margin,<:first case =:>);
write(out,string layl,first,<: and last case =:>,last)
end printing of subset 3

if -, means then moments;

textline(3, 15,<:number of cases minimum maximm<10>:>) ;
write(out, space, 19, string lay2,accno, space,9, string lay3,min,max) ;
textline(3,13,

<:mean variance stand.dev. skewness kurtosis<io>:>);

write(out,space,6,string lay3,ml,<< -dddd. dddy-d>,m2,
<<-dddddd.d00000>, stdev, m3,mh,<:<10>:>) ;

outtest(<:t-test for mean=0 is t =:>,m1/stdevxsqrt(aceno) ,accno-1);

m2:= stdev/sqrt(accno)x1.96;

comment m2 is here uscd as a temporary result;
textline(2,margir,<:95 pet. confidence interval is >);
write(out, string lay3,ml-m2,<: < mean <60>:>,mi1+m2,<:<10>:>);
m2:= stdevXX2; comment now m2 again denotes the variance 3

grouping; histogram;

if output(1)>0.0 then
fracdiag(nffrac,phi, ,9969,-2,0,m1, stdev,<:normal:>,
<:chi square test for the normal distribution is chisq =:>);

if output(2)>0.0 then
fracdiag(expfrac, expcum, .9947,0.0,0.0,m1 s<:iexponential:>,
<ichi square test for the exponential distribution is chisq =:>)

new:
poiex:= poiex+1; control:= O3 head:= ok;
if variab then goto data;
varisb:= ok}
goto input}
exit program:
write{out,<:<12>:>)
end program

2)>0.0 then <:, fractile exponential:> else <ii>)
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recordinput, Part 1

recordinput, Part 1
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1. FUNCTICN AND PURPCEE,

The procedure recordinput attempt:z o sclve the problems concerning
been made in order to fulfil the folliwing gerneral rules:

1: It should be pcssible te dZviie arny Input paper tape into a

number of lcgical records,
2: You may delete any record containirg anything.

3: In every possible error situaticn It chould be possible to gilve .

a correct picture (list) of the errcnesus record.

L: A1l not deleted records has tc aprear In the output file gene-
rated by the procedure, wherea:z all erroneous or deleted re-
cords has to be copied on current cutput mixed with error mes-

sages,

5: The procedure should only check for syntax errors,'whereas se=-

mantic errors has 4o be detected iIn a later scan,

6: The entire data paper tape has to be read by calling the proce-

dure once.
Procedure heading:

external boolean procedure

recordinput(maxchar,maxparam,realtext,realname,descriptor,tailcontent);

value maxchar, maxparam,realtext,realname;

integer maxchar,maxparan, realtext, realname;

real array jescriptor;

integer array tailcontent;



Call parameters:

integer maxchar

integey maxparam

integer realtext

integer reslname

maximum number of nor blind characters in one input
record

(maxchar mst be >= §)

maximum number of parame*ers in an ocutput record

(maxparam must be >= 1)

maximum nunmber of rezls used for storing a text
parameter
maximum number of reals used for storing a name
parameter

(realtext and reslname mst be >= 0)

real erray descriptor(1:number of descriptors)

each array element must at call contain one descrip-
tor as a short string (e.g. either the entire de-
scriptor or, for long descriptors, exactly the 5

first characters and a null character).

integer array tailcortent(-1:number of descriptors)

code
code

code

code

code

the array elements numbered 1 untill number_pf_ﬁe-
scriptors must st cell contain an integer number
code (1 <= code <= 5) showing what the tail of the
corresponding kind of record is intended to con-
tain, Explanation of the code is: |

1 <= & number of text parameters (at least one)

2 <=> exactly one non empty name parameter

= 3 <=> g nunber of number parameters

(mixed reals and integers

= 4 <= empty (e.g. only separators)
= 5 <=> end of input tape (a possible tail is ignored).

integer array elements

tailcontent(-1) = number of (different) descriptors

tailcontent(0)

= number of segments reserved on backing storage for
output of records (must be >= 0)
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Return parameters:

boolean recordinput true if no troubles with the output flle has oc-

cured, otherwise false.

If the procedure return value is false, ncne of the call parameters have

been touched, otherwise we have the following return parameters:

real array descriptor(1:2) name (generated by the monitor) on the back-

ing storage file used for output of records.,
integer array elements

tailcontent(0) number of accepted records in the <input file>

tailcontent(1)

total number of records read by the procedure

The rest of the call parameters are unaltered.

Check of call parameters:

The procedure checks that the call parameters are reasonable but a

complete check is not performed.

2.1. INPUT/OUTPUT FILES,

In order to facilitate the use of procedure recordinput, the stan-
dard zones in/out (connected to current input/output) has been selected
as input file for data on character level and output file (on character
level) for error messages, whereas the records accepted or generated by
the procedure are placed on a backing storage file with a name generated

by the monitor (and delivered as return parameter).

The format of error messages is AL vertical with approx. 60 lines
on each page with each line containing maximally T1 characters starting
in position 1.
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Because the usually used printers only have one kind of letters and
the File Processor requires small letters and in order to minimize the
number of error situations, all letters in the <input file> are trans-
formed to small letters,

The notion <record> mey need further explanation: In order to have
input partitoned in logical parts and to facilitate the preparation of
control information, it is comfortable to let the kind of information be
given if front of the information, and emong many possibilities, a ver-
bal description has been prefered. This means that every record begins
with a text showing what the rest of the record is sbout. An example may
be:

ident: output identification<
where ident shows, that the rest of the record (to the character < ) has

t0 be used as an identification text iIn output.

2.2, INPUT SYNTAX,

<input file> ::= <record>>1k
<record> ::= <accept record>|<delete record>|<EM record>
<accept record> ::= <descr1p‘bor><paramete*‘>§<accept>

<delete record> ::= <any string without <terminator> ><delete>
<EM record> ::= <any string without <terminator> ><EM>
<terminator> ::= <accept>|<delete>|<EM>

<accept> ::= <separator>! < <between records>

<delete> ::= <separa‘bor>% > <between records>

<EM> ::= <end of medium character>
<between records> ::i= <<separator>,<i>>§
<seperator> ::= ,|;]|:|SP|NL|HT|VT|FF |<separator><separator>
<descriptor> ::= <name>

<parameter> ::= <mumber parameter>|<text parameter>|<name parameter>
<number parameter> ::= <separator><number>

<number> ::= <leading part>1<dec1mal part> <exponential part>
<leading part> ::= <sign>o<d1g1t>§

<decimal part> ::= <decimal p01nt><digit>*

<exponential part> ::= <exponent ma::'k><sign.>o<d:lgn‘.‘c,>}i<

<name parameter> ::= <separator><name>
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<name> ::= <letter><<letter>| <digit>>*

~
J

<text parameter> ::= <text start><text>
<text start> :1i= ! <separztor without <:>>§

<text> ::

= <legal character without <separator> <i> and <terminator>>

<legal character without <:> and <terminator>>§fempty

<legel character> ::= <character in the normal IZ0 set wnich is available

on printer without <question mark>>

Further the part of an <accept record> vhich is nct the <descriptor> is
in the following denoted as the tail.

2.J. FORMAT OF OUTPUT FILE

The

elements

output file will contaln a number of records consisting of real

in the basic format:

If the descriptor is of kind number k and the number of parameters in the

record is p, the format of the output record is:
element index content
] pt2 as real (converted by assignment)
2 k as real ( - - - )
3 parameter(1)
L parameter(2)
p+2 parameter(p) .
The procedure adds three new kinds of descriptors to the kinds gi-

ven in the call:

kind of descriptor = number of descriptors + 1
is used for indicating errors in records where the determina-
tion of the kind of descriptcr Las been impossible, These re-

cords have parameter number:= 0O;
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no

2: kind of descriptor = number cf descriptors +
record with

[

is uzed for indicating errcrs in the tall of
known kind of descriptor.
These records have parameter rumber = 1; and

s

parameter(1):= found kind of descriptor;

W

kind of descriptor = number cf descripters + 3
indicates an end of deta record (eode in tailcontent = 5) or an
<EM record>. This record (exactely one from each successful

call of the procedure) has parameter number := O;

The format of output records containing a number of texts (code in
tailcontent array = 1) needs a special explanation:

These records contain 2 real elements showing (as usual) the total
recordlength and the kind of record. Further they contain a number of
subrecords (exactely one subrecord for each textparameter in the input
record) .

If the textparameter occupies 1 reals, the length of the subrecord
is 1 + 1 real elements, In the first of these elements the textlength
(=l) is placed as a real, and the rest of the subrecord contains the
textparameter packed with 6 characters in each real element (and a null
character placed after the last textcharacter).

The records are outrec’ed in such a way, that every zone buffer con-

tains an entire number of records,

o4k, FORMAT AND EXPLANATION OF ERRCR MESSAGES,

If a record is not deleted (by >), the procedure first tries to de-
termine the kind of descriptor (e.g. kind of record). If this succeeds,
the syntactical check is continued according to general rules and the
nurber code in the corresponding element of the call parémeter tailcon-
tent.

If an error is detected (or if the record has been deleted) the
procedure will produce an error message supplied with 2 character pic-
ture of the erroneous (or deleted) record.

The error message format is:
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record number<<-d> <error message>

copy of record:<character list of record>

In the <character list of record> the total record will be printed
with these modifications:
(a) the choracters NL, FF, HT and VI will irn list te replaced by
SP.
(b) the list is made with 71 maximelly characters on each line.

The records in <input file> are counted 1,2,3 and so on, and the
error message output is partitioned in pages numbered 1,2,5 and so on
(each page will contain approx. 60 lines = format Ak vertical, with out-

put starting in printing pcsition number 1).

The 30 different error message:s are mide in such a way, that I mean

they need no further explanation. An example of an error message can be:
28 10 70 record input syntax errors in data page 3
record nurber 34 has some syntax error in a number parameter

copy of record: model T3 T75-<

3, PROGRAM TAPE, STORAGE REQUIREMENTS AND RUNNING TIME,

The procedure recordinput is written in AIGCOL 5 as an external boo-
lean procedure (see ref. 1), and is available as algcl text on € channel
paper tape both in the normal ISO form (with even parity) snd in flexo-
writer mode (with odd parity); these tares must be loaded by <i tre>yand
<1 trf> respectively.

All letters in the program text are small letters because the nor-
mally used printers only have one kind of letters.

The structure on RC 4OOO does not permit giving exactely times for

compilation and rurring time, but some general rules can be mentiored:

The compilated external procedure occupies 19 segments on backing
storage, and reading and compilation tskes approX. 25 seconds.
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Compilation and rurning may be done in a normal 10 k bytes process,
but it will be much more comfortable to run the program in a 15 k bytes
rrocess, With maxparam < 126 and maxchar < 1000 it is possible to run
the program in a 10 k bytes process whereas maxparam = 250 and maxchar
= 2500 requires approx. 15 k bytes, These sizes are minimal, and it is
possible to cut down running time with approx. 50 pcte by using respec-
tively 15 k and 20 k bytes.

Normally the control information is not very large and therefore
the speed of the procedure is not very critical, but as a general rule
you may say, that the procedure reads 1 page of contrel information in
about 5-15 seconds (real time) dependent on the number of erroneous re-

cords (which has to be copied in the error list).

4.1. METHOD,

The general rule about character list of erroneous records in any
situation (even in case of illegal nunbers) combined with the claim on
the possibility of deletion at any time and the claim on unique parti-
tioning of any input tape in logical records are the reasons why input
is performed on character level by means of the integer procedure
class_pf_;nput. This procedure reads one character from zone in and pla-
ces it (if possible) in the boolean array
character(1:maxchar+1) for later inspection. Further this procedure
checks the basic syntax (illegal characters, EM character and long re-
cord) .

If the record is an <accept record> the kind of descriptor is de-
termined according to the following rule: if the character string expec-
ted to be the <descriptor> contains more than 5 characters, only the
first 5 characters are used in textmatching for determining the kind of
descriptor, otherwise the tctal descriptor character string is used
(e.g. the three strings <variables>, <variavzig> and <variab> are all
equivalent with the given descriptor string <varis>). .

If the record is terminated by <delete> the procedure gives a dele-

tion message and a character picture of the deleted record.

If the record is not deleted and the determination of the kind of

descripter has succeded, the conversion of the tail is performed by
scanning the characters stored in the boolean array

character(tailstart:position).
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The number parameters are converted in four parts: <leading part>,
<decimal part>, <exponential part>, and <sign> which later are combined
by the statement '
number:= (leading part + decimal part) X exponential part X signj
This way of conversion causes the following conditions to be true
0 <= abs(leading part) <= 8388599,

0 <= decimal part X 10 XX number of decimals <= 8388599 and
0 <= sbs(exponent) <= 599.

Numbers with syntax as +’-3 are converted correctly whereas 0.0°1,
0.0°1 and 0’1 all gives wrong conversion to 10. All other AIGOL 60 num-
bers are correctly converted.

The name- and text parameters are packed with 6 characters in each
real element. After the last character in each parameter (possibly in the
next resl element) is placed a null character in order to facilitate the

later use of these parameters.

4,2, PROGRAM STRUCTURE.

The procedure has been programmed in such & way that alterations
are as easy as possible to make. All varisbles (except i, j and text)
have names which shows their use,

The two main procedures are

1: dinteger procedure cla.ss_of_input

2: integer procedure mpack_character.
which are used for character input and conversion respectively.

The procedure error (error type) is large and rather slow because
of the 30 long error texts combined with the character list of the erro-
neous record, and the decision of the further error reactions such as

creating parameters for possible error records.

The entire procedure body of procedure recordinput consists of one

block containing several local blocks each one containirg declarations
of very local quantities.
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. After initislizing and finding (with check) the date of run, the
call parameters are checked in order to avoid errors not covered by the
control in running system (without index check). Next a backing storage
file, with name generated by the monitor (and delivered as return para-
meter) and size as given in the call paremeter tailcontent(-1), is crea-
ted (if possible).

Initializing of the alphabet stored in the integer array
table(0:127) is done according to the following scheme:

input class contents

DEL, NULL

empty

digits (0, 1, eee , 9)

sign (+ -)

‘decimal point (.)

exponent mark ()

small and capital letters (g,.., 8, Ayee, 8)
empty ’

graphics(= / exclamation mark ’and’)(X _ and ’?)

O O~ 0w F WO -~ O

illegal characters (the rest) shown as <question mark>
terminators (< > and EM)

11 normal separators (; , SP NL FF HT and VT)

12 text start (:)

ey
o

The active part of the procedure is from label action: in line 220
to lebel finish input: in line 585, This part is formed as a case state-
ment controlled by the integer variable state., Each case refer to a state

within reading or conversion of one record.

Case 1 and 2 is reading (and packing) descriptor and tail respec-
tively. . ' _
Case 3, 4, and 5 corresponds to accept-, delete-, and end- (of da-
ta) record respectively,
Case 6 is conversion of the tail and contains 5 subcases correspon-
ding to the 5 possible different number codes in the call parameter
tailcontent. The third subcase (conversion of numbers) is a case
. statement containing 8 cases (controlled by the integer variasble
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state, which here means state within one number parameter).
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Case 7 is outrec of the syntactically ccrrect and converted record.

The records are made in such a way that each zone buffer contains

an entire number of complete records.

Case 8 is used when a record contains more than maxchar non blind

characters. The list is continued until s <terminator> is met and

the further action is decided,

Case 9 is used in case of error in call parameters, problems with

create entry or by call of the block procedure error_;n;ﬁoc.

The total action scheme is:

state action new state
read descriptor 2,3,k4,5,8,9
) read tail 3,4,5,8,9
3 determine descriptor in accept record 6,7
L list delete record 1
5 end (of data) action 9, -
6 convert the tail Ts5
7 outrec of (correct) record 1, 9
8 list long record b,5,7
9 unspecified problems -
5. REFERENCES,
(1) Sgren Lauwesen: ALGOL 5. User’s manual
A/S Regnecentralen Copenhagen. July 1969,
(2) Sgren Lauesen: File Processor. User’s manual
A/S Regnecentralen Copenhagen. April 1968
(3) Per Brinch Hansen: Multiprogramming System

A/S Regnecentralen Copenhagen, April 1968,
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6.1, USER’S EXAMPLE, PROGRAM,

The following program has been used for control of procedure re-

cordinput:

test program for recordinput of 28 10 70

begin
zone z(256,2,stderror); integer array t(-1:9);
real array d(1:12); integer i,J,k,m;
message sgh test record input of 28 10 T0;
for i:= 9 step -1 until T do
begin ‘
t(i):= case 1 of (5,3,2,3,3,1,3,1,4);
a(1) := real ( case i of ( <tend:>,<:list:>,<:data:>,
<soutpu:>,<:model:>,<:comme:>,<:ivaria:>,<:thead:>,<:iexecu:>))
end;s
t(-1):=15; t(0):=9; a(10):=real <:unknown kind:>;
a(11) := real <ierror in known kind:>; d(12):=d(1);
if recordinput(250,35,12,2,d,t) then

begin )
i:= j:= 13 open(z,k,string d(increase(1)),0);
write(out,<:<12> list from crea: 2>,

string d(increase(j))); m:=0; a(2):= real <:list:>;
nevws
:= inrec(z,2); Jj:=z(1)-2; if j<O then

begin
write(out,
<3:<10><10> segment change. rest=1>,<<-d>,1+2);
inrec(z,i); goto new

end;

it= zie); inrec(z,J); m:=m+1;
write(out,<:<10><10>record number:>,<<-d>,m,
<: of kind number:>,i,<t: = :>,string d\i5,<:<10>:>);

case case i of (0,3,4,3,3,2,3,2,1,1,5,6) of
begin
write(out,<:empty record. length =:>,<<-d>,J);
begin
write(out,<:text record. length =:>,<<-d>,j); ki= 13
for I := k+1 while k<=j do ,
write(out,<:<10>length =:>,<<dd>,z(k-1),<:::>,
string z(increase(k)),<:::>)
end;
begin
write(out,<:number record. length =:>,<<-d>,j);
for i:=1 step 1 until j do
write(out,if i mod 6=1 then <:<10>:> else <ii>,
<< -dddd.ddy-ddé>,z(1))
end;
begin
:= 13 write(out,<:name record, length =:>,<K-&>,]J,<:::>,
string z(increase(i)),<:::>)
end; :
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write(out,<:found kind =:>,<<-d>,z(1),<: = :>,string &(z(1)));

begin
write(out,<:end of control file<i2>:>); goto finish
end
end case;
goto new;
finish:
end if record input;
close(z,true)”
end program

6.2, USER’S EXAMPLE, INPUT TAPE,

The test run has been performed using this <input file>,
on 8 channel paper tape in flexowriter mode:

Test data for recordinput of 28 10 70>
data testfileT70<
head : 1970 experiments (regression of height/age):
stext number 2<
Variables T, Ua<ouTput 1 =7 yp=l,,,1.036512<
varisb ,7,, b,,,s<
head:,a: ;B:
3
execution<
erroneous kind of descriptor (erroneous is illegal)<
10. record shows deletion of hard errors>
execu-tion<
Head experiment number 2< variables B860L43780<
head ¢ 080hh6/0519 = number code for output identification <
variables< .
execu:<
varia 3,7. U< data:iversion3<variables 3 7.0 U<
end of testdata for recordinput containing 20 records<

6.3, USER’S EXAMPLE, OUTPUT,

From this we obtain the following of output:

17 11 70 record input syntax errors in data

record number 1 has been deleted in input (by >)
copy of record: test data for recordinput of 28 10 70>

record number 4 has some syntax error in a number parameter
copy of record: varisbles 7, Ua<

punched

page 1
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record number 9 has an illegal kind of descriptor
copy of record: erroneous kind of descriptor (erroneous is illegal)<

record number 10 has been deleted in input (by >)
copy of record: 10. record shows deletion of hard errors>

record nuwber 11 contains an illegal clkaracter in the descriptor
cory of record: execu-tion<

record number 12 has no text start (:) before the first text
copy of record: head experiment number 2<

record number 13 has overflow in leading part of a number parameter
copy of record: variakles 860435780<

record number 17 has empty digit part in the decimal part of a number
copy of record: varia 3,7.

record number 20 is an end of input record. input finished,

survey from record_input:

total number of records in input was 20
and of these were 12 accepted.

list from area: wrk000015

record number 1 of kind number 3 = data
name record, length = 2:testfile70:

record number 2 of kind number 8 = head

text record. length = 13 )

length = 8:1970 experiments (regression of height/age):
length = 3:text number 2:

reccrd number 3 of kind number 11 = error in known kind
found kind = 7 = varia

record number 4 of kind number 4 = outpu
number record, length = 4
1000.,00y =3 =T7000.00y =3 1000.00y -7 1036.00; 9
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reccrd number 5 of kind number 7 = varia
number record. length = 2
7000,00p =3 L4000,00, -3
record number 6 of kind number 8 = head
text record. length = 12
length = t1:a:
length = 1:Db:
length = 1:c:
length = 1::
length = 1:e:
length = 1::
record nunber 7 of kind number 9 = execu

empty record, length = O

record number 8 of kind number 10 = unkncwn kind
empty record. length =0

record number 9 of kind nurber 10 = unknown kind
empty record., length = 0O

record number 10 of kind number 11 error in known kind

found kind = 8 = Lead

error in known kind

record nurber 11 of kind number 11
found kind = 7 = varia

record number 12 of kind number 8 = head
text record. length = 12
length = 9:0804L46/0519 = number code for output identification

record number 13 of kind number 7 = varia
number record. length = 0

record number 14 of kind number 9
empty reccrd, length =0

execu

record number 15 of kind number 11 = error in known kinc
found kind = 7 = varia

record number 16 of kind number 3 = data
name record, length = 2:versiors:

record number 17 of kind number 7 = varia
number record. length = 3
3000,00y =3 T000.,00y =3 L00C0,00, -3

record number 18 of kind rumber 12 = end
end of control file

- 16 -



Math/Stat
Library

. Page 259
- 17 -

APTENDIX,

Tels PUSTIBLE ALTERINGS,

It might be wanted to introduce different action on end of data re-
cord (code = 5) and <EM record> in order to read several input tapes in
one call of recordinput (else the output records from the different in-
put paper tapes (seperated by an end of medium character) will be placed
on different backing storage files). It might also be wanted to Intro-
duce new kinds of number codes (new kinds of tail conversion). This can
be done by adding new subcases in case 6 (tail conversion case) and by

altering a little in procedure error for poscible new types of errors.,

Te2. PROGRAM MANUSCRIPT IN AIGOL 5.

(3 procedure record input has to be loaded by < i tre >
clear recordinput -

recordinput=set 19

recordinput=algol index.no message.yes

end
)
external

boolean procedure
record_input(maxchar, maxparam,realtext, realname,descriptor, tailcontent) ;

value maxchar,maxparam, realtext, realname;
Integer maxchar,maxparam, realtext,realname;
real array descriptor;
integer array tailcontent;
begin
comment

procedure record_inpu‘b made october 1970
on a/s regnecentralen kgbenhavn by sgren henckel.

call parameters:

maxchar = maximal number of characters in an input record>=0
maxparam = maximal number of parameters in an output record>=i
realtext = maximal mmber of reals used for one text>=0
realname = maximal number of reals used for one name>=0
descriptor = a real array declared descriptor(a:b) with

a<=1<=2<=b and number of descriptors<=b, each element
mist contain one descriptor as a short string
(for long descriptors exactely the 5 first characters).
taileontent = an integer array declared tailcontert(c:d) with
e<=-1<=1<=d and number of descriptors<=d., each
element must contain one of the numbers 1,2,3,4%, and %
showing what records of the corresponding kind is
supposed to contain as parameters
(see in head of case 6 for further details).
tailcontent -1§:mumber of segments for record output>=i
tailcontenjo):a number of different descriptors.
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return parameters:
if return value of the procedure is false, none of the
parameters are altered, otherwise they contain
the following quantities:
descriptor(1:2):= document name on the backing storage used
for record output (name generated by the monitor)
tailcontent(-1):= number of segments for record output (:=call value)
tailcontent(0) := nunber of accepted records

tailcontent(1): nunber of records on input tape
5 new kinds of descriptors are added to the kinds
introduced by the call:

kind of descriptor=number of descriptors+?
is used for indicating errors in records with
wnknown kind of descriptor, and these records
have parameternumber:= O,

kind of descriptor=number of descriptors+2
is used for indicating errors in the tail of a
record with known kind of descriptor, these
records have parameternumber:= 1, and
parameter(1) := found kind of descriptor,

kind of descriptor=number of descriptors+3
is indicating an end of medium record or an
end of data record, and has parameternumber:= O,

2
message record input, version 1, 28,10.70., RCSL 53-S7;

integer array table(0:127);

real array parameter(1:max param);

boolean array character(l:max char+i);

integer 1,Jj,char,class,date,descriptor length,
descriptor start,kind of descrIptor,lines written,
number of descriptors;ok record,page,parameter number,
position,Tecord,state,tall start; B

real blank,text;

boolean  error in name,illegal char;

zone output_zone((max_param+129)//128x256,2,error_in doc) ;
comment’

declaration of the procedures
class of input, error in doc, error,
erroﬁ:head;pew;page, and unpack_character;

integer procedure class of input;
begin I
class of input:= read char(in,char);
if char<25 then -
begin
position:= position+1}
character(position) := false add char;



- 19

if char=G3 then illegal char:= true;
if position>max char then error(17)
end not end of medIum
else I
error(22)
end procedure class_of_input;

procedure error ‘n doc (comnected zone,status,bytes);
zone - T connected zone}
integer - status,bytes;
begin :

boolean not first;

not first:= false;

if Tines written>54 then error head new_page;

write(ouT,<:<10><10><10>:>,  ~

<:problems with the backing storage on >,

<L&>,tail content( 1),<: segments<iO>:>,

<'which is used for record output.<10>status = >) 3

for i:= 25 step -1 wntil 1 do

if false add (status shift (-i)) then

begin

~ write(out,if not first then <: + 1 shift :> else

<:1 shift :>,<<85,1);
not firsti= true

end printing bit 0 to 22;

if false add status then write(out,<: + 1:>);

write(out,<:<10>bytes transfered = :>,<<d>,byes); error(2k)
end procedure error in doc;

procedure error (error_type);

value error ty'pe 3
integer error type 3
beglin

1f (position-15)//T1+lines written>54 then error head new_page;
comment error message cannot be printed on thls Page;

lines written:= lines writtent+5;
write{out,<:<10><10><T0><10>record number:>,<<-d>,record,

case error_type of (

<: containS 1llegal characters in the tail (shown as <63>):>,
<: has no text start (:) before the first text:>,

<: cannot be output because of too many parameters:>,

<: contains a name parameter not starting with a small letter:>,
<: contains an illegal character in a name parameter:>,

<: has overflow in leading part of a number parameter:i>,

<: has overflow in decimal part of a number parameter:>,

<: has empty digit part in the decimal part of a number:>,

<: has overflow in exponential part of a number:>,

<: has an 1llegal sign in exponential part of a number:i>,

<: has empty digit part in the exponential part of a number:>,
<: has illegal termination after an exponential part:i>,

<! has some syntax error in a nmumber parameter:>,

<: has not empty parameter part (it must be empty):>,

<: contains an illegal character in the descriptcr:i>,

<: has an illegal kind of descriptor:>,

<: cannot be read because of typographical length:i>,
<: has been deleted in input (by >):i>,
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<:
<:
<:
<:
<:
<:
<3
<:
<:
<:
<3
<:
if
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contains a long text which iIs cut to max characters:>,
contains a long name which is cut to max characters:>,

i< an end of input record.
12 an end of medium record.

input finished.:>,
input finished.:>,

hac shown errors in call parameters (dimension or content):>,
cauzed the problems shown above.,<10>run terminated.:>,

gave
gave
gave
gave
gave
gave

Ji=15;5

for 1:=

begin
write(out,character(i),1);
Ji= g1

if §=71 then

mendtor
monitor
monitor
monitor
monitor
monitor

trouble<10>catalog func, forbidden in call procesci>,
trouble<iO>catalog input/output error:>,
trouble<iO>entry with same name already exsists:i>,

trouble<10>the catalog is full:>,

trouble<iO>requested area size is not available:>,
trouble<iO>name format is illegal:>)
position>0 then <:<10>copy of record::> else <i: 5

>)3

comment 15 characters written on the last linej
1 step 1 until position do

begin

write(out,<:<10>:>); Jji= 03

lines written:= lines written+i
end new Iine in list -
end list on character level on current output;
if error type<17 then ok record:= ok record-1;
comment ~an error record is made, bu% this is not an ok record;
if error type<15 then -
begin
parameter number:= 1}

parameter(1) := kind of descriptor;
kind of descriptor:= number of descriptors+2

end error in tail of a record with known kind of descriptor
else
if error type<i8 then

kind of descriptor:= number of descriptors+i;

state:= 1f error type<i7 then 7 else

if error type<23 then

(case error type-16 of (8,1,7,7,5,5)) else 93
goto action -

end procedure error;

procedure error head new_page;

begin

lines writtent= 13 Dpage:= paget+il;
write{out,<:<12>:>,<<dd dd dd>,date,

<

record input

syntax errors in data

<<-d>, page,<:<10>:>)
end procedure error;pead;pew;page;

integer procedure umpack character;

begin

tail_§tart:= tall startt+i;
chart= character(Tail start) extract 8;

unpack character:= table(char) shift (-12) extract

end procedure unpack character;

12

Dagei>,
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write(out,<:<15>:>); state:= 1; lines written:= 2003
ok record:= page:= positiont= records= 0;

number of descriptors:= tail content(0);

blank:= bTank shift 48; record input:= false;

comment date s found by calling systime. 1f the date
in the monitor is wrong, date is set to 28 10 70;
systime(1,0,text) ; date:= systime(2,text,text);

js= date mod 100; comment J:= year;

if j<70 then date:= 2810703

if system&f,i,descriptor)>1 or i<number of descriptors or i<2
or system(3,1i,tailcontent)>-1 or i<number of descriptors

or tail content(-1)<1 or real text<0 or real name<0

then error(23); - =

comment check of dimension and content of call parameters;

comment creating area for record output by calling procedure monitor;
tablego):= tail content(-1);

open (outputzone,k,<::>,0);

i:= monitor(40,cutputzone,0,table) ;

if 1 < O then error(2h+i5; comment troubles with create entry;

comment initializing of table(0:127);
for i:= 31 step -1 until 1 do table(i):= 9 shift 12 + 633
for i:= 15 step -1 wntil 1 do table(i+32):=
case i of (8,8,0,0,8,8,5,8,8,8,3,11,3,4,8) shift 12 + 1 +
for i:= 57 step -1 until 48 do table(1$:= 2 shift 12 + i
for ii= 125 step -1 until 97 do

table(i):= table(i-32):= 6 shift 12 + 1i;

325

table(35):= table§56):= table(63) := table(6l):=
table(9k) := table 96§:= table
table := table(11)

126) := 9 shift 12 + 63;
9) := table(10 :
table(12) := table(32):= 11 shift 1

2 + 32;
table(25) := 10 shift 12 + 25;

table(58) := 12 shift 12 + 58; table(59):= 11 shift 12 + 59;
table 6og:= 10 shift 12 + 603 table§61):= 8 shift 12 + 613
table(62) := 10 shift 12 + 62; table(95):=8 shift 12 + 95;
table(0) := table(127):= table index:= 0;

intable(table);

comment of typographical reasons
the program text is moved 3 positions to the left;

action:

case state of
begin
begin
comment case 1 initializing before new record,
reading and first check of the descriptor;

record:= record+i;

kind of descriptor:= parameter number:= positioni= 0}
illegal char:= false; -

for class:= class of input while class>9 doj
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comment skip cf leading separators and terminators before descriptor;
descriptor start:= position;
error in name:= class<63
for cTas¥:= class of input while class<i0 do
if elacs<>2 and cTass<H then error in rame:= true;
descriptor le*lgth"' po~1tlon-desc*3ptor start;
tail start?= position;
state:= if class>10 then 2 else if char=60 then 3 else 4
end case 1 (reading and checking descriptor);

begin
comment case 2 reading the tail (which is not empty);

for classs= class of input while class<>10 doj;
comment reading characters in the tailj
state:= if char=60 then 3 else L

end case 2 (reading tail)g

begin .
comment case > accept record e.g. record terminated by < ,
check for hard errors and errors in kind of descriptor;

if descriptor length>5 then descriptor length:= 5;
ji:= descriptor start+descriptor length=1;
comment the characters in descriptor are numbered
descriptorstart,descriptorstart+1,descriptorstart+2, and so on,
so j denotes the number of the last character in the checked
part of the descriptor,. for long descriptors only the 5 first
characters are checked;
for i:= descriptor start step 1 until j do
text:= text shift 8B add (character(i) extract 8);
text:= text shift ((6-descriptor length)xB);
comment now text contains the part of the descriptor
vhich is used for determining ki nd of descrip‘bor,
if -,error in name then
for i:= numbeT of descriptors step -1 until 1 do
if descriptor(Y)=text then .
begin
kind of descriptor:= ij;
i:=T
end determining kind of descriptor,
if kind of descriptor=0 or error in name or illegal char
then error(if error in name ~ Then 15 else -
if kind of descriptor=0 then 16 else 1);
comment hard errors In record;
state:= 6
end case 3 (accept record);

error(18); comment case 4 (delete record);

begin
_ conment case 5 end of medium record or end_of_input record;

i:= outrec(outputzone,0);
if i<2 then
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begin
outrec(outputzone,i) ;
outputzone(1) := 0,0
end active segment change;
outrec(outputzone,2) 3
outputzoneél):= 2.03
outputzone(2) := number of descriptors+3;
ok record:= ok record+l;
close(outputzone, false);
getzone(outputzone,table) ;
descriptor(1) := blank add tablegﬂ shift 24 add tableéQ) 3
descriptor(2) := blank add table(3) shift 24 add table(l);
coment storing the generated name in deseriptor(1:2);
tail contentéo):= ok record;
tail content(1):= record;
record input:= true;
commen® assigning all return parameters;

if lines written>Sh then error head new page;
write(ouT, <:<10><10><10>survey from record<9S>input:<10><10>:>,
<:total number of records in input was :>,<<&,record,
<:<10>and of these were :>,0k record,<: accepted.:>);
comment printing survey on current output;
goto finish input

end case 5 (eﬁa;pf;pedium record or end_of input record) 3

begin
comment case 6 conversion of the tail in all cases,
the following case statement corresponds to the kind of taill
€.g. what the tail is intented to contain
(this is by call stored in tall content(1:number of descriptors)
kind of tail=1 a number of texEs (at least one)” ~
kind of tail=2 exactly one (non empty) name
kind of teil=3 a nmumber of numbers (mixed integers and reals)
kind of tail=l must be empty (e.g. only separators are allowed)
kind of tail=5 end of input record, a possible tail is ignored;

tail starti= tail start-i;

cament for conversion of the tail it is comfortable to let
tall start denote the character just before the first character
in the tail (because of for-while statements); :

case tail content(kind of descriptor) of
begin - - T

begin . .
comment kind of tail=1 e.g. tall is a number of texts;

Integer text start,words in text;

boolean long texts; - T

long texts:= false;

for class:= unpack character while class=11 do;
comment skipping separators (not :) before first text;
if class<>12 then error(2);

comment missing textstart before the first text;
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for text start:= parameter number+] vwhile class<>10 do
begin -
if text start<max ._param then
parameter number:= text start else error(3);
for class:= unpack character while class=11 doj
comment skipping separators (not : ) before text;
words in text:= 13
if ¢lassY then
begin
comment text is not empty;
text:i= blank add char; i:= 1;
for class:= mpac.k character while class<9 or class=11 do
begin
text:= text shift 8 =add char;
1:t= i+73
if i=6 then
begin
parameter number:= parameter number+] §
if parameTer number=max _param
then error(Zz7;
parameter(parameter number) = text;
text:= blank; 1i:=0;
words in text:= words in text+1
end one Treal filled -
end packing legal char in text;
1f words in text>real 'text then
begin ~
long textsi= true;
words in text:= real _text;
parameteTr number:= text start+real _text;
parame'ter{parameter number) :=
parameter(parameter number) shift (-8) shift 8
end cutting long text
else
begin
parameter number:= parameter number+1 ;
parameter(parameter number):=
text shift ((6-1)>8T
end text not too long
end packing not empty text
else
begin
Parsmeter number:= parsmeter number+1;
parameter{parameter number):= blank

end packing empty texT;

parameter{text start):= words in text; .
comment words In text is placed &s a real the
preceding parameTer;

end converting texts;

if long texts then error(19);
state:= 73
end kind of tail=] (e.g. tail is a number of iexts);
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begin
coment kind of tail=" e,g, tail is a nene;

for class:= unpack character while class>10 doj
comment skipping leading separators before name;
if class=6 then text:= blank add char else error(l);
comment first character in name must be a (small) letter
and name must not be empty;
it=1;
for class:= unpack character while class<>10 do
if class=Z or clasS=6 then
begin .
texti= text shift 8 add char;
1:= i+7;
if i=6 then
begin
parameter number:= parameter number+1 ;
if parameler number=max param
then error(3J; =
parameter(parameter number):= text;
text:= blank; 1:=0
end one real filled
end character legal in name
else
error(s);

Parameter number:= parameter number+1 ;
if parameler number>resl nams then
begin - -
Parameter number:= real name;
parameter{barameter number) : =
parameter(parameter number) shift (-8) shift 8;
error(20) =
end cutting name parameter to resl name words (reals)
with error message; =
state:= 7;
parameter(parameter number):= text shift ((6-1)xB);
comment preparation of the last Parameter as text parameter;
end kind of tail=2 (e.g. taill is & name);

begin
comment kind of tail=3
€ege tall is a number of numbers (integers or reals) ;

Integer decimals,digit_pumber,exponent,1eadinngart;
real decimal part,exponential part,exponent sign,sien;
state:= 1; Comment state witHin one number parameter;

convert numbers:
- case state of
begin
bagin
coment case 1 initializing and leading separators;

leading part:= 03 decimal part:= (0,0;
exponen%ial;yart:= sign:= T,0;
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for class:= unpack character while class>10 do;
comment skipping leading separators before leading part;
state:= case class of (0,3,2,4,5,8,8,8,8,7,0,0)
end case 1 (leading separatorsj;
begin
comment case 2 sign before leading part;

. if char=li5 then sign:= -1.0;

comment sign was initlialized with signi:= 1,0}

classt= unpack character;

state:= case class of (0,3,8,4,5,8,8,8,8,8,8,8)
end case 2 (sign);

begin
comment case 3 leading part;

leading parts= char-48; .
for elasSs:= unpack character while class=2 do
if leading part<B38860 then '
leading paTrt:= leading partXiO+char-48
else -
error(6) ;
state:= case class of (0,0,8,4,5,8,8,8,8,6,6,6)
end case 3 (leading part);

begin
comment case 4 decimal part;

decimals:= digit number:= 0;
for class:= unpack character while class=2 do
if decimals<B38860 then
begin

digit number:= digit nurber+1;

decimals:= decimalsxT0+char-48
end not overflow
else

—y ®
if digit number=0 then error(8);
decimal Ppart:= 10.0xx(-digit number)xdecimals;
comment scaling decimals to correct size;
state:= case class of (0,0,8,8,5,8,8,8,8,6,6,6)

end case 4 (decimal part);

begin
comment case 5 exponential part;

exponenti= digit number:= 0;
- exponent sign:= 0.0;
for class:= unpack character while class<lt do
if class=2 then
begin
if exponent sign=0.0 then eiponent sign:= 1.0;
if exponent<b0 then -
begin
digit mumber:= digit_number+i; ’
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exponent:= exponentx10+char-48
end not exponent overflow
else
error(9)

end class=2
else
if exponent_: sign=0.0 then
exponent s1gn if char=l45 then -1.0 else 1,0
else

error(10);
comment end class<h;
if digit number=0 then error(11);
if classd then error(12);
exponential part:= 10.0xXx(exponentXexponent sign);
comment transforming exponential part to a Tactorial part;
if leading part+decimal part=0.0 then leading part:i= 1;
comment numbers on the Torm +y-7 are accepted
whereas 0,0y-T, Op-7, and .0yp-7 all gives
wrong conversion to 0.,0000001 3
state:= 6

end case 5 (exponential part);

begin
comment case 6 final conversion of one number;

parameter number:= parameter number+1 ;
if parameTer nmumber>max param
then error(3);
parameter(parameter number):=
(leading part+decimzl part)Xexponential partxsign;
state:= If class>10 then 1 else 7
end case 6 (final conversion);

comment case 7 end of record and conversione.
case 7 in the big case (case action) is outrec
of correct converted record;

goto action;

comment case 8 syntax errors in numbers;
error(13)
end case state by converting numbers;

goto convert numbers
end kind of teil=3 (e.z. tail is a mmber of numbers);

begin
comment kind of tail=h
e.g. tail is ewpty (only separators are dllowed);

for class:= mmpack character whilz class<>10 do
if class<9 then error(il);
state:= 7

end kind of tail=t (e.g. empty tail);
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begin
comment kind of tail=5 e.g. ernd of input record

works as an end of medium record, but without listning;

position:= O3
error(21)
end case kind of tail=5 (e.g. end of input record)
end case kind of tail statement at tall Conversion

end cace 6 (conversion of tail in all crees);

begin

- 28 -

comment case 7 record reading, control, and conversion finished,
outrec of the final parameters stored in parameter(1:parameter;pumber);

i:= outrec(outputzone,0);
comment 1i:= elements left in used share;
Parameter number:= parameter number+2;

comment Pparameter number:= elements in total output record;

if i<parameter number then

begin -
ovtrec(outputzone,i);
outputzone(1) := 0,0

end active segment change;

outrec(outputzone, parameter mumber) ;

outputzone(1) := parameter number;

outputzone(2) := kind of descriptor;

for i:= parameter number step -1 until 3 do

outputzone(i) := parameter(i-2);

ok record:= ok record+i;

state:= 1 -

end case 7 (outrec of correct record) ;

begin

comment case 8 record contains more than max char
characters, these have been listed by calling error(17)
j denotes (from procedure error) number of characters
written on the last linej

for j:= j+1 while read char(in,char) <10 do
begin -
write(out,false add char,1);
if j=[1 then
begin
write(out,<:<10>:>);  J:= 0;
lines written:= lines writtenti
end new Tine =
end listing rest of record;
write(out,1f char=60 then <:<60>:> else if char=62 then
<:<E2>:> else <: <BI<TT>>>) 3
if char=62 then
begin
position:= 0; state:=1L4
end deletion of large record (+error message , -list)
else
if char=60 then

begin
state:= T; ok_;ecord:= ok _record-1
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end making error record (is not an ok record)
else -
state:= 5; comment large end of input record;
end case 8 (record too large as text);

comment case 9 problems with source for resulting records,
this case is activated from the block procedure error in doc which
calls error(2L); - =
goto finish input
end case state at reading records;

goto actiong
finish input: intable(0)

end exTernal procedure record input;
end -
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1. Function and Parameters.

The prccedure polyrootc determines the n complete roots of n-th de-
gree pclynomial with complex coefficients.

The procedure head is:

vrocedure polyrootc(n,a,z);

value n ;
array 8,z 3
integer n ;

Call parameters:

n (integer) The degree of the pelynomial (n >1).

a(0:n,1:2) : (array) Must on entry contain the coefficients of the
polynomial:
a(j,1) = real part of 2
a(4,2) = imaginary part of a,, .
where aj i1s the complex coefficient which multiplies 29,
(a is unchanged after the call of the procedure.)

.o

Return parameter:
z(1:n,1:2) : (array) Contains the n complex roots:
z(J,1) = real part of the j-th root,
z(J,2) = imaginary part of the j-th root.
(Normally a larger value of j corresponds with a larger
value of the modulus of the root.)

2. Method.

The procedure 'polyrootc! determines the n complex roots of the po-
lynomial

SO
Pn(z) = jgoajz , an# 0

where the coefficients aj are complex numbers.
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The method is recursive: A root d = dr + i di of the polynomial .
Pn(z) is found as shown below, Then by means of Horner's scheme a poly-

nomial Pn_,‘(z) of degree n-1 is determined:
Pn-l(z) *(z-d) = Pn(z) .

The whole prccess is repeated until the degree is reduced to one, and the
root of a first degree polynomial is easily determined.
The determination of a root, d, of the equation Pn(z) = (0 is done in
the following iterative manner:
From a known value z = z  a new value z = /z\ is found, as shown below. At
first we use z = O. Because of the facts than IPn(z) | >0 and IPn(z)] =
0 <= Pn(z) = 0 we have as a convergence-criterion that 2 is a better ap- .
proximation to a root (d) than z*, when

A\ »
[P (Z) ] < [p (z7)]. (1)
A number, d, is here considered as a root when
[P_(q) 2 < ip (o)}2 2,12, =22
nt /! <= i'n *t10 7T

Below is given another root-criterion.
In determining /z\ from a given 2" we first perform a 'normal - step!
(step A, see below) and investigate whether the inequality (1) is satis-
fied. If this is the case the value 2 is used as a new value z* and the
process is repeated. If (1) is not satisfied another 2 1s determined ‘
performing a ‘special - step' (step B, see below). We again investigate
whether (1) is satisfied or not, and it is decided whether step A or step
B should be performed.

Step A, Normal step: .
Pn(z) is expanded from z = 2z

Pn(z) = ibj(z-z*)J (2)
j=0

where the coefficlents bj
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are determined by a method which is similar to Horner's scheme, Here bO

= 0 because Pn(z*) 2 0. When b, # O and the remaining coefficients are

zero we have
P (z) =b_+ b, (z-2")
n 0 1

and the root is equal to

When b, =0, b, # 0 and the remaining coefficients are zero we have

* 2
Pn(z) =Db, + b2(z-z )

and the root is equal to

This is generalized to the case where ibsf is large, and the remaining
coefficients (except bo) are small, and we get

The value of s 1s determined from

b, l 1/
min 5- .
J=1(1)n }°3
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The value § for which this minimm is attained is equal to 8. If the mi- .
nimum is attained for more values of j the smallest one is used as s. The
determination of the minimumvalue is carried out parallel with the compu-

tation of the coefficients bj‘

For use here (and in comnection with step B) we compute

by 2/ g 21/

s 1

ri=q ‘", (3)

Then /z\ 1s determined from z by means of the relation

A * 1/s
Zi= 7 + r(-bo/ S‘bs/bol) / (LI-) .
or
Pi= 24 rrxexp(i*h)
where
by | By 1/s : -
hi= arg { - 5= 15 = 3 arg(-bo bs)-
s 0
N *
2 -z =1 cos(h) + 1 r sin(h) (5)

is equal to 'zero!' in the sense of diskrete numbers, the iteration-pro-
cess 1s discontinued, and 2 1s used as the root d. Then Pn(z) can be re- .
duced to a polynomial P 1( z).
If the difference (5) is not zero, P (z) is computed using Horner's
scheme, and when

Ip_(2) 1°< Ip_(0) |°» 2,12, =22 (6)

the number %2 is considered as a root, d, and P_ (z) can be determined.
If 2 1s not a root according to (6) the values IP (z)l and [P ()|
are compared, If (1) is satisfied the process converges, and the value 2
just found is used as a new z*, end Step A is repeated. If (1) 1s not sa-
tisfied the process does not converge using 'normal-steps' and a special

emergency=-step rmist be performed.

J
e
\
\
i
|
i
|
i
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Step B, Special step:

Here a new value Q is sougth which is closer to z‘ than the value Q
found by means of Step A. It is always possible to find a value Q such
that (1) is satisfied. Performing this step the value of r determined
above (3) is halved: r:= r/2,

The polynomial Pn(z) is again written irn the form (2) with unchanged
coefficients. When |z-z | = r (using the halved value) the term in the
expansion (2) having the largest modulus is

max rj}b.i o
3=1(1)n J

The value j for which the maximum is attained is denoted by s; when se-
veral values of j give maximum the smallest one is used. Notice that the
determination of s here and in Step A are similar, but the derived values
s need not to be the same.

Using the halved value of r and the derived value 8 one can compute
a new 2 by means of the formula (4). Furthermore the investigation of the
case 2 = 2" and whether the process converges or not according to (1) is
carried out as described in connection with Step A. If the process does
not converge, r is halved once more and Step B is repeated, and so on.

The method used here is derived from the works [2] and [3].

3, Time and Storgge Requirements.

Time: Depends upon the number of roots (= n) and how they are located in
the complex plane.

Storage Requirements: 6 segments, 4*n + 21 words in stack where n = de-
gree of the polynomial, and 83 lines of program.

k. Test and Discussion.

A general discussion of the method is found in [2] and [3]. The
procedure has been tested by applying it to several polynomials with
known roots,
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6. Algorithm.

polyrootec=set 6
Polyroote=algol message.yes
external

procedure polyroote(n,a,z); value nj
message polyrootec, version 19 3 70, RCSL;
array a,z; Iinteger n;

begin array br,bi(0:n-1),er,ei(1:n);
integer 1i,J,k,s;
real ar,ai,aZ,cr,ci,c,fr,fi,f,zr,zi,p,q,dr,di,h,eps;

ari=a(n,1); ai:=a(n,2); al:=ar+x2+aisx2; '

for i:=n step -1 until 1 do
begin 2(1,1):=br(i-1):=a(1-1,1); z(1,2) :=b1(1-1) :=a(1-1,2)

end i

for ki=n-1 step -1 until 1 do
begin dr:=di:=0; f:=1'600;
cr:=br(0); ci:=bi(0); er(k+1):=ar; ei(k+1):=ai;

epsi=(cr#*2+ci**2) %2,124-22;

iteration:

CICT##2+cin*2} _ .
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. if c>eps then

begin

if e<f then
begin zri=dr; zi:=ii; fri=ecr; fi:=ci; fi=c;

pi=if a2<c then 1.1/a2 else 1/c; q:i=1;

for j:=1 step 1 until k do
begin dri=ar; di:=ai;

for i:=k step -1 until j do
begin h:=drs
dr:=br(i) :=br(i)+zrédr-zi*di; dai:=bi(1):=bi(1)+zredi+zish

o end 1

if (dr#*2+dd**2)*p>1 then
begin p:=1/(dr«+2+di**2); q:=(p*c)*+(1/3); si=j
end;

P:=px*q3 er(j)i=dr; ei(j):=dai

end js
1f a2%p>1 then begin si=k+1; q:=(c/a2)#*(1/s) end

end c<f else
‘ begin qi=q/bs p:=1/(er(1)**2+ei(1)*#2); s:=13

for i:=2 step 1 wntil k do

begin pi=px*q;
1f (er(i)=*2+ei(1)**2)*p>1 then
begin p:=1/(er(i)**2+ei(i)*x2); s:=t
end

end i;

if a2xpxg>1 then s:=k+1
end ¢>=f3
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hi=arg( -freer(s)-fixei(s),frvei(s)-fizer(s) ) /s3
pr=sqrt(q); dr:=zr+pxcos(h); di:=zi+p<sin(h);
write(out,<:<10>:>,<<-d.dddddddddd'-dd>,zr,zi,<< ddd>,s,<< -4,dddd’-da>,
P,180,/3.1415026536+h) ;
cri=ar; ci:=ai;
for 1:=k step -1 until 0 do
begin hi=cr}
eri=br(i) :=z(i+1,1) +drxcr-dixci;
ciz=bi(i):=z(i+1,2)+dr*ci+dish

end i3

if zr<dr | zi<>di then goto iteration
end c>eps;

for i:=1 step 1 until k do
begin z(1,1)s=br(i-1):=or(i); z(i,2):=bi(1-1):=b1()
end i3

z(k+1,1) :=dr; z(k+1,2):=di
end ks

z(1,1) :=( -ar*or(0)-aixbi(0) )/a2;
z(1,2):=( -arxbi(0)+aixbr(0) )/a2
end polyrootc;
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